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Abstract

In this thesis, novel surface and hybrid integral equation solvers have been devel-
oped for the electromagnetic scattering from inhomogeneous objects in a layered
medium. To evaluate the layered medium Green’s functions (LMGFs) efficiently,
a new extraction procedure is developed which is valid for any kind of source-field
point combination. The extraction procedure is implemented appropriately for each
individual term of the integrand and the contribution of the each term is calculated
analytically. To calculate the scattered electric and magnetic fields from homoge-
neous objects of arbitrary shape embedded in a layered medium, the surface integral
equation is solved by using the Method of Moments (MoM). Then, its exterior part
is utilized as a radiation boundary condition for the finite-element method (FEM)
which allows the objects inside the surface to be arbitrarily inhomogeneous. For the
sake of computational efficiency, the sparse and symmetric FEM matrix is stored by
using a row-indexed scheme to reach its the non-zero elements quickly. The coupled
FEM/MoM matrix solved by using the biconjugate-gradient (BCG) method which
requires O( K N?) CPU time and O(N?) memory, where N is the number of unknowns
and K is the number of iterations. The CPU time for the evaluation of LMGFs is
reduced by a simple interpolation technique. The overall accuracy and efficiency of
the developed method are supported with several examples including two and three-
dimensional inhomogeneous and composite structures. For the 2D case, it is shown
that a spectral accuracy in the integral can be achieved by using the fast Fourier
transform (FFT) algorithm and the subtraction of singularities in Green’s functions.
The number of points on the radiation boundary is only around 5 points per wave-

length, that gives substantial saving in memory and CPU time requirements.
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Chapter 1

Introduction

Electromagnetic and acoustic scattering from inhomogeneous objects of arbitrary
shape embedded in a layered medium has been an important research topic because
of its wide application in areas such as geophysical exploration, remote sensing, land-
mine detection, biomedical imaging, underwater acoustics, interconnect simulations,
microstrip antennas, and monolithic microwave integrated circuits. The complex
background and the large number of unknowns associated with realistic targets make

the problem more challenging.

In order to solve a layered medium scattering problem, there are two main in-
gredients: the layered medium Green’s functions (LMGF) and an integral equation
solver. To many researchers, the first ingredient, the LMGF, is an obstacle due to
their complicated formulation. In addition to their complexity, the straightforward
numerical integration methods are not efficient for these integrals because of the
slowly decaying and highly oscillating behavior of the Sommerfeld integrands [1]-[4],
[46]. Extensive research has been done to accelerate this process through methods
such as the fast Hankel transform (FHT) approach [5]-[6], the window function ap-
proach [7], the steepest descent path (SDP) approach [82], and the discrete complex
image method (DCIM) [8]-[21], [28], and [47].

All of these methods have some advantages and disadvantages. This work de-
scribes a new extraction procedure that can be incorporated in these methods to

improve the efficiency. This procedure is an improved version of the extraction pro-



cedure implemented in DCIM, and is valid for any kind of source-field point combi-
nation. The extraction procedure is implemented appropriately for each individual
term of the integrand and the contribution of the extracted terms is calculated ana-
lytically. However, for the sake of robustness, instead of approximating the remaining
integral with complex images, the remaining integral is calculated numerically by us-
ing Gaussian quadratures. Results of this method have been validated by comparison

with many examples in the literature, and the high efficiency has been verified.

Once we are capable of calculating the LMGFs efficiently, we can solve the scatter-
ing problem by utilizing the appropriate integral equation. For a homogeneous scatter
with an arbitrary geometry in a layered medium, the surface integral equation (SIE)
method is a powerful tool to calculate the scattered electromagnetic fields, because
in this case, only the surface of the scatterer needs to be discretized. The classical
methods for solving such integral equations are the method of moments (MOM) [27]-
[30], fast multipole method (FMM) [31]-[35], and adaptive integral method [36]-[41].
However, for inhomogeneous objects, the SIE must be combined with other methods
such as the finite element method (FEM) in order to account for the inhomogeneity.
In this approach, the computational domain can be truncated by using a radiation
boundary condition (RBC). In the last three decades, several RBCs have been devel-
oped [53]-[77]. One of them is the hybrid finite element/boundary element method
(FEM/BEM), which uses SIE as an RBC on the boundary surrounding the scat-
terer(s), and the FEM in the bounded region [54]-[58], [63], [65]-[69]. In this method,
the number of the required samples taken on the boundary can be decreased depend-
ing on the accuracy of SIE, hence the matrix size of the FEM problem can be reduced.
Because of this lower memory requirement and geometrical and material adaptability,

the FEM/BEM is a very useful and powerful method for the analysis of scattering by

2



inhomogeneous objects in layered media. Because of these advantages, we proceed
to develop a complete set of numerical methods to solve layered medium scattering
problems efficiently both for the two-dimensional (2D) and three-dimensional (3D)
homogeneous and inhomogeneous scatterers either by using a surface integral equa-

tion or a hybrid finite element/boundary element method.

