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Abstract A method for estimating the surface plasmon
resonance modes of metal nanoparticle chains and arrays
within a multilayered medium is proposed. In this fully
retarded point-dipole method, an inhomogeneous back-
ground is replaced with a homogeneous one, based on an
effective refractive index approximation. The proposed
method includes the effects of retardation, radiative damp-
ing, and dynamic depolarization due to the finite size of the
nanoparticles. The use of diagonal terms of dyadic Green’s
functions and different polarizability coefficients along the
semi-axes of ellipsoidal nanoparticles provides a complete
set of both longitudinal and transverse resonance modes.
Numerical results are compared with experimental results
found in the literature.
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Introduction

Surface plasmons (SPs) are of interest to a wide spectrum
of engineers and scientists, due to their potential for
developing new types of photonic devices and sensors. It
has been shown, both theoretically and experimentally, that
periodically located nanoparticles (NPs) can lead to giant
electromagnetic field enhancement, which can be useful for
detecting molecules at low concentrations [1-8]. Surface-
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[8-16] or tip- [17, 18] enhanced Raman scattering and
nonlinear frequency generation [19] are some of the current
SP applications. In these works, researchers tune up the
properties of SPs and their interaction with light by
changing the shape, size, and material composition of the
NPs [1-26]. The purpose of this paper is to assist the design
and analysis of such NP chains and arrays in the
development of tools; specifically, the development of a
method to estimate the wavelengths (or frequencies) for
surface plasmon resonance (SPR) peaks occur for metal NP
chains and arrays in multilayered structures.

In the last decade, many researchers have studied SPR
modes of NP chains [7, 27-41] and arrays [3, 4, 41-49].
Some of these works deal with NPs fabricated on top of a
glass slide, which can be viewed as the main component of
transmission spectroscopy-based nanosensors. These
researchers support their experimental results with finite
difference time domain methods that can handle the
inhomogeneous background [39, 41, 47, 48]. Some
attempts to circumvent this inhomogeneity use index
matching fluids [40], where the theoretical models based
on the discrete dipole approximation (DDA) are used to
calculate SPR modes of NP chains. Even though such
efforts decrease the contrast between the surrounding
media, the number of layers is generally more than two
for many plasmonic structures. For example, coating the
base structure with indium tin oxide (ITO) is a commonly
used procedure to minimize the charging during fabrication
and this procedure inevitably creates an additional layer. As
such, if the background is a multilayered structure, DDA
can be still helpful given that it is implemented via layered
media Green’s functions (LMGFs). However, the evalua-
tion of these computationally intensive LMGFs is a
bottleneck for many researchers due to their mathematical
complexity. In [26, 40], researchers try to overcome this
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Fig. 1 a NPs in a two-layer (a) (b)
medium and b NPs in a three- il 2
layer medium, where the height
of the midlayer is h. Maroon
rectangles represent the NPs [ N e . | } h
1,
n;

problem by utilizing the image theory (IT). Experimental
results support the validity of the theoretical model [40] but
it is still unclear how IT can be implemented for structures
with more than two layers, especially for the case where the
width of the layer (on which NPs are aligned) is less than
the half of the height of the NPs.

To resolve the complexity of these problems, a simple
effective refractive index (ERI) approximation is adopted to
obtain the SPR modes of metal NP chains and arrays in
multilayered structures. In this approximation, if we deal
with a half-space problem, we simply take the average of
refractive indices of two neighboring layers. If the number
of layers is more than two, ERI depends on the ratio of the
width of the midlayers to the wavelength. This approxima-
tion is first applied to the one-dimensional (1D) periodically
located NP chains. Numerical results show that ERI
provides very close results to the ones obtained experimen-
tally. Then, similar to Auguié and Barnes [49], this
approximation is applied to the two-dimensional (2D)
periodically located NP arrays by extending the theory
developed by Weber and Ford [37] for the 1D case.
Different from [49], this work searches for SPR wave-
lengths (frequencies) on the complex frequency (@)
domain; hence, not only the resonant wavelengths can be
revealed but also the propagation lengths. This fully
retarded theoretical model includes the effects of retarda-
tion, radiative damping, and dynamic depolarization due to
the finite size of the NPs based on the modified long-
wavelength approximation (MLWA) [24]. In addition, the
use of different polarizability coefficients along the semi-
axes of ellipsoidal NPs reveals the existence of one
longitudinal and two transverse resonance modes.

