473.Physically Based Modeling

Physically based modeling uses physical simulation as amodeling and animating tool. Since they are based on thefundamental Newtonian laws of mechanics, and simulatedby solving differential equations, physically-based models cangenerate a rich variety of realistic or surrealistic behaviorwhich can be controlled by the animator through intuitivephysical parameters and constraint techniques. With thelatest high-speed workstations, they can be simulated in realtime, allowing interactive control. Examples of physically-based models in the computer graphics literature can bebroadly classified into three types: particle systems,continuous systems and rigid body systems.3.1.Introduction

Physically-based modeling is a relatively new field within computer graphics. Itwas introduced into the literature in the late 1980’s to apply techniquescommonly used in physics and engineering disciplines to the subject of computergraphics modeling and animation. Although the techniques themselves arefairly well established in physics and engineering simulation and robotics, whatis new about physically-based modeling is the way in which they are applied. Forthe remainder of the chapter, we will give a detailed review of physically-basedmodeling with particular attention as to how it can best be applied to 3D characteranimation.3.1.1.DefinitionPhysically-based modeling in computer graphics is the simulation of physicalsystems for the purposes of creating (usually animated) computer graphicsimages. As such, the physics is just a tool, another trick for creating interesting orappealing computer graphics. It does not particularly matter if the physical modelis "correct" for the given situation, as long as it gives desirable results. Inparticular, it does not particularly matter if the physics is simulated accurately, aslong as it looks OK and is reproducible. physically based modeling is thereforesomewhat of a hybrid field: part physics, part numerical programming and partcomputer graphics. By combining these various elements in the right ways,realistic-looking or (surrealistic-looking) computer graphics animation can beachieved.

48Physically-based modeling is not physical simulation. In physical simulation,which is a separate discipline in itself, scientists try to gain more insight into thephysical world. The stress is on accuracy, prediction of the real world and thediscovery of new phenomena, for example, simulating the collision of twogalaxies, fluid flow, or the fracture of a metal plate. Another type of physicalsimulation is used for engineering purposes to simulate the behavior ofmachines such as airplanes or cars, and is closer to physically based modelingbecause it often uses computer graphics and requires real-time solution. Whatmatters in physically-based modeling is whether it looks good, not whether thephysical model is correct or numerically accurate. Neither is physically basedmodeling scientific visualization, in which experimental or simulation data isrendered in various ways to try to gain more physical insight.The term physically based modeling, as used within the computer graphicscommunity, is not generally applied to a variety of rendering techniques whichnonetheless use physical simulation of light to achieve a natural appearance.Ray-tracing and radiosity methods fall into this category, and in a broad sensethey should be considered a physically based modeling technique, but historicallythe term usually applies to classical mechanics, not optics or radiation.3.1.2.PhysicsThe "physics" in physically based modeling is, therefore, usually Newtonianclassical mechanics. The objects to be displayed are themselves usually collectionsof masses, either free-moving or confined in rigid or flexible bodies. Althoughthe masses themselves follow fairly simple, Newtonian rules of behavior, theforces acting between them can be of wide-ranging complexity, resulting fromvarious types of fundamental and phenomenological force, depending on thetype of physical model.In particular, these force laws may not represent any fundamental forces ofnature, but rather phenomenological forces, that is, approximations to the actualforces resulting from very complex physical processes. We can see already that weare beginning to deal not with exact mathematical representations of physicalreality but rather with approximations. This is of course true for most physicaland engineering calculations, but it is especially true in physically based modelingbecause the only real arbiter of physical accuracy in this case is our eyes. So we are,in a way, really in the business of creating sort of physical Potemkin villages,which give the appearance of physical reality only from the restricted viewpointof the virtual computer graphics camera.We are helped in this endeavor by a curious fact in the study of physics: physicallaws and behavior from widely divergent fields and varying scales are often verysimilar. It is therefore often possible to make a very simple physical model whichdisplays qualitative behavior similar to a much more complicated one. Inphysically based modeling we are very often not modeling what we think we areseeing. What looks like exquisitely detailed flowing water may only be a handfulof mass particles rendered using implicit surfaces.

49From the physically based modeling point of view, therefore, physical simulationis little more than just another algorithm for generating interesting computergraphics and animation behavior. Because the algorithm is rooted in physicallaw, there is a better chance that we will get visually appealing results. Perhapsjust as important, however, is that the parameters by which we control the modelare often, given our human experience with the real world, more intuitive andnatural than for non-physically-based models. By pushing these parameters totheir extremes, or choosing deliberately unrealistic ones, we can generatebehavior that caricatures natural behavior, something I call surrealistic behavior.This is a very common element of traditional animation and one whichphysically-based modeling can support very well.The principal disadvantage of physically based modeling is one of control. Sincethe model tends to behave naturally, it tends to do what it wants, not what youwant. One of the most important issues in the field of physically based modelingis therefore how to control the models themselves. At a basic level, the animatorcan usually just tune the models raw parameters, adjusting values of friction,mass, force fields, for example, until some global desired behavior is achieved.Ultimately, however, the animator will want to make certain objects followpredetermined paths, perhaps interactively, and reach certain positions atprearranged times. There is, in other words, still a need for some elements ofkinematic control.This control is accomplished through use of constraints, which force thephysically based modeling to conform to certain geometries or paths or toperform a certain task, while still behaving in a physical way. The animatormight, for instance, force one point on the model to follow a spline path in spaceso that all the other points attached to it will follow along in a physically naturalway. The result is a computer animation that does what the animator specifiesand, where the animator doesn’t specify, does what is physically realistic. Thisgoal of natural looking, controlled behavior is an ideal. For the rest of thischapter we will discuss the theory and techniques by which we try to attain thisgoal.3.1.3.Numerical ProgrammingTheoretical physical models are the basis of physically based modeling, but howto simulate them on a computer is another subject, which falls under the domainof numerical programming. This field, one of the oldest in computer science, isconcerned with finding numerical solutions to pure mathematical problems,using the imperfect medium of floating point numbers in a computer. Althoughnumerical programming covers many topics, such as solving linear systems,finding roots of equations, and evaluating transcendental functions, the mostimportant one for physically based modeling is the solutions of differentialequations. Since most physical laws, and our models, can be expressed in theform of a differential equation, implementing a physically based modelingrequires solving this differential equation numerically.Traditionally, the emphasis in numerical differential equation solving has beenon solving highly specific problems in science and engineering. The stress has