For the 2D case, we extend the spectral integral method (SIM), which was pro-
posed as an alternative way of solving the surface integral equation efficiently for a
homogeneous scatter in free space and for periodic structures by Liu et. al. [42], to
arbitrarily-shaped smooth dielectric and PEC cylinders embedded in layered media.
This algorithm is related to the fast method originally developed by Bojarski [43] for
sound-soft circular cylinders, and extended by Schuster [44] to multi-layer circular
cylinders, and by Hu [45] to sound-soft or sound-hard smooth cylinders. Liu et. al.
[42] further extended the SIM to arbitrarily-shaped smooth dielectric cylinders, and
to periodic structures such as photonic crystals. The idea behind this method is the
use of a fast Fourier transform (FFT) algorithm and the subtraction of singularities
in Green’s functions to achieve a spectral accuracy in the integral. Here, we extend
this method to arbitrarily-shaped smooth dielectric and PEC cylinders embedded
in layered media by using 2D layered-medium Green’s functions. To avoid the dis-
continuous behaviors of the fields and Green’s function (i.e., the functions or their
derivatives being discontinuous) across the layer interfaces in the problems where the
scatterer resides in several layers, first we assume that the object is located com-
pletely within one single layer in the multilayered medium. We have demonstrated
high accuracy and efficiency of the method. 1% accuracy can be obtained with about
three points per wavelength sampling. Numerical results also confirm that the SIM

is applicable to concave objects.



Next, we improve SIM to handle the discontinuous behavior of the fields and
Green’s function across the layer interfaces so that SIM can be now applied to a
scatterer straddling several layers. This step is a crucial improvement over [79], and
makes SIM applicable for a large number of layered medium problems. After this
improvement, we utilize the SIM as an RBC for layered medium problems in 2D.
For the implementation of radiation boundary condition, an artificial boundary oI is
applied to truncate the arbitrarily shaped inhomogenous scatterer(s) from the layered
medium. The finite element method is applied in the interior region to calculate the
field, while the spectral integral method is applied on the outer boundary OI to relate
the field and induced current. The field and current on the boundary for the FEM
are obtained from the SIM results via a highly accurate trigonometric interpolation
through FFT. The singular terms in the Green’s functions and the non-smooth terms
in their derivatives are handled appropriately. High-order accuracy of SIM provides
the capability of low sampling density on the outer boundary OI', which significantly
reduces the number of unknowns on 0I'. Combining SIM with FEM has many advan-
tages for both homogeneous and layered media problems beside reducing the matrix
size. First, scattering problems can be solved for arbitrarily shaped inhomogeneous
scatterers. Second, the number of the scatterers can be as many as needed. Third,
the scatterers can reside in several layers. Finally, the freedom of using any type
of smooth element, e.g. an ellipse, as an outher boundary helps to reduce the size
of truncated domain. The efficiency of the developed algorithm has been supported
with several examples including inhomogeneous and composite structures. The num-
ber of points on the radiation boundary is only around 5 points per wavelength, thus
giving substantial saving in memory and CPU time requirements. Applications are

also demonstrated for inhomogeneous and composite structures.
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The success of the developed 2D SIM and hybrid SIM/FEM methods leads us
to develop their 3D versions. Moving from 2D to 3D brings a lot of difficulties with
it. The form of the integral equations, the type of the basis functions, and the
meshing elements are all more complicated. Now, we have to use the dyadic LMGFs,
which are 3 x 3 tensors and hence 9 times longer CPU time and larger memory are
required for the evaluation and storage. Furthermore, the singularity of the each
dyadic LMGF component must be handled appropriately. The singularities in the
surface and volume integrals are more difficult than the ones in 2D case. Moreover,
we have another serious issue to resolve: the implemention of the FFT algorithm
to the 3D layered medium problems. For a free space, the Green’s function has R
dependency, where R is the distance from the source point (2',y/,2") to the field

point (x,y,z). However, for the multilayered background, the LMGF has (p, z|2)

dependency, where p = \/(x — 2/)% + (y — y/)2, assuming planar layers are all parallel
to the zy plane. For this case, the solution of the matrix equation can be accelerated
by using the FFT algorithm for the objects having a surface partially parallel to zy
plane. On top of that, due to the LMGFSs’ (p, z|2z’) dependency, we can utilize a
very simple interpolation technique to evaluate the LMGFs very rapidly. Because
of these reasons, we decide to use a cuboid-shaped radiation boundary for our 3D
implementation. To achieve our target, we first develop a 3D layered medium surface
integral equation (SIE) solver based on the Method of Moments [96] by using RWG
basis functions [97]. The Gaussian quadrature rules [70, 71] are followed for the
numerical evaluation of the surface integrals, where the surface of the scatterer can
be discretized with either rectangular or triangular patches. The formulation and
implementation can handle 3D dielectric and PEC objects. For the singular terms,

the Duffy transformation [89] is utilized. A simple interpolation technique has been
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used to accelerate the layered medium Green’s function calculation [49, 50]. The
influence of this step is shown to be less than 1% in terms of the accuracy, whereas
in terms of the computation time there is a significant improvement. The accuracy
of the overall method is validated with several examples. As long as the sampling
density is bigger than 10 PPW, the implemented MoM can produce very accurate
results.