Effective index approximation and SPR modes of NP
arrays

Crozier et al. study SPR modes of gold nanoparticle chains
fabricated on ITO-coated glass slides both experimentally
and numerically [39]. For the numerical analysis, they
apply DDA technique twice to calculate SPR modes: In the
first set, NPs are assumed to be in air; in the second set,
NPs are assumed to be in a homogeneous glass medium.
Interestingly, experimentally obtained dispersion results lay
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in between those two theoretical cases (see Fig. 4). Same
research group studies the effect of ITO layer’s thickness
numerically in [41] and they conclude that 15 to 30 nm ITO
layer causes a red shift in resonance frequencies. Inspired
by these experimental studies, a simple ERI model is
adopted for multilayered backgrounds in this work. This
model replaces the multilayered background with a homo-
geneous medium with a refractive index of nefpeciive- The
value of the effective refractive index depends on each
layer’s refractive indices and the wavelength of the incident
wave as explained below.

Figure la depicts a two-layer medium: NPs are aligned
on top of a substrate with a refractive index of n, and
surrounded by another homogeneous medium with a
refractive index of n;. In this case, effective refractive
index is simply the average of those two layers’ refractive
indices, Aeffective = (11 + 12) /2. If the number of layers is
more than two, the effect of midlayers, which clearly
depends on the wavelength, A, should also be included.
Figure 1b demonstrates a three-layer background, where
h is the height of the midlayer. If 4 is much less than the
wavelength, the electromagnetic field does not propagate
long enough in the midlayer. Thus, the refractive index of
the midlayer has only a small effect on the electromagnetic
field propagation. However, if % is comparable to the
wavelength, then the impact of the midlayer’s refractive
index is great. As a result of this wavelength-layer
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Fig. 2 a An ellipsoidal NP: semi-axes of the ellipsoids along the x-, y-
, z-axes are a, b, and c. b Periodically located NP array on the xy-
plane. Center-to-center distances along x- and y-axes are d, and d,,
respectively. ¢ Dipole moment orientations of metal NPs in longitu-
dinal and transverse modes
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Table 1 Polarizability coeffi-

cient calculation along the Polarizability along the x-axis

Polarizability along the y-axis

different axes of an ellipsoidal
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thickness dependency, the following equation is used to
calculate the ERI of a three-layer medium

1 h h
5["1 +nzz+ (1 —I>n3} (h<2),

Heffective —

(1)
Note that Eq. 1 simplifies into the two-layer case, when 7 is
equal to zero. If the number of layers is more than three, a
similar methodology can be followed.

ERI can easily be implemented in all DDA-based
methods, including the ones proposed in [26, 31, 37, 38,
40]. Here, we follow the model developed by Weber and
Ford [37]. The first example presented in the next section
demonstrates the advantage of using ERI to obtain SPR
modes of NP chains. To compute the SPR modes of NP
arrays, we extend the model developed in [37] to 2D
periodic structures as follows. Assume that there is an array
(N*xM) of ellipsoidal metal NPs on the xy-plane. The semi-
axes of the ellipsoids along the x-, y-, and z-axes are a, b,
and ¢ as shown in Fig. 2a. The interparticle spacing along
x- and y-axes are d, and d,, respectively (see Fig. 2b),
satisfying max(a, b, c) is less than min(d,, d,)/3. Two main
components are required to calculate SPR modes: the
polarizability factor and the dyadic Green’s functions.

Since polarization vector is not uniform throughout the
ellipsoids, different polarizability coefficients v, o, and c,
must be used along the x-, y-, and z-axes, respectively. As a
result, there should be one longitudinal and two transverse