50been on accuracy and trying to predict actual behavior as closely as possible. In theearly days of computing, CPU power was a precious resource and, since programswere run as batch jobs, there was rarely any chance to interact with a simulationonce it was started.For physically based modeling, the emphasis is less on accuracy and more onspeed. Since CPUs are now cheap, an individual user can afford to sit at a single-user workstation and interact with a numerical solution as it happens. Byobserving the results and deciding what "looks good", he can adjust theparameters of the solution to obtain a proper compromise between speed andaccuracy. Furthermore, a user can actually construct his model interactively,using the physical behavior as a modeling tool. Since computer graphicsprogrammers themselves do not usually have the time to develop complexnumerical programming strategies, the techniques need to be straightforward andeasy to comprehend, or at least readily available in well-documented "black box"routine packages. Since the goal is to create a variety of different animation withthe same software, the solution techniques need to be fairly general andapplicable over a wide range of model parameters.3.1.4.Computer GraphicsThe third, and perhaps most important component of physically based modelingis computer graphics. This field provides not only the means of rendering ourmodels, but also the techniques for interacting with them as they evolve.Computer graphics also provides the sorts of software techniques and datastructures which allow complex physically-based models (rather than simply thenumerical techniques) to be constructed.physically based modeling can, in fact, be thought of as a natural evolution ofcomputer graphics modeling techniques. Just as rendering has progressed overthe last twenty years from wireframe representations to hidden-surface polygonsto shaded polygons to ray-tracing and radiosity methods, so have graphicsmodeling methods evolved from rigid geometrical models to kinematicallyanimated to dynamic, physically-based models to constraint-based models. Thislast category is referred to by Al Barr as teleological modeling [Barzel 92], in whichhigher-level goals, as opposed to physical values, are specified by the animator.3.2.Classical Mechanics

The "physics" in physically based modeling is based on classical mechanics.Fortunately, this is a highly developed subject, much of the groundwork havingbeen done in the 17th and 18th centuries by scientists such as Newton, Euler, andLaplace. Since physically based modeling usually tries to simulate objects withwhich we are familiar in our daily experience, there is little need for usingmodern quantum or relativistic physics. There can be some use for other areas ofclassical physics such as thermodynamics or electromagnetism, but they cangenerally be treated in our models as phenomenological external forces. Webriefly review the basic elements of classical mechanics for purposes of physicallybased modeling. For a more complete and insightful introduction to the subject,see the excellent text by Richard Feynman [Feynman 63].

513.2.1.DefinitionsUnlike computer programs and mathematics, which deal only in pure numericalquantities, most measurements in physics are made with respect to fundamentalquantities or units. We start with definitions of a few fundamental physicalquantities which we define as axioms, not unlike the axioms of mathematics,from which we can derive all other physical quantities. Like the axioms ofmathematics, the choice of which quantities are fundamental and which arederived is somewhat arbitrary. Unlike mathematics, these axioms are based onreal experience and have stood the test of experimental verification. Physicalquantities may be constructs of the human mind, but they are based onsomething real that exists "out there".We choose as our fundamental quantities a unit of time, a unit of space ordistance, and a unit of matter or mass. These can be summarized as follows:

m = mass vx = position t = time v = dvxdt = velocity va = dvdt = d2 vxdt2 = acceleration vf = force

(3.1)The first of these quantities, distance, is measured in meters and in its mostgeneral form is a three-dimensional vector in Cartesian space which we willusually denote r. Models which contain only distances, without any reference toother physical quantities, can be considered geometric models, and the study ofsuch objects can be considered the subject of geometry. Geometric modeling canbe considered the first step in the evolution of computer graphics modelingdescribed by Barr.3.2.2.KinematicsBy adding the quantity time, measured in seconds, to our geometric analysis, weenter the subject of kinematics. Kinematics is the study of pure motion in space,without regard to its physical causes. With kinematics we define new derivedquantities, velocity and acceleration. Later, when we discuss rigid body motion,we will define additional kinematic quantities. Kinematic modeling forms thesecond step in the evolution of computer graphics models and is still the basis formost computer animation techniques.3.2.3.Newton’s Laws: DynamicsBy adding mass, measured in kilograms, to kinematics, we form the subject ofdynamics. Dynamics describes why physical systems move in certain ways, notjust how, and allows us to predict the behavior of a physical system. The things

52that make objects move, according to dynamics, are forces, and the law whichrelates force to motion is Newton’s famous second law:

vf = mva

This states, that a thing called force causes an object to accelerate and the amountof this acceleration is proportional to the force and inversely proportional to themass. This law defines a new type of derived quantity, force, with units ofkilogram-meters per second squared. From a certain point of view, this equationis no more than an additional definition: force is simply the product of masstimes acceleration, just as acceleration is the derivative of position with respect totime. What elevates this to a law, and not merely a definition is the fact thatforces seem to have some objective existence , in other words, force seems to be afundamental quantity in the real world. This is important not only because wehave an intuitive sense of what a force is (it is something we can exert with ourmuscles, for example) but also because forces are the principle mechanism bywhich the components of physical systems interact with each other, and thereforeform a kind of common currency in constructing the components of ourphysically based models.Newton, who used his theories to explain the motions of the planets, describedhis forces in terms of point masses: particles whose mass was concentrated at aninfinitesimal point. Although this is a considerable idealization of the real world,it turned out to work quite well for celestial mechanics. It also turned out, oncethe atomic theory of matter became accepted, to work well for modeling themicroscopic world under certain circumstances. Under other circumstances,however, Newtonian physics does not work at all, and it eventually becameapparent that a new theory, quantum theory was necessary. From the point ofview of physically based modeling, however, we will find that a Newtonian-based atomic theory of matter can work quite well in building our models, andpoint masses are the starting point for most of our physically-based models.Newton therefore described his forces as acting on and between point masses, andin his third law of motion he states that "for every action there is an equal andopposite reaction." In other words, forces come in pairs. Whenever two particlesinteract, the force exerted by the first particle on the second is exactly the negativeof the force exerted by the second on the first. If one particle is much moremassive than the other (e.g. the sun vs. the earth), however, the force acting onthe massive particle will cause virtually no acceleration compared to the first,and can usually be ignored.In this last case, and particularly when there are many or an infinite number ofparticles involved, it can be more convenient to describe forces in terms of fields.Rather than considering a force to be between two points, we break up the forcecalculation into two stages. First, we say that a single particle or group of particlesinduces a force field in a given region of space. This field, which is a vectorfunction of three-dimensional space, is then said to exert a force on any masspoint within it. Whether this field has any objective reality or not is somewhat ofa murky point, but it can be of considerable conceptual and practical utility since,rather than doing individual calculations of every mass point with each other, a