Then in the final step of this work, we utilize the exterior part of our layered
medium surface integral equation solver as a 3D radiation boundary condition. Sim-
ilar to the 2D case, an artificial boundary is applied to truncate the arbitrarily
3D shaped inhomogenous scatterer(s) from the layered medium. The finite-element
method is applied in the interior region to calculate the field, while the method of
moments is applied on the outer boundary to relate the field and induced current.
Due to the form of the chosen basis functions and meshing, the fields and currents on
the boundary for the FEM are obtained from the solution of the final matrix equa-
tion without using any additional interpolation. For the FEM part, we adopt the
code EMAP (ElectroMagnetic Analysis Program), a three-dimensional finite-element
modeling code developed by several researchers at the University of Missouri [99],
in this work. The inhomogeneous interior problem is discretized with tetrahedrons.
To increase the efficiency of the overall method, the symmetric and sparse FEM
matrix is stored with a row-indexed scheme, and the bi-conjugate gradient solver is
used. The validity of the hybrid method is supported with several examples by using
homogeneous and inhomogeneous scatterers.

The organization of this thesis is as follows.

Chapter 2 is a brief review of the Green’s function methods for solving integral
equations. We describe derivations of free space scalar and dyadic Green’s functions,
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Table 1.1: Organization of Chapters
Chapter 1 | Introduction
Chapter 2 | Preliminaries
Chapter 3 | Layered Medium Green’s Functions
Chapter 4 | 2D Layered Medium Surface Integral Equation Solver: SIM
Chapter 5 | 2D Layered Medium Hybrid Integral Equation Solver: SIM/FEM
Chapter 6 | 3D Layered Medium Surface Integral Equation Solver: MoM
Chapter 7 | 3D Layered Medium Hybrid Integral Equation Solver: MoM/FEM

and layered medium Green’s functions.

Chapter 3 presents an efficient method to evaluate the 2D and 3D multilayered
medium Green’s functions for general electric and magnetic sources. Without finding
any surface poles or steepest descent path, a special extraction procedure is applied to
each term of the Sommerfeld integrands to make them rapidly decreasing functions
of k,. The contributions of the extracted terms are calculated analytically. The
remaining integrals are computed adaptively by using Gaussian quadratures. The
accuracy of the method has been confirmed by comparing with many examples in

literature, and the high efficiency has been demonstrated.

Chapter 4 introduces a 2D spectral integral method for electromagnetic scatter-
ing from dielectric and perfectly electric conducting (PEC) objects with a closed
boundary embedded in a layered medium. Two-dimensional (2D) layered medium
Green’s functions are computed adaptively by using Gaussian quadratures. The sin-
gular terms in the Green’s functions and the non-smooth terms in their derivatives
are handled appropriately to achieve exponential convergence. Numerical results,
compared with the ones obtained by using other methods, demonstrate the spectral
accuracy and high efficiency of the proposed method. They also confirm that the

SIM is applicable to concave objects.



Chapter 5 presents a 2D spectral integral method (SIM) for electromagnetic scat-
tering from dielectric and perfectly electric conducting (PEC) objects with a closed
boundary residing in several layers of a multilayered medium and its usage as a radi-
ation boundary condition to truncate the computational domain in the finite element
method (FEM). Because of the high accuracy of the SIM, the sampling density on
the radiation boundary requires less than five points per wavelength to achieve 1%
accuracy. We also demostrate applications of this method to inhomogeneous and

composite structures.

In Chapter 6, we describe the surface equivalence principle. Based on this prin-
ciple, the surface integral equations for both homogeneous and multilayered back-
ground are given. Next, some implementation details for the MoM solution, such as
singularity treatment, meshing, and interpolation are discussed. Finally, the validity
of the developed layered medium MoM implementation is supported with numerical
examples.

In Chapter 7, we present a 3D FEM formulation. Next, we provide some details
about the evaluation of FEM matrices and the coupling of FEM and MoM matrices.
Finally, the validity of the developed hybrid FEM/MoM method is demonstrated
with numerical examples.

Chapter 8 includes some potential future projects. In Appendix A, a detailed
formulation of the developed singularity treatment for the layered medium Green’s

functions is given. In Appendix B, a brief biography of George Green is provided.



Chapter 2

Green’s Functions

The Green’s function method is a very powerful and efficient technique to solve
boundary-value problems. To illustrate the efficiency of this method, a review ar-
ticle by Jin and Chew [24] is followed.

