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Sparse Robust Matrix
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Abstract—Nonnegative matrix tri-factorization (NMTF)
X =~ FSGT with all matrices nonnegative can reveal
simultaneous row and column clusters of X, as well as
the associations among the two. In this work, a sparsity-
promoting variant is proposed and a simple multiplicative
algorithm is developed. The resulting sparse NMTF is
further robustified to cope with presence of outliers in the
data. A synthetic example illustrates the efficacy of the
method. A novel application to cancer patient clustering
and pathway analysis is presented using real datasets.

I. INTRODUCTION

Matrix factorization is an important tool for feature
extraction and dimensionality reduction tasks with wide
range of applications in the areas including engineering,
psychometrics, marketing, and computational biology.
Using singular value decomposition (SVD), principal
component analysis (PCA) factorizes the underlying data
matrix under orthogonality constraints to uncover salient
uncorrelated variables influencing the data. The k-means
clustering may be viewed as matrix factorization under
the hard constraint that each data vector (matrix column)
is approximated by one of the cluster centroids [16].

When the data are nonnegative, it often makes sense to
require also the factors to be nonnegative. Nonnegative
matrix factorization (NMF) can help identify easily inter-
pretable parts that comprise the overall data, especially
when additive structures can be presumed. For instance,
in an article published in Nature in 1999, NMF applied
to facial images was shown to yield image segments
containing different parts of the face [12]. PCA-type
approaches might not be good candidates in such cases,
as the resulting factors are not guaranteed to be non-
negative. Moreover, strict orthogonality constraints may
prevent discovery of possibly overlapping structures that
can be naturally present in some datasets.

In its most primitive form, nonnegative matrix (bi-
)factorization seeks to obtain factors F & RT” and
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G € R that approximate the data matrix X € R7"*"
such that X ~ FGT in some sense (e.g., minimizing
square-errors), as in

. 1
min —

X—-F T2
ez ol G'F

(1)
where F' > 0 constrains each element of F to be
nonnegative. The (maximum) rank of the factors k is
usually chosen to be much smaller than min{m,n} to
effect dimensionality reduction.

It has been also argued that NMF can be viewed as co-
clustering of rows and columns of X, especially if F and
G have orthogonal columns [4]. In this interpretation,
the a-th row of F' corresponds to the cluster membership
indicator for the a-th row of X; and at the same time,
the b-th row of G corresponds to the cluster membership
indicator for the b-th column of X. Application of NMF
for document co-clustering was reported in [17].

A number of algorithms have been developed for com-
puting nonnegative factors. The most well-known class
comprises the multiplicative update rules proposed in the
seminal work by Lee and Seung [13]. Gradient descent-
type algorithms have also been studied partly due to
the slow convergence of multiplicative updates. Alternat-
ing nonnegative least-squares approaches typically enjoy
theoretically well-grounded convergence properties [10].
Extensions have been made to incorporate various prior
knowledge on the structures of the factors, such as
smoothness and sparsity [8].

Nonnegative matrix tri-factorization (NMTF) aims to
approximate the data matrix X € R'"*" using three fac-
tor matrices F € RTX’“, S e RT”Z and G € Rixh
such that X FSGT [5]. Essentially, the relevant
optimization problem is now given by (cf. (1))

. 1
min -
F>0,S>0,G>0 2

~
~

X - FSG™|[%. )
To facilitate the clustering interpretation, F and G were
additionally constrained to be column-orthogonal in [5].

By having three factors instead of two, one can
gain a number of benefits. First, under orthogonality
constraints, bi-factorization may be too restrictive; an
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additional factor S can furnish necessary degrees of
freedom to obtain “good” factorization [5]. Also, an
important flexibility is that the number £; of the column
clusters can be different from the number k5 of the row
clusters. This is useful when the rows and the columns
correspond to different entities, say, documents and the
words contained in them, respectively. Finally, in some
applications, direct interpretation of S is of interest.
Specifically, S can reveal how different row clusters are
associated with column clusters, providing a summary
of the interaction structure [9].