53single field can be calculated for the entire system, from which the force acting oneach particle can then be calculated.3.2.4.Conservation LawsThe description of classical mechanics by means of space, time, mass and forces isactually complete and it is in most cases sufficient for doing physically basedmodeling because our equations are usually force-based and solved numerically.There are other ways of approaching the problem, however, which the physicistshave developed to gain more physical insight into the subject and to be able tomake more general statements about a physical system then simply how itbehaves over time.One of these other approaches is through conservation laws. In particular, it ispossible to define other derived quantities, besides force, which seem to befundamental in character. They are so fundamental in fact that they seem torepresent a finite quantity of something whose amount stays fixed at all times. Tobe more precise, given an isolated system which has no interaction with theoutside world, certain quantities can be measured of the system as a whole whichwill not change, regardless of the behavior of the system. Such quantities are saidto be conserved.The first of these conserved quantities is momentum, which is defined to be theproduct of mass times velocity. By taking the derivative of this definition andcomparing it to Newton’s second law, we can see that force is the derivative ofmomentum with respect to time. Forces therefore have the effect of adding orremoving momentum from a system and can be thought of as flow ofmomentum. By reexamining Newton’s third law, we can see that, since forcesalways come in equal and opposite pairs, momentum may shift around fromparticle to particle, but momentum will always be conserved. Momentumtherefore seems to have a very real existence, almost like a fluid, which can flowaround from point to point but which is never created or destroyed.

vp = mv = momentum vf = dvpdt = flow of momentum

vpi∑ =constant

(3.2)The second conserved quantity we will discuss is energy. For a moving particle,energy is defined as one half the mass times the velocity squared and is measuredin joules, or kilogram meters squared per second squared. However, unlikemomentum, energy can come in many forms and the energy associated with aparticle’s motion is only one form, called kinetic energy. Other forms includeheat energy, caused by friction, and potential energy, which is created when aparticle moves against a conservative force. The change in potential energy isdefined as the line integral of the force over distance. When a particle moveswithin a conservative force field, and there are no dissipative (i.e. frictional)forces, the sum of the kinetic and potential energy will always be a constant. Anyloss in kinetic energy will be exactly counteracted by a gain in potential energy

54and vice versa. In fact, even with friction, it can be shown that the energy gainedin heat is exactly equal to the lost kinetic energy.Energy is therefore a conserved quantity, like momentum. Unlike momentum, itis a scalar, not a vector, quantity and it has the ability to disappear into obscureforms outside the realm of classical mechanics, and therefore is not alwaysconserved in mechanical physically-based models However, as a bookkeepingdevice, it is often useful to monitor the total energy of our models as they aresimulated over time, to check for errors and if it is not constant, at least to seehow rapidly it is being dissipated.The concept of energy also has an important use in deriving force laws, and is infact the basis for the Lagrangian formulation of Newton’s laws, and D’Alembert’sprinciple. Since potential energy is defined as a line integral over a conservativeforce, and since it can be show that for a conservative force, the line integralbetween any two points is independent of path, every point in such a force fieldcan be associated with a scalar potential energy value. By the line integraltheorem of calculus, the force field is equal to the gradient of the potentialfunction, so in fact, a conservative vector force field can be described in terms of ascalar potential field. This can simplify the calculation of force fields in physicallybased modeling and we will see that internal elastic forces can also be describedmore easily in terms of energy than forces.

E = 12 mv2 = kinetic energy

E = vf ⋅dvx∫ = potential energy

Eii∑ =constant

(3.3)Just as the position of a point in space can be completely described by its Cartesiancoordinates, the dynamical "position" or state of a point mass particle can becompletely described by its position and momentum vectors. We can combinethese two to form a single (normally six-dimensional) state vector, and theevolution of the particle over time can then be thought of as a path in state spacewhich is a parametric function of time.3.3.Differential Equations

"The universe is a differential equation, God is the initial conditions"This saying reflects the rather intimate relationship that has existed betweenphysics and differential equations. In fact, differential equations were inventedoriginally to solve certain physics problems, and the search for a unified fieldtheory in physics can sometimes be characterized as "trying to find thedifferential equation of the universe".

553.3.1.Modeling Using Differential EquationsFrom the point of view of physically based modeling, differential equations arethe standard mathematical technique by which a given physical model can besimulated. Generally, the behavior of a given physical system can be described bya differential equation, which can be build up directly from the model based onfirst principles. Normally this is done be examining the system and makingcertain arguments about how it should behave differentially, based on Newton’slaws of motion. There are also more formal "cookbook" approaches based onLagrange’s generalized coordinates, the principle of virtual work andD’Alembert’s principle. The result is normally a differential equation of forcesexpressed in terms of differentials of the state variables with respect to time orspace.Solutions to this differential equation are therefore state vector functions of timewhich describes the possible behaviors of the system. If we can find a propersolution, than we can use it to animate our physically-based model. Traditionally,physicists have only studied the behavior of limited special case models, inwhich the differential equations have been solvable symbolically, using analyticaltechniques. However, the vast majority of physical problems are not solvable inthis way, and can only be solved using numerical integration techniques.Furthermore, if we want to be able to control our model interactively, forexample with arbitrary force data entered by the user, we are obliged to usenumerical techniques because our input data is numerical.Exactly which solution we find depends on the initial conditions of the statevariable, which can be chosen arbitrarily, and can greatly affect the outcome of thesolution. One way to effect the solution, if we do not like the way it is turningout, is to add our own arbitrary forces into the equation, either interactively oraccording to some algorithm. In this way we can "drive" the solution of theequation over time.3.3.2.Newtonian Differential EquationThe simplest example of a Newtonian physics-based differential equation issimply Newton’s second law for a single mass particle:

md2 vxdt2 = vf(t)

(3.4)This can be thought of as equating two forces: the internal forces experienced bythe particle because of its acceleration on the left-hand-side, and the externalforces driving the particle on the right-hand-side. The left-hand-side is aconsequence of the internal structure of the model, the right-hand-side can bedetermined by any combination of external phenomenological forces, constraintforces, or interactive input forces.

563.4.Constraints and Forces

Starting with this simple Newtonian differential equation, more complex modelscan be built up by increasing the number of particles, by adding moresophisticated internal force laws, or by adding more complicated external forces.3.4.1.Adding Internal ForcesThe previous equation describes an ideal free point mass particle traveling inspace without friction. This is useful for modeling certain types of phenomena,but most everyday things in our environment are not free moving andfrictionless. We can attempt to simulate this behavior by adding internal forces tothe model.Frictional or damping forces are non-conservative forces which dissipate kineticenergy from the system. They are in reality very complicated forces whichconvert kinetic energy into heat, but they can be modeled fairly well using simplephenomenological forces. The simplest type of damping mathematically isviscous damping, which adds a force proportional to the particle’s velocity:

md2 vxdt2 + γ dvxdt = vf(t)

(3.5)This approximates the effect of putting the particle in some sort of fluid, theviscosity of which is controlled by the damping factor,