When there are N point charges (¢;, for i = 1,2,--- , N) located at r; in a free
space, the total potential at r can be obtained by using the principle of linear super-

position as follows

N

MW{%MZZEﬁjw (2.1)

i=1

where ¢; denotes the potential due to i*" point charge located at r;. When we have a

volume electric charge, we can divide the volume into many small cubes which behave
like point charges as

¢ ~ p(r;)AV; (2.2)

where r; denotes the center of the i*® cube having volume AV, and charge density

p(r;). Then, again by using the principle of linear superposition, the total potential

can be approximated as

N N
p(ri) AV
= (1) ~ _— 2.
o) = S >3- L (23
When we take the limit, Eq. (2.3) becomes
b VAV
o) = Lim S LUIAV (2.4)

AV;—0 &~ 4me|r — 1]
=1



which can be written in the integral form as

6(r) = /V )y (2.5)

el — 1|

where V' denotes the volume of the electric charge. Equation (2.6) can be written as

o) = [ oGtV (2.6)
where
, 1
G(r,r') = P (2.7)

Here, G(r,r’) is called the Green’s function, which helps us to find the potential as the
corresponding linear superposition of the potentials produced by the point sources.
From the general point of view, Green’s function is an impulse response of a linear
circuit system. The convolution of the impulse response with any input function gives
the system response to that input. Similarly, the potential produced by an arbitrary
distribution of sources can be obtained easily, once the Green’s function corresponding
to the potential due to a point source in found. As a result, instead of solving Poisson’s
equation for each new source repeatedly, we can use linear superposition to obtain
solutions to any sources, once we have the Green’s function for that specific problem.
Moreover, finding the Green’s function is much easier than finding the solution to an

arbitrary source.

2.1 Free-Space Green’s Functions

The inhomogeneous Helmholtz equation is given by

V2p(r) + k*p(r) = — f(r), (2.8)
10



where ¢ is a wave function in our case, k is the wave number. We assume that, there
is no reflection in infinite free space, so ¢(r) satisfies the radiation condition given by

r<%+jk¢):0 asr — 0o (2.9)

We can solve Eq. (2.8) for each f, or we can use Green’s function method as follows:

first, we can find Helmholtz equation’s Green’s function by
V2Gy(r,r') + k*Go(r,r') = —6(r — 1) (2.10)

where 0(r — r’) is the delta function which is given by d(r — r’) = d(z — 2')o(y —
y')0(z — 2') in rectangular coordinates. If we can find Gy, then we can obtain ¢ using

the principle of linear superposition as
o(r) = / Go(r, ') f(x")dV’ (2.11)
1%

where V' is the support of f(r), which is the volume having nonzero f(r). Let us
assume that r’ is located at the origin of spherical coordinates. By using spherical

symmetry

1 d { ,dGo(r1,0)

o ] + K2 Go(r1,0) = —6(x1,0) (2.12)

r? dry

where r; =r —r’. When r # 0, Eq. (2.12) can be written as

d2
o2 [r1Go(r1,0)] + k*r1Go(r1,0) = 0 (2.13)
1
which has a solution
r1Go(ry,0) = Ae ™71 or  Gy(ry,0) = Ae 71 /ry (2.14)
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The unknown coefficient A can be found by plugging (2.14) into (2.12) and integrating

it over a small sphere centered at the origin which gives us A = (47)~!. As a result,

e_jk"‘l
G 0) = 2.15
O(rh ) 47T7”1 ( )
and in the original coordinates
, efjk‘rfrl‘
G()(I',I' ) = m (216)
When we follow the same procedure for two-dimensional case, we obtain
Hy? (klp — /)
GO(p7 pl) = 4] ) (217)

where p = Zx + gy and H(()2)(k| p — p'|) is the zeroth-order Hankel function of the

second kind.

2.2 Dyadic Green’s Functions

For vectorial functions, the Green’s function is a dyad. In electrodynamics, both
source and fields are vectors with three components. Each component of the source
can produce all three components of the fields, so this dyadic Green’s function has

to have 9 components, which can be expressed as a 3 x 3 matrix.

Free Space Dyadic Green’s Functions
The electric field produced by an electric current source J(r) in a free space satisfies

V x V x E(r) — k*E(r) = —jwuJ(r). (2.18)

12



We need to find a dyadic Green’s function Gy which relates E(r) and J(r) with

E(r) = —jw,u/VC_}o(r,r’) -J(x")dV’ (2.19)

where V' is the support of the current. By plugging (2.19) into (2.18)

/ V x VxGy(r,r') - J(x')dV' — k2/ Go(r,r') - J(r")aV’
Y Y (2.20)
_/Iap—ﬂ.ufmw

where I is the unit dyad (I = 22 +¢9+22). Eq. (2.20) could be satisfied for arbitrary
J(r) if
V x V x Go(r,1") — E*Go(r, ') = I6(r — 1'). (2.21)

Go(r, 1) is called the dyadic Green’s function of the electric type relating E to J.