The goal of this work is to extend NMTF to incor-
porate sparsity and robustness. Sparsity constraints in
NMF were shown to yield more “local” features in an
instance of a facial images dataset in [8], which are
easier to interpret. Without promoting sparsity, NMF
sometimes converged to “global” image segments that
do not visually correspond to different parts of the
face. Also, along the arguments of variable selection
applications, sparsity can help pick the most relevant
variables, which is instrumental when such analyses
serve as a preliminary step for more costly verification
processes, e.g., as in medicine.

To address outliers that may be present in the data due
to, e.g., contaminated samples in biological experiments,
noisy measurements, and other types of errors, the uni-
versal sparsity-controlling outlier rejection (USPACOR)
framework is adopted in the context of NMTF [7]. By
capitalizing on typical sparsity of outliers, erroneous data
entries are effectively compensated to align with the
NMTF structure.

The rest of the paper is organized as follows. Sec. II
provides the problem formulation for sparse NMTF, and
develops a multiplicative update algorithm. Incorporation
of robustness is discussed in Sec. III. Tests using simple
synthetic data are described in Sec. IV. Results based on
real datasets in a bioinformatics application are reported
in Sec. V, followed by conclusions in Sec. VI.

II. SPARSE NMTF
A. Problem Statement

To promote sparsity of the factors in NMTF, appropri-
ate penalty terms can be added to the objective function
of (2). Among widely-used sparsity-inducing penalties is
the one based on the ¢;-norm, which offers the tightest
convex relaxation of the cardinality, or the “fy-norm.”
To facilitate derivation of multiplicative update rules, as
will be detailed in Sec. 1I-B, squared /;-norm penalties
are employed.

Based on the preceding discussion, given a non-
negative data matrix X € R"™", the proposed NMTF

seeks to find factor matrices F € ]RTX’“, S e Rﬁ}m"’,
and G € R %2 that are sparse, by solving the following
optimization problem:

1
i — (IX = FSGT||% + Ar||F| 3
A I3+ Arl[F3

+As[SIT + AclGlT) ©)

where ||F||; denotes the ¢1-norm of F, which is equal
to the sum of the absolute values of all the entries of F.
Since the entries of F are nonnegative, ||F||; is equal to
the sum of all the entries of F'.

Prior works advocated enforcing orthogonality of F
and G to strengthen the clustering interpretation [5], as
well as to obtain a more distinctive set of centroids [18].
On the other hand, it has also been argued that orthog-
onality fails to capture natural semantic structures in
certain applications, as it precludes overlapping (soft)
clusters [17]. Here, we do not enforce orthogonality to
allow for soft clusters. However, it is emphasized that
sparsity does not forestall orthogonality; in fact, sparse
nonnegative vectors are more likely to be orthogonal.

B. Algorithm

The most popular algorithms for NMF are based on
multiplicative update rules [13]. Since (1) is nonconvex,
alternating optimization is used to obtain a locally opti-
mal solution. In particular, iteration of the following was
shown to yield a non-increasing sequence of objectives:

(FTX),
Gap —(FTFg):M )
 (X'G")
P = (Faar), ©

where G, (or, equivalently (G),,,) denotes the (a, 11)-th
entry of G.

Here we employ a similar technique to optimize the
objective in (12) with respect to (w.rt.) F, S, and G
in an alternating fashion. First, it is observed that the
optimization w.r.t. F with other variables fixed can be
equivalently written as follows; see also [10]

min | XT — GSTFT |7 + Ar||F|}

:%1;% {Vec(OXT)} 3 {I@jgff )} vec(FT) 2 (6)

2

where ® denotes the Kronecker product, and 1 a column
vector with all entries equal to 1. Applying the multi-
plicative update rule to the cost in (6) yields

(XGST) an

F, F, )
n T a FSGTGST),, + Ar||F|:

(7
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Similarly, the optimization w.r.t. S is equivalent to

2

rsnzlg [vecéX)} _ [\(/;)\‘_fl]-;} vec(S) 2 (8)
from which one can derive the update rule
(FTXG)Hb
b = S ETFSGTQ),, + AsIST )
Likewise, the update rule for G is given by
Gip — Gip (XTFS),, (10)

(GSTFTFS)i, + Ac|IGll1

In practice, one adds a small € > 0 (say, 10717) to the
denominators in (7), (9)—(10) to prevent division by zero.