γ

. The damping factorcontrols the rate at which energy is dissipated from the system. A certain amountof damping can not only add realism to a physically-based model, but also it canhelp to control the stability of the model, as we shall see later.Many objects are neither free-floating nor fixed, but rather attached to otherobjects elastically. Typically this will result in some type of oscillatory behavior. Asimple way to model elastic behavior in a particle is to attach an ideal Hookianspring to it. A Hookian spring exerts a force proportional to its displacement fromrest position. In our case, we attach one end of a zero-rest-length spring to theparticle and fix the other end to the origin in space, resulting in the followingterm in our differential equation:

md2 vxdt2 + γ dvxdt + kvx = vf(t)

(3.6)where k is the spring constant which controls the stiffness of the spring. Sincethis is a purely position-dependent force, it is conservative and therefore doesn’tdissipate energy. If the g term and the right-hand-side are set to zero, this willresult in a purely sinusoidal motion. Adding damping will result in a decayingsinusoidal motion. This can be proved because the differential equation can infact be solved analytically, resulting in the following equation:

x = e− γt/2m(Aeiωt + A*e− iωt )

(3.8)where

57

ω = km − γ_24m^2

(3.9)so that k controls the rate of oscillation while g c o n t r o l s t h e r a t e o f d e c a y . W h e n t h e v a l u e u n d e r t h e s q u a r e r o o t i s g r e a t e r t h a n o n e , t h e s y s t e m i s s a i d t o b e underdamped. When it is less than one, it is said to be overdamped, and when itis zero, it is said to be critically damped.T h i s e q u a t i o n d e s c r i b e s a c a n o n i c a l l i n e a r s y s t e m , a n d i s u s e d t o m o d e l m a n y o t h e r l i n e a r p h y s i c a l p h e n o m e n a s u c h a s e l e c t r i c a l c i r c u i t s . A n a n a l y t i c a l s o l u t i o n t o t h i s e q u a t i o n o n l y e x i s t s , h o w e v e r , i f t h e e l a s t i c f o r c e i s a l i n e a r f u n c t i o n o f x . S i n c e w e a r e s o l v i n g t h e d i f f e r e n t i a l e q u a t i o n n u m e r i c a l l y , h o w e v e r , t h e r e i s n o r e a s o n t h a t i t m u s t b e l i n e a r , a n d w e c a n i n g e n e r a l m a k e the elastic force any function of the particle’s position.

md_2 vxdt2 + γ dvxdt + F(vx) = vf(t, vx)

(3.10)We can therefore model certain complicated types of elastic behavior with verylittle additional computational cost.3.4.2.Modeling External ForcesIn contrast to the internal forces, which can be thought of as being tied to theindividual particles, external forces are considered to be either globalenvironmental forces or the results of arbitrary constraints or user input.External forces can be functions of time, such wind, or of position, such as a fluidflow or a planetary gravitational field, or even of other model parameters such astemperature. They can represent pseudo-forces (e.g. centrifugal and coriolisforces) and can be controlled interactively by the user or even by anotherphysically-based model.3.4.3.Constraint TechniquesIn addition to environmental external forces, we can add constraint forces to theright-hand side of the differential equation. Constraint forces are non-physicalexternal forces which force the model to meet some kind of geometrical or othertype of constraint. They are used by the animator or model builder to force thephysical system to behave in a specific way. Constraints are the means by whichan animator maintains active control over a physically-based model and makes itdo what he wants. Constraint methods were developed originally for engineeringand physical simulation of systems which by their structure are forced to behavein a constrained way. Variations on these techniques have been proposedspecifically for use in physically based modeling.3.4.4.Penalty ConstraintsPenalty or energy constraints were proposed by Witken et al for imposing certaintypes of geometric constraints on rigid models [Witkin 87]. They areimplemented by creating a potential energy function for each constraint such that

58the energy level is lowest when the constraint is met. These can be used to buildself-assembling models which stay attached even when moved by other forces.The chief advantage of this type of constraint is that the scalar potential energyfields can be added together to form multiple constraints. Not all constraints areguaranteed to me met, however, so penalty constraints are not necessarily exact.3.4.5.Dynamic ConstraintsDynamic constraints were proposed by Barzel et al [Barzel 88]. In this type ofconstraint, forces are calculated in order to drive the model towards theconstraint path with critically-damped motion. For example, a particle can beconstrained so that, eventually, it will follow a curve in space exactly. Howrapidly it will conform to this constraint curve depends on the time constants ofthe constraint mechanism.3.4.6.Reaction ConstraintsReaction constraints (RCs) are an extension of dynamic constraints and can beuseful for constraining objects to surfaces [Plat 88]. RCs project out the componentof the existing force on an object which violates the constraint and replaces itwith a dynamic constraint. This allows objects to be constrained to a surface, forexample, but still be allowed to slide along the surface in a physically natural way.RCs will fulfill their constraints exactly, but only one RC can be applied to a singleparticle.3.4.7.Augmented Lagrangian ConstraintsPlatt pointed out that a physical system can be thought of as an optimizationprocedure and that a constrained physical system can be treated as a constrainedoptimization problem. Specifically, physical systems tend to minimize their totalenergy over time. A constrained minimization problem can be expressed as:

minimize f x( ) such that g x( ) = 0

(3.11)were

g x( )

is a scalar function of x which is zero when the constraint is met. Thereis a standard mathematical technique for solving these kinds of problems calledLagrange multipliers in which an extra variable, l , i s a d d e d t o t h e m i n i m i z a t i o n f u n c t i o n :

L x( ) = f x( )+λ g x( )

(3.12)A solution to the constrained minimization problem can then be found whenthe gradient of L vanishes, at which point:

∇ f x( ) = − λ ∇ g x( )

(3.13)Platt added penalty constraints to Lagrange multipliers to create augmentedLagrangian constraints, or ALCs, which will evolve to fulfill their constraintsexactly, even, in the presence of multiple constraints.

593.4.8.Space-Time ConstraintsAll the constraint techniques mentioned so far cause physically-based models toevolve gradually towards their constraint surfaces as time progresses. Witkenand Kass developed a method in which the entire path of an object, in time aswell as in space, is optimized to fit a set of constraints [Witkin 88]. This requiresdiscretizing time over the entire motion sequence, placing the object in keypositions and then performing a relaxation algorithm to minimize the powerexerted on the object to force it to meet the constraints.3.5.Numerical Solution