To find the dyadic Green’s functions, first let us take the scalar product of (2.21)

with an arbitrary vector a.
V x V x Go(r,1) -a— k*Gy(r,1) -a = ad(r — 1'). (2.22)
If weuse VXV xA=V(V-A)—-V2A, (2.22) becomes
V2Go(r,r') -a+ EGo(r,r’)-a=V (V- Go(r,r') -a) —ad(r — r'). (2.23)

If we take the divergence of both sides, (2.22) becomes

vm%mwya:—%vww@—ﬂn (2.24)

So, Eq. (2.22) can be written as

V2Go(r,r') -a+ k*Go(r,r') -a= — (1 + V]{Z) [ad(r —1')]. (2.25)

13



From the scalar case, we know that
V2Gy(r, 1) + k*Go(r, 1) = —6(r — 1'). (2.26)

Moreover, 1 + VV - /k? is a linear operator which commutes with V2

Golr.r') - a— (1 + ka') aGo(r, )] = <1 + i—f) Go(r,r)-al.  (2.27)

Since a is an arbitrary vector, we can conclude that

Golr.r') = (1 + Vk—f) Golr,1'). (2.28)

Eq. (2.28) is the explicit representation of the dyadic Green’s function in terms of
the scalar Green’s functions which is only valid for homogeneous unbounded space.
The evaluation of dyadic Green’s function for layered media has different procedure

which is described next.

2.3 Scalar Form of Maxwell’'s Equations and Trans-

mission Line Green’s Functions

Electric and magnetic fields are governed by the Maxwell’s Equations due to arbitrary

electric and magnetic currents (J and M, respectively) as follows
VxE=—jwuop,H—-—M (2.29)

V x H = jwege, E+J (2.30)

By decomposing the fields into transverse and longitudinal components Maxwell’s

equations can be written as

—E, = (k* =k, k,.)(H, x 2) + Sy - M, x 2 (2.31)

JWEYE, weoe,
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d ~ 1 - M ~
—H, = - -k k,)EZxE)+ —-k,—2xM 2.32
dz P Jwﬁboﬁbr( P p)( p) Whofhr P P ( )
—jwege, B, = jk,.(H, x 2) + J. (2.33)
jwpop H, = jk,.(2 x H,) + M, (2.34)

Note that the transverse coordinate p = zx + gy is replaced by the spectral counter-

part k, = 2k, + yk, according to Fourier Transformation

ez = [ [ alpz)ekorduay (2.35)

1 - - ~ —kp.p T
e B L e (2.36)

By introducing Fourier-Bessel transform pair, Eq-2.35 and Eq-2.36 can be written as

. I
002 = o [ alp. 2o (2.37)
0
1 [
9(p, 2) = o ; g(kp, 2) Jo(kpp)kpdk, (2.38)
where
1 2m 5
kop) = — | ekord 2.
Tlkp) = 5= [ ebordo (2.39)
k, = Tk,cos¢ + yk,sing (2.40)
o
¢ =tan! Y y/ (2.41)
T —x

It is useful to use a new coordinate system, which is depicted in Figure 2.1 . The

relationship between the two coordinate systems can be given by

BEETSIR

—sing cosp i

S S
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X

Figure 2.1: Coordinate rotation from (x,y) to (u,v)

After this transformation, two decoupled sets of transmission line equations are

obtained. For TM waves,

d -~ - k, - -
—F, = —jk.Z™H,+ —_J, — M,
dz WEYE,
d -~ . koo _
—H,=—jk,Y™E, + —L_M,— ],
dz Wo fhy

E, = L (jk,H, + J.)

z jWEOET J ptiv z
where
1 k,
Z™ — = and k, = \/k3e . — k2

For TE waves,

d WEE,
d ~ ~ k - -
A1y = _jszTEEU + £ Mz - Jv
dz W o
~ 1 - -
H, = —- Jk,Ey + M,)
JW o Ly

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)



where

1 r
2" = = L and k. = \[Kberp, — K (2.50)

(E,, H,) can be interpreted as voltage and current on a transverse magnetic (TM)
transmission line. (Ev, ﬁu) can be interpreted as voltage and current on a transverse
electric (TE) transmission line. (J,,M,,,M,) are associated with series voltage sources
on the transmission line. (Mz,ju,jv) are associated with shunt current sources on
the transmission line. As a result, (V?,IP) represent the voltage and current due
to a series voltage source and (VP I”) represent the voltage and current due to a
shunt current source where p is either TM or TE. Each layer has a characteristic
wave impedance,wave number, and width; hence each layer can be represented by

a transmission line which has the same impedance, wave number, and height. At

If(zlz’) 1V IS(ZIZ’)

| ) |
+ 3 +
1A Pt
, Q) Vf(zlz’) Vi(zlz’)
YAVA 3
kz kp
; ; - @
z 7z’ z

Figure 2.2: Transmission line representation with (a) shunt current source (b) series
voltage source

Figure 2.2, VP(z|2') and I?(z|z") denote the voltage and current at z, respectively,
due to a 1-A shunt current source at z’, while VP(z|z") and I?(z|z’) denote the voltage
and current at z, respectively, due to a 1-V series voltage source at z’. They satisfy

the following equations

vy
dz

= —jk, 2717 (2.51)
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1P
d_zz = —jkYPVP +0(z — 2 (2.52)
p
d_; = —jk, ZPIP + 6(z — 2') (2.53)
p
= kY (2.54)
2

To find the Transmission Line Green’s Functions (TLGF), the transmission line ex-
cited by a unit strength voltage or current source at z’ in section m. Chew derived
the generalize reflection coefficient at the interface between the two adjacent layers
as follows [23]:

. R?