Fig. 3 a Determinant of S ma- (a)
trix for the longitudinal mode on
the complex w domain, where x-
and y-axes are real and imagi-
nary parts of w: red points
represent very low values,
whereas blues depict the oppo-
site. b Refractive indices of
silica (blue solid line), borosili-
cate glass Schott BK7 (red
dashed line), and water (black
solid line) over a range of
wavelengths
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SPR modes as depicted in Fig. 2c. The equations required
for the calculation of the polarizability coefficients along the
x- and y-axes are listed in Table 1. The relative permittivity
values ¢, and ¢, stand for the metal NPs and the background,
respectively, where €, = n2g, .- The geometrical factor L,
or L, defines relative polarizability along x- or y-axis, such
that L.+ L, + L. = 1. The effects of retardation and
depolarization are included based on MLWA [24]. Similar
expressions exist for the nanoparticle polarizability along the
z-axis, which are not shown here for the sake of brevity.
Dyadic Green’s functions Ge,,(R|R’) give {&-component of
the electric field at R due to an oscillating point dipole located
at R' directing @-axis, where & and ¢ are either x, y, or z. For
the problem of interest, only the diagonal terms of the dyadic
Green’s functions are needed. These terms can be written as
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Fig. 4 SP dispersion relationship of metal nanoparticle chains:
experiment (dots) vs. theory (lines). Blue and green solid lines depict
theoretical T; and L results assuming background is air. Red and
magenta solid lines depict theoretical T; and L results assuming
background is glass. Black solid and dashed lines depict the light line
in air and glass, respectively

where k is the wavenumber of the background medium, R
and R' corresponds to x, y, and z and x', )/, and Z,
respectively, in Cartesian coordinates; Ax =x —x/, Ay =
y—y,Az=z—7Z,andr = (Ax* + AY? + Azz)o's. Note that
Az=0 for the problem of interest, but it would be nonzero for
the structures with NPs at different heights.

SPR mode occurs when the dipole moment of a single
oscillating particle becomes equal to the induced mo-
ment, which is defined by the sum of each surrounding
particle’s polarizability coefficient times the total electric
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field created by all the surrounding oscillating dipoles
(Egs. 3a-3c).

1 —a, Z Gu(x,y,z[X',y,7) =0 Longitudinal mode (L)
all
(3a)

1—a, Z Gyy(x,y,2[x',y,2/) =0 Transverse— 1 mode (T;)
all

(3b)
1—o. Z G.:(x,y,z]x',y,Z) =0 Transverse—2 mode (T,)

all
(3¢)

For a finite number of particles, the above equations can
be expressed in a matrix form similar to the 1D case [39] as
follows:

v o g2 &3 - g1n g2t o ZlMN

gt ¥ gi1213 812y gi1221 0 Z12MN
S= ,
L&MN11 EMN12 EMN13 ~ " 8MNIN 8MN21 " ¥ |y

(4)
where v = 1/a, and gy = —G,, ((i —j) X dx, (k—1) x
dy,0) and 7 is x, y, or z. S is an NM*XNM matrix and the
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Fig. 5 a SP dispersion relationship of metal nanoparticle chains: experiment (dots) vs. theory (lines). Black solid and dashed lines depict the light
line in air and effective medium, respectively. b Imaginary part of the resonant wavelengths in a
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Fig. 6 a SPR modes of metal nanoparticle arrays: experiment (red dots) vs. theory (blue line) for d,=d,=520, 540, 560, 580, 600, 620, 640 nm.
Black dashed and solid lines depict the first grating order in glass and effective medium, respectively. b The imaginary part of the resonant

wavelengths in a

frequency values where the determinant of S is equal to zero
define the SPR modes.

In order to find the complex zeros of determinant {S},
we calculate the determinant of S on a complex ® domain.
Figure 3a is a typical output of this complex-root search
(for the longitudinal mode of the NP chain explained in the
first example of “Numerical results”). In this figure, x- and
y-axes are real and imaginary parts of ® and each color
represents the relative magnitude of the determinant{S(w)}
at that particular o value such that redness (blueness)
indicates how small (large) the determinant{S(w)} is. In
other words, red or yellow areas represent SPR modes
where the real part of @ provides the resonant wavelength
and the imaginary part provides insightful information
about the propagation length [37, 38]. Once we roughly
know where the resonant modes occur, we can zoom in and
obtain these values more precisely.

The final detail of the numerical model is the refractive
index of the substrate and water. Even though it has a small
effect, for a more precise calculation of the SPR modes, a
wavelength-dependent refractive index is implemented not
only for metals but also for glasses and water. Figure 3b depicts
refractive indices for silica [50], borosilicate glass Schott BK7
[51], and water [52] over a range of wavelengths.

Numerical results

Three different sets of experimental results found in the
literature are compared with the proposed approach. For all
examples, the experimental values for the optical constants
of gold are used [53] rather than the Drude model, to avoid
the concerns about the selection of the appropriate plasmon

and relaxation frequency values. For the simulations, the
number of NPs in the array is equal to 400 (20%20). The
described algorithm is implemented using FORTRAN
programming language with the quadruple precision.