One of the first applications of computer technology, when machines were veryexpensive, was in the field of numerical solution of differential equations. Thisillustrates the power and usefulness of numerical techniques and underscoresthe essential fact that the overwhelming majority of physical problems have noother solution. To quote Feynman [Feynman 63]:"Mathematical analysis is not the grand thing it is said to be; it solves only thesimplest possible equations. As soon as the equations get a little morecomplicated, just a shade--they cannot be solved analytically. But thenumerical method...can take care of any equation of physical interest."Solving those equations accurately in real-time, however, is not always possible.Nonetheless, the computing power of medium-priced workstations is now suchthat a number of problems of significant complexity can be solved interactively.Numerical solution of differential equations tends to break down into twocategories: initial value or time-evolution problems, in which the state variablesare evolved forward in time from initial conditions, and boundary value orrelaxation problems, in which a discrete set of values is iteratively refinedtowards a solution. This classification can be applied to both ordinary and partialdifferential equations, and has a strong association with the type of underlyingphysical problem.3.5.1.Convert to First Order EquationsAn ordinary differential equation of any order can always be written as a set ofrelated first order equations, by expressing the derivatives as separate variables.For example, the mass-spring system described in equation (3.6) can be rewrittenas two related equations:

dvxdt = v dvdt = 1m f − γv − kvx ( )

(3.14)where the velocity vector

v

is the new intermediate variable. This representationof the problem gives us a formula for the first derivatives of each variable, and

60these two equations can then be solved simultaneously using first-order solutiontechniques3.5.2.Initial value problemsInitial value problems are generally associated with time evolution. We take asystem in its initial state, and then step it through time in increments of Dt,where Dt is sufficiently small. The solution therefore mirrors the actualevolution of the physical system in time. The simplest and most intuitivemethod for solving initial value problems is the Euler method, which consists oflinearly extrapolating the value at the next time step using the currentderivative:

xt+Δt = xt + ′x t,xt( )Δt

(3.15)where

′x t,xt( ) = dxdt

(3.16)The value of

dx dt

is determined from the derivative formula for the problem,and can be a function of other intermediate variables such as velocity.The Euler method is neither very accurate nor very stable unless very small timesteps are used, and therefore several different methods have been developedwhich give better accuracy and stability for the same time step. Runge-Kuttamethods, for example, use the Euler method to take several trial steps and thenuse this information to extrapolate a higher order Taylor expansion to thesolution. Second order Runge-Kutta is also known as the midpoint method andtakes the following form:

k1 = ′x t,xt( )Δt k2 = ′x t + 12 Δt,xt + 12 k1 ( )Δt xt+Δt = xt + k2 +O Δt2( )

(3.17)This same method can be extended to fourth-order Runge-Kutta, which is verypopular and is considered by many to be the best general method for solvinginitial value problems. These kinds of methods can be enhanced by usingadaptive stepsize techniques in which the value of Dt is varied according to someerror criterion. Other more sophisticated methods can be applied, such asRichardson extrapolation or Bulirsch-Stoer methods, and predictor-correctormethods and more details can be found about them in [Press 92].The problem of stiffness arises when solving sets of differential equations inwhich the time scales of the different equations are very different. The time stepin this case must be limited to the requirements of the most rapidly varyingequation to prevent instability. To restore stability, although not necessarilyaccuracy, a standard technique is to use implicit methods. The Euler method

61described in equation (3.15) is sometimes called the explicit or forward Eulermethod because it extrapolates based on the current value of x,

xt

. The implicit orbackward Euler method uses the value of the derivative at the next time step,

xt+Δt

:

xt+Δt = xt + ′x t + Δt( )Δt

(3.18)Another method, the Euler-Cromer method [Tonnesen 91], averages the twoderivative values:

xt+Δt = xt + 12 ′xt + ′xt+Δt ( )Δt

(3.19)For example, the system of equations (3.14) could be solved using the Euler-Cromer method as follows:

vt+Δt = vt + 1m vft − γvt − kvxt ( )Δt vxt+Δt =vxt + vt+Δt + vt2 Δt

(3.20)3.5.3.Boundary value problemsBoundary value problems, on the other hand, are associated with functions ofspace. The spatial domain is discretized in one or more dimensions and thevalues of all points are determined simultaneously, usually using an iterativerelaxation method. The canonical example of a boundary value problem is thePoisson equation (here shown in two dimensions):

∇ 2ψ (x,y) = ∂ 2ψ∂x2 + ∂ 2ψ∂y2 = ρ (x,y)

(3.21)which basically says that the second spatial derivative, or Laplacian, of somescalar function of space (for example, electrical potential) should be locally equalto

ρ x,y( )

at every point, subject to some boundary conditions. This can be solvednumerically by breaking space up into a rectangular grid indexed by i and j , andwith a grid spacing h and using the substitution:

∂ψ∂x i, j = ψ i+1, j − ψ i, jh

∂ψ∂y i, j = ψ i, j+1 − ψ i, jh

(3.22)which converts the differential equation into the following difference equation:

ψ i+1, j + ψ i− 1, j + ψ i, j+1 + ψ i, j− 1 − 4ψ i, j h2 = ρ i, j

(3.23)

62The expression on the left can be thought of as a difference operator expressingthe difference relationships between adjacent points on the grid, and can berepresented as a difference operator stencil:

1h2 0 1 0

1 − 4 1

0 1 0 ψ = ρ

(3.24)When the value of r is everywhere zero, the Poisson equation reduces to theLaplace equation and we can show that this is equivalent to saying that the valueof y at every point should be equal to the average of its neighboring points. Thefinite difference equation therefore specifies a certain relationship between localpoints in space. Given a set of boundary conditions, this local condition can beused to find a global solution to the equation.The standard approach to solving these problems is the relaxation method. Westart out by setting the value of y to some initial value, such as zero. Then wepass over each point in the grid and adjust it to fulfill the difference operatoraccording to its neighbors, making sure to maintain the boundary conditions.This process is repeated continually until a solution within the desired accuracyis reached. Another way to describe this process is in matrix terms. If we considerthe difference operator applied successively to each point on the MxN mesh, weobtain a system of MN linear equations, which can be expressed as an MNxMNmatrix. Although this is normally a very large matrix, it is sparse and bandedwhich make it straightforward to solve using iterative methods. The simplestiterative method is called Gauss-Siedel, which is identical to the relaxationmethod. More sophisticated methods include successive overrelaxation (SOR)and multi-grid methods.Because the differential equation is only a description of local relationships, thesolution is very much affected by the boundary conditions. Two types ofboundary condition are classified as Dirichlet conditions, which are specified asfixed values at the boundary, and Neumann conditions, which are specified asfixed gradient values at the boundary. Free boundary conditions allow theboundary to float freely.3.6.Building a Physically Based Model

3.6.1.Modeling MethodologyThere is no generally accepted methodology for implementing a particular type ofphysically based modeling. Ronen Barzel proposes a Conceptual-Mathematical-Numeric (CMN) approach for breaking up the problem [Barzel 92]. In thisbreakdown, the C layer represents a higher-level data structure which encodesthe conceptual model. In practical terms, this is usually an object oriented datamodel in which instances correspond to the physical entities and their physicalproperties, while references between them represent their physicalinterrelationships. The M layer embodies the purely mathematical