[P —J2kz,i+1dit1
» iit1 + Dip1i406 Al
i = = (2.55)

P TP — 2k i41d;
L+ Ry I jype 7 oiadin

where f‘i i+1 represents the generalized reflection coefficient between layer i and layer

i+1 and d; is the height of the i** layer. Rf, i+1 denotes the p type Fresnel reflection

coefficient given by

T™ Er,i—l-lkz,i - er,ikz,i—H 9256

i,i+1 T L k ( . )
€rit1Rzi + €Ky 041

TE ,ur,iﬂkz,i - ,U/r,ikz,iJrl 957

Bl = (2.57)

i1 Kz + ik i

Since all the Fresnel reflection coefficients are known, generalized reflection coefficients
can be calculated recursively by using boundary conditions. When the top (bottom)
layer is not PEC, then f‘io =0 (f‘QNH = 0). When the top (bottom) layer is PEC,
then 1~“§71 =-1 (fﬂ]’vfl’ y = —1). By using calculated generalized reflection coefficients
voltage and currents at z due a source at 2z’ can be calculated as follows. Note

that, (GPVI GPVYV GPIL GPIV are equal to (VF, VP, 1P, IP), respectively. To remind

Yt A R )]
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that (VP, VP I? IP) are actually spectral domain layered media Green’s functions,

Pt A Rk )]

(GPVI GPYY @GP GPIVY is used in the next part and in the following chapters.

TLGF: m = n case

When source and field points belong to the same layer
~p, VI / Zg P P
Ghl i (2]2) = 7{140 + Al o34}
~ 1
GBI (2]2) = §{iAg — AV + A5}

- 1
CoV (el2') = SAEAL + ALy — AL}

1

{4 — A1 + Ay}

(2.58)

(2.59)

(2.60)

(2.61)

where p is either TE or TM, and the sign of the primary field term is positive when

z > 7', otherwise it is negative. In the above, A; .., = A; +--- + Aj

p_ P _jkzz,na' ;
Al =aje i 1=0,1,2,3,4

7TE ! WHi v R

i YyTE k..’ yIM

i X i we;
ri =P +af
ap = |z — 72| ab =1

o =22, —(24+2) af =T} ..,
ag=(2+2)—2z,1 ay=T"%

n,n—1
o3 = 2d,, — oy ah = alah
oy = 2d,, + ap al = d}

(2.62)

(2.63)

(2.64)

Figure 2.3 shows where these primary field and reflection terms come from.
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Figure 2.3: Physical demonstration of primary and quasi static field terms.
TLGF: m > n case

When source and field points are in different layers, spectral domain Green’s function

can be computed by using voltage/current transfer functions as follows,

G (212) = T TV G ' (20]2")

Vimm= V,mn~"nn

Gl (E12") = T T G (el )
) (2.65)
CoY (el:') = T

V,mmT\z},mnéngL/V(Zﬂz/)

Gl (212) = T7 i T G ¥ (20 2')

where Tp,,,, denotes the P type (either voltage or current) transfer function between
a point z in layer-m and the lower boundary of that layer, z,,_1; and Ty, denotes
the voltage transfer function between z,,_; and the upper boundary of the n'* layer,

2,. Multiplication of these two terms with G?, (z,|2) gives GP, (2]2").

[1 + Fp 1€_j2kzm(zW_z)] e_jkzm(z_zm—l)

74 _ m,m-+
Ty ym = 1417, emi2kemin
(2.66)
) [1 o FP +l€—j2kzm(zm—z):| e—jkzm(z—szﬂ
— yp L ,
I,mm m 14+ I‘£%m+1e—J2kzmdm
m—1 i
1+ P e Tkztde
T‘Z/:Wn _ H ( t,t+1) (267)

Iz —j2kzed
t=n-+1 e
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Note that T‘Z}’mn =1 when m =n+ 1.

TLGF: m < n case

Similarly, for m < n case

élr)r’?,‘ril(z|zl) = T‘e,mmT\I/)',mnéfL;‘L/l(znfl ’Z/)

Groal (212) = T7 Ty Gy (20-1]2')

I mm>V,mn
~ ) (2.68)
Gfr’LXV(Z|Z,) - T&mng,mnGﬁg/V(Zn—”Z/)
GV (2)2) = T T Gt ¥ (201 12")
» |:1 _'_ Fi’zl’m_le_ijzm(Z_mel)} e_jkzm(zm_z)
Vimm — 1 + an,mfle_ijzmdm
(2.69)
117 e—ijzm(z—zm,l) e—jkzm(zm—z)
Tlpmm = _YT]:L [ sl D i ]
B 1 _|_ Fm7mile—]2kzmdm
n—1 —jkztd
<1+Fp 71)6 JRztat
.. = 1] Lt (2.70)

P —j2k.d
t=m+1 L Ty gem 7%

Note that T‘Z},mn =1when m =n+1.