C. Avoiding Inadmissible Zeros

One of the issues associated with multiplicative update
rules is that when an entry in the factors becomes zero,
it is forever stuck at zero. In theory, the entries should
never become zero provided that all the entries in the
factors are initialized with positive values. However,
due to the finite precision of calculations, zero entries
may well appear in practice. Therefore, the fixed point
obtained from multiplicative updates might not satisfy
the Karush-Kuhn-Tucker (KKT) optimality conditions.

To avoid such “inadmissible zeros,” the KKT condi-
tions can be examined during iterations [1]. The KKT
conditions for (3) can be written as

F>0, S>0, G>0 (11a)
(FSGT — X)GS” + \p||F|1117 >0 (11b)
FT(FSGT — X)G + As||S]1117 >0 (11c)
(GSTFT — XT)FS + \¢||G[1117 >0 (11d)

[(FSGT — X)GS” + \p|[F|1117] 0 F =0 (lle)
[FT(FSGT - X)G + XsS[h117] ©S =0 (11f)
[(GSTFT - XT)FS + A\¢||G[:1117] © G = 0 (11g)

where © represents element-wise multiplication.

It can be deduced that the KKT optimality conditions
are equivalent to: i) if Fy,,, > 0 (likewise, Sy, > 0 or
Gy > 0), the multiplicative factor in (7) ((9) or (10),
respectively) must be equal to 1; and ii) otherwise, the
corresponding factor must be less than or equal to 1.

Thus, whenever an entry in F, S or G is zero, one can
check the corresponding factor. If the factor is greater
than 1, the zero entry is replaced by a small positive
number k to prevent convergence to an inadmissible
fixed point. The overall algorithm is tabulated in Table I.

Parameters: k > 0, kto] > 0, € > 0 all small;
Arp 20, A5 >0, A\g > 0 [and A\p > 0]
1: Initialize F, S, and G with positive entries
[For the robust version: set O = 0]
2: While not converged, repeat:
(xasT)

(FSGTGST) 4, +Ap |Fll1+e
[For robustness, replace X by X — O]

~ if F, 1
4 Fap = {g, if Fap < Kol and agy >

otherwise
5 F—(F+F)oa
) (FTXG)M)
6 Dub = FTFSGTE) i rs ST e
[For robustness, replace X by X — O]
if S,ub < Ktol and /B,ub >1
0, otherwise
8: S—(8+Soeas
(xXTFs)

3: Qap =

7: S'Mb =M

otherwise

. - ib
% b = (GETFTES), g Gl
[For robustness, replace X by X — O]
10- é'b _ {R, if Gijp < Ktop and v > 1
: ib =
07

11: G—(G+G)o~
12: [For robustness: update O using (13)]

TABLE 1
SPARSE (ROBUST) NMTF ALGORITHM.

ITII. ROBUST NMTF

In this section, NMTF that is robust against additive
outliers in the data is developed. Outliers can originate
from erroneous experiments or noisy data acquisition.
Moreover, data points that do not conform to the NMTF
structure can also be determined as outliers.

The robust (and sparse) NMTF problem can be for-
mulated using a sparse outlier matrix O € R"™*", as
. 1
min =
F>0,8>0,G>0,X—0>0 2
AR+ As[S[IT + AclG) + AollOlh. (12)

(IX - FSG™ - OfI%

Nonzero entries in O indicate the location of the data
points that are not conforming to the NMTF [7]. In (12),
the entries of X — O, which correspond to the data
after compensating for the outliers, are constrained to
be nonnegative to preserve the nonnegative modality of
the original data.

To develop a simple algorithm for robust sparse
NMTFE, alternating minimization is again adopted. Thus,
the multiplicative updates w.r.t. F, S and G are identical
to (7), (9) and (10), respectively, except that X is
replaced by X — O. To perform the update w.r.t. O,
it is observed from (12) that the optimization w.r.t. O
decouples to individual entries of O. Therefore, a closed-
form solution is obtained as

Oap — min { Xap, S(Xap — (FSG ) ap, Ao)}  (13)
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Fig. 1. Data matrix and true matrix factors.

Fig. 2.

Orthogonal NMTF [18].

where S(z,)\) = sign(z)max{|z| — A,0} is the soft
thresholding function. The overall algorithm is given in
Table I, with the instructions in the brackets followed.