63representation of the problem, which is usually programmed in a declarative orfunctional style. It rests above the N layer, which solves the posed problemsthrough traditional types of numerical programming routines.This type of breakdown has several advantages. It .allows different programmingstyles (e.g. object-oriented, declarative, imperative) to be applied where they aremost appropriate, and encourages modularity. One should, for example, be ableto plug in different types of numerical solution routine without affecting thehigher-level design of the program. However, practical difficulties often get inthe way of such a clean conceptual division. In particular, rendering andefficiency considerations may demand that each layer make assumptions abouthow the others are implemented.Witken [Witken 91] describes a less formal sort of division into an object-orientedlayer and a numerical layer. Like Barzel, he discusses the interface between theselayers as the gathering and dispersal of values between the objects and the arraysfor numerical processing.3.6.2.Create a Higher-Level ModelThe first step in implementing a physically based modeling is to create thehigher-level model. This can often be done quite well using an object-orienteddesign in which instances represent individual physical objects and their variousattributes. This can be a straightforward extension to the traditional kinematicmodeling hierarchy, although care must be taken in dealing with the differentcoordinate systems.3.6.3.Representation as a Force Differential EquationOnce the higher-level model has been constructed, the behavior of the modelmust be defined in the form of a differential equation, using our intuition aboutthe laws of physics, or following some sort of methodology. This differentialequation can basically be thought of as a mathematical encoding of the behaviorof the model.Given a differential equation, and the appropriate initial conditions, simulatedphysical behavior can be generated by solving the differential equationnumerically over time, subject to whatever constraints may be in place. If themodel is rendered on the computer screen at the same time it is being solved, theuser can view the animation as it is calculated and possibly interact with it byaltering parameters of the differential equation or of the constraints. He also maybe able to control the time step size in order to maintain stability or increasespeed of solution.3.6.4.Different Types of Physically Based ModelsThere are a large variety of physically based modeling techniques that have beenproposed for computer animation purposes. H�gron and Arnaldi have surveyedthese comprehensively in [H�gron 92]. These techniques can be hard to classifybecause they derive from a very large body of physics, engineering and numericalprogramming literature. However, it is possible to identify four broad classes of

64technique within the computer graphics community: free-particle systems, mass-spring systems, continuous systems, and rigid body systems.Free particle systems are the simplest extension of single particle mechanics. Theparticles may be completely independent of each other, responding only to globalenvironmental forces, or have some forces of interaction between themselves.However, there is no fixed topology and any particle can interact potentially withany other. Free particle systems are particularly good for modeling fluids such aswind or water, fire, powders such as sand, and malleable materials such as clay.However, the techniques have been extended to model such materials as cloth.Mass-spring systems limit the connectivity of the mass particles to nearbyparticles in a one, two or three-dimensional lattice making them much moreefficient to solve. They can be thought of as collections of mass points connectedto their neighbors by massless springs. They are conceptually simple, easy toimplement, and good for modeling springy solid materials or surfaces where thedeformation is not too large, or for modeling some kinds of mechanical systemmade up of flexible parts.Continuous systems are not based on finite particles at all, but rather on thephysical theory of continuous materials known as continuum mechanics. Tosolve these equations numerically, we are nonetheless obliged to discretize ourcontinuous materials so that the models can resemble mass-springs systems. Themathematical theory underlying the models, however, is more sophisticated.This makes them more difficult to program, but also generates more realisticresults, especially for large deformations. Continuous system models are good formodeling elastic solids or surfaces where large deformations are present such asflags, clothing or skin.Rigid body systems model objects which have appreciable size, but do not deform.They can be represented as mass points with the additional properties oforientation and moment of inertia. They are good for modeling a variety ofeveryday objects that are rigid or almost rigid such as cars, spaceships or flyinglogos, and can be combined to model mechanical assemblies, robots or rigidarticulated figures.3.7.Particle Systems

Particle systems are the most straightforward extension of single particledynamics. they were first introduced into the computer graphics literature byReeves, who used them to model fire in the Genesis Sequence in the film StarTrek II [Reeves 83]. By animating large numbers of dimensionless points of light,he was able to create a new type of "fuzzy" computer graphics primitive. Theseparticles were modeled dynamically and responded to environmental forces butdid not interact with each other. This type of model was extended by Sims [Sims90] and implemented on a massively parallel computer. Particle systems werelater enhanced to allow molecular-like interaction between particles by Miller,who used globular dynamics to model viscous fluids [Miller 89], Terzopoulos,who used models of visco-elastic behavior to model plastic materials

65[Terzopoulos 87] and Tonnesen, who modeled particle systems with thermalproperties [Tonnesen 91].Particle systems have recently been used to model more structured types ofmaterials such as cloth [Breen 91]. House pointed out [House 92] that particlesystems are most appropriate to model materials in which the macroscopicbehavior is determined mainly by highly non-linear interactions within thematerial’s microstructure, because force laws can be made non-linear withoutincreasing the complexity of the solution.3.7.1.Free Particle SystemsParticle systems can be implemented easily by extending the single mass particlesolution to solve for many particles simultaneously. This can be representedmathematically simply by converting the single particle equation to a vectorequation, where the vector dimension is the number of particles. These are"vectors" of three-dimensional vectors, such that the arrow represents the Gibbsnotation for a three-dimensional space vector, and the boldface represents an n-dimensional vector where n is the number of particles.

M d2vxdt2 +C dvxdt + vfint (vx) = vfext (t)

(3.25)Normally, these equations can be solved as initial values problems, as there areno spatial derivatives present. However, the time step must be sufficiently smallthat the particles do not pass through each other in a single iteration.As before, there is an internal force term on the left and an external force term onthe right. For systems of non-interacting particles, the internal force term doesnot exist or is a simple function of each particle, resulting in an O(n) complexity.For systems with interacting particles, the internal force term is a function of theentire vector x, which means that in the worst case every particle can affect everyother particle, resulting in O(

n2

) complexity. By contrast, the external force termis normally a function of space and time only and is therefore O(n) complexity.The macroscopic behavior as well as the speed of solution of the particle systemare therefore mainly dependent on the nature of the interparticle forces. If thereis no fixed topology, then every particle can potentially interact with every otherparticle, resulting in the behavior of fluids or powders. This also represents apotential combinatorial explosion in complexity unless some sort of spatialdivision techniques are used to exclude distant particles from interacting witheach other. Such techniques have been proposed, for example by House in [House92].3.7.2.Free Particle Force LawsAs long as the interparticle forces fall off to zero at reasonable distances, therefore,the exact force laws themselves can be arbitrarily complex without affecting thespeed of solution unreasonably, and this kind of flexibility in allowingmicroscopic non-linearities is a powerful feature of particle systems. Varying