Layered Media, Integral Equations, and Green’s Functions

Consider a general multilayer media, as shown in Figure 2.4 . Layer i exists between
zi—1 and z; (note that zg = 0o, z,_1 = 0 and, 2z, = —00) is characterized by relative
permittivity €,;, relative permeability p,.;, and conductivity o;. In linear media, elec-
tric and magnetic fields due to arbitrary electric and magnetic currents (J and M,

respectively) can be expressed as

E = (G5, J) + (G EM, M) (2.71)
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Figure 2.4: Arbitrarily shaped object in a multilayer media
H = (G"7,J) + (G "M, M) (2.72)

where GF Q(r,r’) is the Dyadic Green’s Function (DGF) relating P-type fields at r
due to Q-type currents at r’ [26]. External equivalent of this structure is depicted in
Figure 2.5 . (J*, M) are impressed currents which create impressed fields (E*, H")
and (J*,M?*) surface currents which create scattered fields (E®, H®). Note that
(E,H) = (E'+E* H’+H?). The boundary condition at S+ (exterior surface) can
be written as

Je=nx (H +H[J*M*)s, (2.73)

M®=-nx (E'+E*J*M?*)s, (2.74)
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where 7 is the outward unit vector normal to S. Note that (,) shows the integral

of products of two functions, however, (;) shows the integral of dot products of two

functions. Once DGF’s are derived, (3.1) and (3.2) can be used to evaluate the

impressed fields first and then scattered can be expressed in terms of the unknown

surface currents.

Consider no magnetic current case first, the fields can be expressed in terms of

vector and scalar potentials through the equations

E=—jwA-Vo

1
Ho by

H= V x A

1
d=————VA
Jweoerftofty

One can use the linearity of the problem and writes

H=(G";J)
A = (G )
2) Jif/Mi (z) Ji//Mi
(E,H) (E,H)
> \n If 5
(a) (b)

Figure 2.5: (a) Original problem. (b) Equivalent Problem
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where G 4 is the vector potential DGF. Clearly, the Green’s function for vector po-

tential is associated with the magnetic field by

G = Ly g (2.80)
fir

There are several forms of G4, The traditional form is given by

_ S (N
GA=1] 0 Gu O (2.81)
Gz:c Gzy Gzz
where
- 1
Grw = mViTE (2.82)
GL = j—wl;: LM (2.83)
~ Tk.’L'
Gl = S (P = 1) (2.84)
P

Electric field can be calculated by using equations 2.75 and 2.79. Note that this field
involves only the vector potential. Since nabla operator is a difficult task to implement
in an MoM implementation, the scalar potential can be chosen specifically to transfer

the nabla operator to the current [26] according to following equation

1
€r Ly

V.GA=-VG®+C%: (2.85)

where G is scalar potential Green’s functions and C? is the correction function given

by
ae — J:QEO(%TM — VIE) (2.86)
P
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~ ]{72 !
G® = 20l (yTM _ yTE) (2.87)

2 v
kp
Then electric field can be written as

1

Jweg

E = —juue(G4 ) — V((G‘I’, V') + <C%;J>) (2.88)

Combination of the first and third term gives the mixed-potential representation of

E:
_ 1
E = —jwpo(R 4 3) - —v((G*, V') (2.89)
Jweo
where
_ o 0 Gas
KEA=| 0 Gun Gy (2.90)
sz Gzy Gzz
~ 1
Gt = —V'E (2.91)
JWHo
A porkz g ™
=TT 2.92
T
Gy = SR =V (2.93)
P
~ Jwe
Gt =T = vIT) (2.04)
~ 1 M ;urmk2 ]{Z2,LL il
GA — |:< mno ) z,m)[TM orHr,n r,m[TE] 2 05
F71 jUJ‘Eo Er,m er,nk?) v + kg v ( )

Since G4 and éfy has the same kernel and there is a direct relationship between

the unsymmetrical components given by Eq-2.96 and Eq-2.97, only four components
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have to be calculated in aggregate: GA GA G4 and G®

Tx) zx) z2)

i
GA = _Hrga (2.96)
S A N; A
Gy = =G, (2.97)

The transformation from spectral domain to spatial domain can be written as
1 [
G(p,2|2) = 2—/ G(k,, z|2") Jok,pk,dk, (2.98)
T Jo

The fast and accurate evaluation of this Sommerfeld type integral is described in the

next chapter.
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Chapter 3

Singularity Subtraction for Evaluation of
Green’s Functions for Multilayer Media

In order to solve layered-medium problems in application areas such as geophysi-
cal prospecting and remote sensing [28, 29, 82], interconnect simulations, microstrip
antennas and monolithic microwave integrated circuits [83]-[85], vector and scalar
Green’s functions must be computed. Straightforward numerical integration meth-
ods are not efficient for these integrals because of the slowly decaying and highly
oscillating behavior of the Sommerfeld integrands [1]-[4], [46]. Extensive research has
been done to accelerate this process through methods such as the fast Hankel trans-
form (FHT) approach [5]-[6], the window function approach [7], the steepest descent
path (SDP) approach [82], and the discrete complex image method (DCIM) [8]-[21],
[28], and [47].