One-dimensional chain of gold nanoparticles

In [39], gold NP chains are fabricated by e-beam
lithography on ITO-coated glass slides. The gold disks are

40
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£ 35 £ 35
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~30 —~30
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20
680 700 720 740 760 780
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Fig. 7 The determinant of matrix S for 50-nm-height, 60-nm-wide,
and 140-nm-long gold NP array with d,=180 nm, d,=160, 190, 240,
or 540 nm. x- and y-axes are real and imaginary parts of A and each
color represents a determinant value such that the red points are very
close to zero, whereas blue parts are much larger than zero. Note that
in this configuration, there are two other SPR modes, L and T, at
wavelengths shorter than 600 nm, which are not shown here for the
sake of brevity
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Table 2 SPR modes of metal

— a _ b
nanoparticle arrays: experiment d,=180nm d,=120nm
vs. theory

}chpcrimcm }\'lhcorctical }\'cxpcrimcm }\'thcorctical

*d, is fixed; d, is varying for
arrays of NPs of 50 nm height, d,=160 nm 740 751+33.5i d,=60 nm 606 598+54.1i
60 nm wide, and 140 nm long d,=190 nm 710 720+34.1i d,=90 nm 641 631+48.2i
bdy is fixed; d, is varying for d,=240 nm 693 704+34.4i d.=140 nm 648 639+44.1i
arrays of NPs of 50 nm height, 4 —540 nm 724 724+33.1i d,=240 nm 653 642+42.2i

40 nm wide, and 80 nm long

92 nm in diameter and have a 55-nm thickness. The center-
to-center distances are 140 nm along the length of the
chain. The thickness of ITO coating is 20 nm. The
refractive indices of ITO and air are assumed to be 1.45
and 1, respectively. In [39], Crozier et al. calculate two sets
of dispersion relations. In the first set, NPs are assumed to
be in the air. In the second set, the NPs are assumed to be in
a homogeneous glass medium with a refractive index of
1.51. In Fig. , the experimental results [39] for the T; and L
modes are plotted along with the calculated dispersion
curves. Note that these curves are obtained with standard
DDA (without ERI) and experimental results lay in
between those two sets of theoretical results.

Figure 5a shows the same comparison as Fig. 4, but this
time, DDA is implemented with the proposed effective
refractive index approximation. Another difference of this
approach is the use of wavelength-dependent refractive
indices even for dielectrics: The glass is assumed to be a
borosilicate glass Schott BK7 (ngk- changes between 1.53
and 1.51, see Fig. 4). Numerical results do not perfectly agree
with the experimental results—the maximum error is around
2.34%—but still provide much closer results than the
numerical results depicted in Fig. 4 (which are the same as
the ones in [39], where refractive index is either 1 or 1.51).
When we compare Figs. 4 and 5, we can clearly observe the
advantage of using effective refractive index approximation
that deeply improves the accuracy of DDA.

In Fig. 5a, red line depicts the second-transverse mode
(T,) which fits well with the experimental results [39]. T,
mode interacts strongly with the light line same as the T,
mode. Figure 5b shows the imaginary part of resonance
frequencies which can be used to estimate propagation
lengths. It can be said that all modes generate strong far-
field radiation above the light line.

Two-dimensional array of gold nanoparticles: d,=d,

In [48], Chu et al. study gold NP arrays fabricated on ITO-
coated glass slides with interparticle spacing varying from
520 to 640 nm. The medium above the glass substrate is
water. The radius and height of the cylindrical gold disks
are 90 and 40 nm, respectively. The red points in Fig. 6a
show resonance peak positions of the measured extinction
cross section spectra as a function of grating constant. For
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the numerical simulation, a, b, and ¢ values are assumed to
be 90, 90, and 20 nm. The refractive index of water [52]
changes between 1.3441 and 1.3260, and the glass is
assumed to be a borosilicate glass Schott BK7. Blue solid
line depicts the resonant modes obtained with 2D DDA
method. Numerical results do not perfectly match to the
experimental results but still provide a very good estima-
tion: The maximum error is 2.25%. Figure 6b shows the
imaginary part of the resonant wavelengths, which
decreases almost linearly as grating constant increases.
Since dy=d, and a=b, the longitudinal and the first
transverse modes are equal to each other. The second
transverse mode occurs at wavelengths shorter than
800 nm, so only the L and T; modes are seen in Fig. 6.