66these force laws can have a considerable effect on the overall particle systembehavior. Inverse square laws such as gravity will result in celestial mechanicaltypes of behavior such as in star clusters, for example. Normally, the goal in freeparticle systems models is to model fluids or plastic materials, so the interparticleforce laws tend to be modeled after those of molecules and atoms, which arerepulsive at short distances, attractive at medium distances, and fall off to zero atlarge distances.An example of this kind of force law, expressed as a potential energy function, isthe Lennard-Jones potential, which represents the binding energy of twomolecules [Tonnesen 91]. It is expressed as a function of interparticle distance, r:

ϕ (r) = − εn − m m r0r n − n r0r m , 3< m< n

(3.26)where

r0

is the equilibrium separation between particles,

ε

is the dissociationenergy, which is the energy required to separate the two particles, and m and nare integers which can be chosen to control the falloff rate of the potential. Thispotential function has an energy well at the fixed distance

r0

between the twoparticles around which they will tend to oscillate, eventually coming to rest ifdissipation is present. The particles will therefore naturally tend to form solidmaterials of hexagonal lattices at this spacing. The concept of temperature can beadded to the particles in such a way that the

ε

or

r0

parameters increase with it,and that heat energy can flow from particle to particle. Heating up the particlessufficiently can cause them to "melt" and start to behave like a fluid.3.7.3.Mass-Spring SystemsMass-spring systems are essentially particle systems with a fixed topology so thateach particle is attached to a finite number of neighboring particles. Normally,the interparticle force laws are modeled as massless, ideal Hookian springs. Thisrestriction has two consequences: first it reduces the complexity of problem toO(n) since only the neighboring particles must be checked for force contributions,and second it limits the behavior of the resulting models to that of solids orsurfaces. Mass-spring systems can, in fact be used to model continuous materialsand therefore have many things in common with continuous physically-basedmodels.Mass-spring systems are useful for modeling reasonably flexible types of materialsuch as jello and elastic surfaces. As the springs become stiffer, however, so dothe equations, and a mass-spring model will become unstable as it approaches arigid body. Furthermore, for large deformations, the separation between masspoints can become unreasonably large and the linear Hookian spring force law nolonger valid, resulting in unrealistic looking behavior.3.8.Continuous Systems

Physically-Based models of continuous systems were developed for computergraphics by Terzopoulos et al, who used them to model deformable surfaces and

67solids [Terzopoulos 87, 88a]. Terzopoulos and Witken later developed a hybridcontinuous model which contained both rigid-body and elastic components[Terzopoulos 88b]. Pentland et al have developed continuous deformable modelsbased on modal dynamics [Pentland 89]. Continuous models have also been usedby Carignan [Carignan 92] and Aono [Aono 90] to model cloth.Continuous system models are based on continuum mechanics, which studieselastic, deformable and fluid materials. This branch of physics takes the basic lawsof mechanics and applies them to objects whose state varies continuously inspace. This means that quantities which were once represented as single values(for a particle) or as an array of values (for a particle system) now become scalar,vector or tensor fields. Mass, m, for example, becomes mass density, r(x,y,z)Nonetheless, to solve these equations on a computer, it is necessary to samplethese field values discretely, so that if we use a finite difference discretization ourmass density field becomes again a collection of mass points. The questionnaturally arises if continuous physically based models are any different frommass-spring systems. In fact, by choosing certain types of non-linear springs, amass-spring system can be made equivalent to a continuous model.However, there are several advantages to using a continuous system model, asBarzel points out in [Barzel 92]. Continuous systems model the true non-linearbehavior of elastic materials inherently, while mass-spring systems need to bespecifically tailored to do this. Rendering can be done independently of thenumerical discretization and penetration tests with other objects can be made onthe smooth surface instead of with mass points. Also, the solution technique canbe decoupled from the model so that, for example, the grid density of thediscretization can be chosen automatically by the numerical solver or evenvaried adaptively. Alternatively, the equations can be discretized using a finiteelement method, which breaks the material into triangular or rectangularregions across which the solution is modeled using basis functions. The maindisadvantage of continuous system models is the increased complexity ofdesigning and debugging the models and numerical solutions. Continuoussurface models, in particular a continuous elastic surface model due toTerzopoulos, will be discussed in greater detail in Chapter 5.3.9.Rigid Body Mechanics

As continuous systems or particle systems become less and less flexible, theyapproach a mathematical abstraction called a rigid body. The study of rigid bodymechanics has been highly developed in the fields of physics, engineering,robotics, and in automotive and aerospace simulation. Adding rigid body physicsis a natural extension of standard kinematic motion control in traditionalcomputer animation systems, and is in its simplest form quite easy to domathematically. To animate rigid bodies in an interesting way, however, requiresthem to be constrained and to interact with each other, which can rapidly becomea complex problem.The basic theory of rigid body motion can be found in standard physics texts, forexample [Feynman 63] and has been presented for use in computer animation by,

68for example, Hahn [Hahn 88]. Dynamic formulations of articulated rigid bodieswere developed for computer graphics by Armstrong and Green [Armstrong 85],and Wilhelms and Barsky [Wilhelms 85]. General constraint mechanisms forrigid bodies were proposed by Barzel et al [Barzel 88], Witken et al [Witken 87, 88]and Schr�der et al [Schr�der 90]. Rigid body collision response techniques havebeen developed by Moore et al [Moore 88] and Baraff [Baraff 89]. Unified models,which can combine multiple techniques, have been proposed by H�gron [H�gron89], Arnaldi et al [Arnaldi 89] and Luciani [Luciani 91].3.9.1.Generalization of Multi-Particle SystemsA rigid body is defined as a finite or infinite collection of mass points which areconstrained to maintain a fixed distance from each other. In true life, all objectsare somewhat flexible, but the rigid body approximation is a very good one formodeling a variety of everyday objects. Since the rigid body cannot bend, itcannot store potential energy. However, it can rotate, and this requires theintroduction of new derived physical quantities, which can be thought of asrotational extensions to the translational quantities of a mass point. Theserotational quantities are: orientation, angular velocity, angular acceleration,moment of inertia, torque and angular momentum. These correspond one-to-one with the translational quantities as follows:

m = mass vx = position v = dvxdt = velocity va = dvdt = acceleration vf = force vf = mva

I = moment of inertia q = orientation vω = dvθdt = angular velocity vα = d vωdt = angular acceleration vτ = torque vτ = I vα