IV. TESTS WITH SYNTHETIC DATA

The proposed robust sparse NMTF algorithm is illus-
trated using a simple synthetic example. Fig. 1 depicts
the true factor matrices Fgy, Sg and Gg with m = 10,
n =15, k1 = 3 and ko = 4 (best viewed in colors). The
entries of the factors assume binary values: the dark red
areas represent entries with value 1, and dark blue areas
correspond to value 0. To test the case of overlapping
clusters, the columns of Fy and Gy were chosen to
be non-orthogonal. To generate the data matrix X, first
FOSOGg was formed, followed by binary quantization.
Then, entries X;; and X4 19, which were originally
ones, were flipped to zeros to test robustness. The
resulting X is shown in the upper-left panel in Fig. 1.

As a benchmark, the orthogonal NMTF in [18] was
employed on X with results shown in Fig. 2. Although
relevant clusters are roughly identified, it can be seen

FsG' F

5 10
FSG'+0

(b)
Robust sparse NMTF.

Fig. 3.

that orthogonality constraints interfere with discovering
correct clusters and associations. Also, many of the
discovered structures are “bluish” (close to 0), and thus
are not clearly contrasted from the dark blue background.
It turns out that the novel NMTF algorithm is quite
sensitive to initialization. It is customary to use basic
clustering techniques such as k-means for initialization
of NMF. In our test, orthogonal NMTF in Fig. 2 was
used as initial factors. The resulting NMTF is shown in
Fig. 3(a), where it can be seen that the correct structures
are much more clearly identified (with “reddish” colors).
Moreover, the overlaps in the clusters are better revealed.
The upper-left panel in Fig. 3(a) corresponds to the
reconstruction after compensating for the outliers. The
reconstruction before compensation is shown in the left
panel of Fig. 3(b), which is closer to the original X. In
the right panel of Fig. 3(b) is shown the O matrix, where
the dark red background now represents zeros, and the
blue dots signify negative values. It can be seen that the
locations of the outliers have been correctly indicated.

V. APPLICATION TO CANCER PATIENT CLUSTERING
AND PATHWAY DISCOVERY

Identification of patient subpopulations that share
common pathway activity is essential to understanding
the complexities of genomic alterations, and to develop
efficient therapeutic strategies (e.g., pathway-specific
therapeutics) in cancer genomics. The proposed NMTF
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Fig. 4. Kaplan-Meier survival plots.

algorithm is used to: i) identify patient subgroups that
have significantly different survival outcomes; and ii)
assess the association of pathway activities with overall
survival by integrating microarray gene expression or
copy number alterations with pathway database.

A. Set-up

Microarray gene expression and copy number alter-
ation data for ovarian cancer patients were collected
from The Cancer Genome Project Atlas (TCGA) portal
(http://cancergenome.nih.gov). Both datasets contain 377
patients and 11,094 gene expression or copy number
alterations. Also collected were 186 KEGG pathways,
which contain 5,267 genes in total, from a molecular
signature database. The microarray gene expression and
copy number alteration data were transformed to nonneg-
ative input matrices X as follows [11]. The rows and the
columns of the original data matrix Y represent patients
and genes, respectively. For each nonnegative element
Y;; > 0 in the original matrix Y, set X;0;_1 = Yj;
and X; 2; = 0. For each negative element Y;; < 0, set
X;2j—1 = 0 and X, o; = —Y;;. Thus, matrix factor F
indicates the patient clusters, where the number of pa-
tient clusters k; is fixed to 20. To simplify interpretation,
factor G was fixed to the known gene pathways.

B. Results

First, we investigated whether subgroups of patients
that correlate with different clinical outcomes, such
as survival, could be identified. After learning patient
cluster F', the patients were divided into three groups by
examining each column of F. Specifically, the patients
were ranked based on the magnitude of the entries in

each column of F, and the top 120 patients out of 377
were collected in Group A, the bottom 120 in Group C,
and the rest in Group B. To find the subgroup of patients
that strongly correlate with survival outcomes, Kaplan-
Meier curves were generated by plotting the proportion
of surviving patients versus the number of months after
initial diagnosis.