Two-dimensional array of gold nanoparticles: d,#d,

Smythe et al. present a systematic study of optical antenna
arrays, in which gold nanorods are fabricated on 15-nm-thick
ITO-coated silica substrates [47]. NPs are approximately
50 nm height, 60 nm wide, and 140 nm long. d, is fixed to
180 nm while four different d,, values are experimented: 160,
190, 240, and 540 nm. The experimental study reveals that
the first transverse resonance modes occur at 740, 710, 693,
and 724 nm, respectively. In order to simulate this structure,

60
&% £
E E
30 30
580 600 620 640 660 680 580 600 620 640 660 680
Re(%) (nm) Re(%) (nm)
60 60
ESO ESO
£ 40 4
d-_.;- =140nm
30

30
580 600 620 640 660 680
Re(%) (nm)

580 600 620 640 660 680
Re(%) (nm)

Fig. 8 Follows the Fig. 7 for 50-nm-height, 40-nm-wide, and 80-nm-
long gold NP array with d,=120 nm, d,=60, 90, 140, or 240 nm
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a wavelength-dependent refractive index is implemented for
silica [50]. For the polarization vector, a, b, and ¢ values are
assumed to be 30, 70, and 25 nm, respectively. Figure 7
shows the magnitude of determinants for the first transverse
mode. The complex A value giving the smallest determinant
corresponds to the resonance mode. Table 2 lists theoretically
and experimentally found resonance wavelengths. Once
again, the numerical approach provides a good estimate for
the experiment: The maximum error is around 1.6%. From
the numerical results, it can be observed that as d, is
increased from 160 to 240 nm, the resonance of the arrays
blue-shifted from 751 to 704 nm and when d, is further
increased to 540 nm, the resonance underwent a red-shift,
because of jumping to a higher grating order.

Similar procedure is followed for 50-nm-height, 80-nm-
long, and 40-nm-wide nanorods. This time, d, is fixed to
120 nm and d, is varied from 60 to 90, 140, and 240 nm,
step by step. The first transverse resonant modes occur at
606, 641, 648, and 653 nm, respectively. For the simula-
tion, a, b, and ¢ values are assumed to be 20, 40, and
25 nm, respectively. Figure 8 depicts the magnitude of the
determinants for the first transverse mode. As summarized
in Table 2, numerically obtained SPR wavelength values
are very close to the experimental results: The maximum
error between them is 1.69%. There are two other SPR
modes, L and T,, in this configuration as well. L mode
occurs at wavelengths between 400 and 500 nm, whereas
T, mode occurs between 500 and 600 nm.

All simulation results have discrepancies with the experi-
mental results. The main reason behind these discrepancies is
that the overall process is a series of assumptions and
approximations. NPs, multilayered background, and circular
cylinders are approximated by point dipoles, an effective
medium, and ellipsoids, respectively. Moreover, the experi-
mental factors, such as temperature, cause additional deviation
between the experiment and this kind of DDA-based
solutions. In order to calculate SPR modes precisely, a full-
wave solver—either in time or frequency domain—should be
used. Time domain solvers can handle inhomogeneous back-
grounds, whereas frequency domain solvers should be
implemented with layered medium Green’s functions. In
order to model materials as realistic as possible, temperature
and wavelength-dependent refractive indices should be used.
It should be also noted that the time and frequency domain
full-wave solvers might have high memory and computation
time requirements, unlike the DDA-based methods. If an
improvement is required in the overall accuracy of DDA
solution, one might consider following suggestions:

» Using layered medium Green’s functions instead of ERI

* Following a numerical approach, such as [54], to
calculate exact polarizability coefficients instead of
approximate equations

» Using temperature and wavelength-dependent refractive
index

Conclusions

A method for estimating the surface plasmon resonance
modes of metal nanoparticle chains and arrays within a
multilayered medium is proposed. This point-dipole method
includes the effects of retardation, radiative damping, and
dynamic depolarization due to the finite size of the
nanoparticles. Numerical results show that point-dipole
method implemented with the proposed effective refrac-
tive index approximation can provide a good estimate of
the complete set of surface plasmon resonance modes in a
multilayered medium, which might be very useful at the
preexperimental stage.
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