(3.27)Since we are dealing with orientation space, orientation quantities arerepresented by quaternions. Fortunately, all of the other quantities except for themoment of inertia involve derivatives of rotations and therefore can berepresented as three-dimensional vectors, although they should not be regardedas ordinary Cartesian vectors and are sometimes called pseudovectors.3.9.2.Moment of Inertia MatrixThe major point where the analogy to translational dynamics breaks down iswith the inertia matrix. Unlike mass, which is a simple scalar quantity, theinertia matrix has a preferred direction in space. Since it is a symmetric matrix, itcan be diagonalized so that in its preferred coordinate system there are only threecomponents, one in each of the x, y, and z directions. For the special case of asphere, these are all equal so the moment of inertia reverts in this case to a scalar.In general this is not the case, and since the preferred coordinate system of therigid body rotates with it, the simple laws of motion stated above apply only tothe local rotating system, not to the global inertial coordinate system. Since it ismuch more convenient to work in the local coordinate system, thereby avoidinghaving to recalculate the inertia matrix at every instant, it is necessary to add in a

69component to the torque law to account for the "fictitious" centrifugal andcoriolis forces generated by the rotating coordinate system.

vτ = I vα + vω × I vω( )

(3.28)The rigid body motion can then be simulated in a manner analogous to that for asingle particle, with the additional orientation and angular velocity parametersin the state vector, using the rotational equations of motion.3.9.3.Multiple Rigid Body SystemsSingle rigid body mechanics can be extended in several ways. One way this can bedone is to have multiple free rigid bodies colliding with each other and obstaclesin the environment. Since rigid bodies can collide in a variety of ways, involvingfriction and rotation, the mathematics can become very complicated. A secondtype of multiple rigid body system is a mechanical assembly if rigid bodiesfastened together by holonomic constraints. Since the holonomic constraints donot add or remove energy from the system, they have the effect of reducing thenumber of degrees of freedom of the system. These rigid body systems are thebasis for mechanical simulation and dynamic models of articulated figures.3.10.Layered Elastic Models

In Chapter 3 we reviewed the technique of layered character models containing askeleton and outer skin layer. This division into two layers is conceptuallysimple and is also practical, since the skin envelope can be sculpted usingstandard surface modeling techniques, or scanned directly from a sculpture or aliving creature. Simple observation of human or animal skin in motion,however, reveals that the deformation of the outer skin envelope results frommany other factors besides the position of the skeleton. In fact, the skin reveals asmuch as it conceals details of the underlying anatomy in motion. More advancedlayered models take into account some aspects of these intermediate anatomicallayers between the skeleton and skin.Some 3D character models, such as the baby in Tin Toy and more recently thedinosaurs in Jurassic Park, have used geometric techniques to simulateunderlying muscle and bone layers. One basic limitation of these layered models,as well as non-layered character models, is the absence of any physical basis. Boththe skeleton and the surface envelope, as well as any intermediate layers, arepurely geometric. To improve realism, and to create more interestingdeformations, layered elastic models are used which add physically based elasticcomponents to some or all of the layers.3.10.1.GoopA simple example of this type of approach is Pacific Data Images’ Goop system, inwhich a mass and spring with damping are attached to each vertex of a polygonalmodel [Walters 89]. The spring is free to move in three dimensions and has azero initial length. The mass, spring constant and damping factor of each vertexcan be varied locally. Moving the model is accomplished by moving the anchor

70points of the springs, causing the vertex points to oscillate about the new positionuntil the motion is damped. This causes a jello-like effect which can be controlledby the animator. The surface points are not attached to each other, so the skin isin fact a free particle system. It therefore has no surface-like physical behavior.However, within a range of small deformations this can be acceptable. Thistechnique was used to animate Waldo, Jim Henson’s computer generatedMuppet character. The character motion was input in real-time by a professionalpuppeteer using a Waldo motion capture device. The puppeteer was able tomonitor a rigid body display of the character interactively, while the Gooptechnique was applied as a step in the rendering of the final animation.Figure 3.1: Waldo C. Graphic, the Computer Muppet [Graves 89]3.10.2.Snakes and WormsGavin Miller took this idea a step further by attaching the vertex points togetherto form a mass-spring lattice. This was arranged in the form of a tube to modeldynamic snakes and worms [Miller 88]. By actively varying the rest-lengths of thesprings, he was able to simulate muscles, resulting in worm-like motion. Thismodel did not have any internal skeleton, however, which limits its applicationto certain types of 3D characters for which skeleton control techniques are notapplicable.3.10.3.The Critter SystemA more sophisticated examples of layered elastic construction for animatedcharacters is found in the Critter system [Chadwick 89] in which a regular

71network of connected springs and masses is used to create a control point latticefor free-form deformations of the geometric surface. Some of the control pointsare bound to links of the underlying skeleton so that, when the skeleton isanimated, the unattached mass points are influenced to move through the springlattice. Since the lattice is controlling the space deformation and not the actualmodel, it can be relatively coarse with few enough mass points that the physicalsimulation can be conducted at interactive speeds. This can be quite effective inproducing large-scale deformations of the character, but the resolution of thedeformation is limited by the size of the mesh, and although the mass-springlattice allows for shape control over the body deformation, the skin is stillfundamentally a geometric surface model, not a model of a physical skin.Figure 3.2: The Critter System [Chadwick 89]3.10.4.Layered Elastic Facial AnimationA sophisticated example of a layered elastic model is used by Terzopoulos toimplement facial animation [Terzopoulos 91]. In this model, an elastic solidsimulation, consisting of a mass-spring lattice of depth three, is attached to ahuman skull model and deformed by muscles which take the form of forceconstraints between points on the skin surface and the underlying bone. Thesprings are biphasic to emulate the non-linear behavior of real skin, that is, theyhave a low spring constant for small displacements which shifts to a high springconstant for large displacements. Volume preserving constraints are used tosimulate the effects of incompressible fatty tissue. This type of model is highly

72specialized for the human face, and is derived from real biomechanicalinformation. It is not clear how well the three-layer mass-spring lattice, which isbound to the bone layer, would model other parts of the body such as jointswhere the skin is looser. Nonetheless, the visual results for facial animation arequite effective, and the model represents a promising approach to layeredconstruction whose more general application needs to be further explored.Figure 3.3: Physically-Based Facial Animation [Terzopoulos 91]3.10.5.Other Physically-Based ModelsAn elastic layered model for complex deformable bodies was proposed by Gascuelet al [Gascuel 91] in which the control points for an interpolating spline surfaceare bound to a rigid bone layer by stiff springs. The control points are connected toeach other to form a surface using a non-physically-based geometric technique forpropagating deformations. This model was used to animate an octopus with free-swinging arms. Another type of elastic layered model in two dimensions wasdeveloped by Overveld [Overveld 90]. The finite element method was used byGourret et al [Gourret 89], who describe a human hand modeled as a volumeelement mesh surrounding bones. This was used to simulate a hand grasping arubber ball. Chen et al [Chen 92], also used the finite element method to developa biomechanically-based model of muscles on bone based on biomechanical datafrom a frog’s leg. No attempt was made to model the skin.

73Figure 3.4: Complex Deformable Bodies [Gascuel 91]