Interestingly, patient clusters with statistically signifi-
cant difference in survival outcomes could be identified
from both microarray gene expression and copy number
alteration datasets. For example, it was found that Group
A patients had significantly less chance of survival
compared to Groups B and C in the 17th cluster (column
of F) from the microarray gene expression dataset, as
shown in Fig. 4(a). The logrank test indicates that Groups
A, B and C patients indeed have significantly different
survival outcomes with p-values less than 0.0069 (at
hazard ratio 1.2448). The median survival time for Group
A was 23.95 months, compared to 32 and 29.55 months
for Groups B and C. Similarly, the three patient groups
in the 12th cluster from the copy number dataset had
p-value less than 0.0167 with hazard ratio 1.2963, as
depicted in Fig. 4(b). The median survival times were
27.25, 22.80 and 33.05 months for Groups A, B, and C.

To identify the pathway activities associated with the
patient subpopulations with different survival outcomes,
different rows in S (i.e., pathway activities corresponding
to patient clusters) were examined. Specifically, the path-
ways were ranked based on the magnitudes of the entries
in each row of S. In the microarray gene expression
dataset, many cancer-related pathways were found to
be associated with the patient subgroups in the 17th
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TABLE 11
TOP RANKED PATHWAY ACTIVITIES.
Ranking Pathway (Microarray gene expression) Pathway (Copy number alteration)
1 KEGG CYTOKINE CYTOKINE RECEPTOR INTERACTION KEGG PATHWAYS IN CANCER
2 KEGG COMPLEMENT AND COAGULATION CASCADES KEGG CYTOKINE CYTOKINE RECEPTOR INTERACTION
3 KEGG NEUROACTIVE LIGAND RECEPTOR INTERACTION KEGG RIBOSOME
4 KEGG CELL ADHESION MOLECULES CAMS KEGG CELL ADHESION MOLECULES CAMS
5 KEGG PATHWAYS IN CANCER KEGG UBIQUITIN MEDIATED PROTEOLY SIS
6 KEGG PURINE METABOLISM KEGG NEUROACTIVE LIGAND RECEPTOR INTERACTION
7 KEGG CHEMOKINE SIGNALING PATHWAY KEGG MAPK SIGNALING PATHWAY
8 KEGG HEMATOPOIETIC CELL LINEAGE KEGG WNT SIGNALING PATHWAY
9 KEGG MAPK SIGNALING PATHWAY KEGG HUNTINGTONS DISEASE
10 KEGG TGF BETA SIGNALING PATHWAY KEGG CHEMOKINE SIGNALING PATHWAY

patient cluster, including ‘pathways in cancer,” ‘mitogen-
activated protein kinase (MAPK) signaling pathway,” and
‘transforming growth factor beta (TGF-beta) signaling
pathway.” Deregulation of activities in MAPK and TGF-
beta signaling are known to be involved in many types
of cancers including ovarian, breast, lung, prostate, and
renal cancers [3], [15].

Likewise, many cancer-related pathways popped up
in the top ranked pathways associated with patient sub-
groups in the 12th patient cluster in the copy number
alteration dataset. These included ‘pathways in cancer,’
‘MAPK signaling pathway,” and ‘Wnt signaling path-
way.” Alteration of Wnt signaling pathway have been
suggested to play a central role in ovarian tumorigene-
sis [6]. Moreover, recent studies showed that ‘cytokine
cytokine receptor interaction’ and ‘neuroactive ligand
receptor interaction’ pathways, which are highly ranked
in both microarray gene expression and copy number
alteration datasets, could play a major role in ovarian
tumorigenesis and survival [14], [2].

The list of top ranked pathway associated with patient
clusters are listed in Table II. These results suggest that
the proposed method can allow stratification of cancers
at the pathway level, potentially leading to development
of more targeted therapeutics.

VI. CONCLUSIONS

Sparsity-promoting NMTF was formulated and mul-
tiplicative rule-based algorithms were developed with
provisions to avoid non-stationary fixed points. Com-
pared to the NMTF under orthogonality constraints,
the proposed method was shown to be effective in
revealing overlapping clusters. A robust version was
also derived based on the inherent sparsity of outliers.
The outlier identification capability could determine the
data points that do not conform to the NMTF structure.
Novel application of the method to microarray gene
expression and copy number alteration data of cancer
patients showed promise in discovering relevant patient
subgroups and associated critical pathways, potentially
useful for targeted therapeutics.
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