It is shown that the efficiency of the numerical integration can be improved by de-
forming the integration path in the complex k, plane and using the Hankel functions
pair instead of Bessel functions [46]. Deforming the integration path according to
Cauchy’s theorem avoids the singularities; it has been used in most recent methods.
The usage of the Hankel functions pair helps for the faster convergence, especially
when the source and field points are close to each other. In terms of the computation
time, the numerical integration method is the slowest one with respect to other meth-
ods. In the SDP approach, the integration path is also deformed [82]. In addition to

path deformation, leading order approximation has been used to increase the speed
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of integration. The difficulty related to the implementation of this method is the

determination of the steepest path for the media having many layers.

The window function approach utilizes a window function as a convolution kernel
to the time domain Green’s function [7]. Similar to the effect of low pass filtering
used in signal processing, convolution with a window function in the spatial domain

accelerates the decay of integrand in the Sommerfeld integration.

The DCIM, which can be described as the approximation of the spectral domain
Green’s function in terms of complex exponentials whose Hankel transform can be ob-
tained analytically, is one of the most popular methods developed to approximate the
Green’s functions efficiently. It has been improved by the help of several researchers in
the last two decades. In the very beginning, the primary and quasi-static field terms
are subtracted from the integrand and the remaining integrand is approximated with
the complex images via Sommerfeld identity. However, since the method was con-
structed on the Sommerfeld identity, it is not applicable to problems having source
and field points in different layers because of the k. ,, dependence in the Sommerfeld
identity. Furthermore, the method was valid only for the symmetrical (i.e., diagonal)
components of the dyadic Green’s functions. Hojjat et al. extended the method to
the non-symmetrical (i.e., off-diagonal) components by using a semi-infinite integral
of Bessel functions [17]. More recently, Ge and Eselle [21] proposed a new closed-form
formulation based on a class of semi-infinite integrals of Bessel functions and applied
the generalized pencil of function (GPOF) method to approximate the remaining in-
tegrand with another set of complex images (having only &, dependence), making the
method valid for any kind of source-field point combination. Aksun has shown that
by using a multilevel DCIM it is possible to obtain very accurate results for printed
structures without subtraction of the primary and quasi-static field terms [47]. How-
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ever, the lack of surface-wave extraction often results in errors in the far-field region
because the surface waves behave in the manner of cylindrical waves and thus it is in-
appropriate to approximate them by spherical waves. In other words, DCIM without
any extraction might work efficiently for printed-circuit structures but cannot handle
the problems such as aerospace applications where the object size is comparable to or
much larger than the wavelength. Ling et al. proposed a new method to achieve the
surface-wave extraction by evaluating a contour integral recursively in the complex
k, plane [18]. Moreover, some researchers developed new formulations to increase
the efficiency of the method for the Method of Moment (MOM) implementation. For
example, Liu et al. [20] reformulated the Formulation-C Green’s functions for mul-
tilayered media to extract z-dependent part when the source and observation points

are in different layers.

All of these methods have some advantages and disadvantages. In this work, a
new extraction procedure is presented which can be incorporated in these methods
to improve the efficiency. This procedure can be described as the improved version of
the extraction procedure implemented in DCIM, and is valid for any kind of source-
field point combination. The subtraction procedure is implemented appropriately for
each individual term of the integrand and the contribution of the subtracted terms is
calculated analytically. However, for the sake of robustness, instead of approximating
the remaining integral with complex images, the remaining integral is calculated
numerically by using Gaussian quadratures. The results of this method have been
validated by comparison with many examples in literature, and the high efficiency

has been verified.
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3.1 The Theory

Consider a general multilayer medium consisting of N layers separated by N — 1
planar interfaces parallel to the zy plane, as shown in Figure 3.1. Layer 7 exists
between z; and z;_; and is characterized by relative permittivity e,; and relative

permeability s, ;. In a linear medium, electric and magnetic fields due to arbitrary

N-1 En-1 “N—l
ZN-2
Iy
m Field O €n Unm
Ly
Z,
n O Source €, W,
Zn-1
Zy
2 € M Z,
1 8] Hl

Figure 3.1: (a) An N-layer medium with source and field points in layer n and layer
m,respectively.

electric and magnetic currents (J and M, respectively) can be expressed as
E = (G5, J) + (G EM. M) (3.1)

H = (G7;3) + (G "™, M) (3.2)

where éPQ(r, r’) is the Dyadic Green’s Function (DGF) relating P-type fields at r

due to Q-type currents at r’ [26]. Once the DGF’s have been calculated for the
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layered medium, the electric and magnetic fields at any point can be obtained with
the superposition principle. For the details of the derivation procedure of the mul-
tilayer media Green’s functions, the reader may refer to [26] and [23]. Basically, by
transforming the problem from spatial domain to spectral domain, each layer can
be represented by a uniform transmission line having the same physical properties;
hence the electric and magnetic fields can be interpreted as voltage and current, re-
spectively, on a transmission line. By using this transmission line analogy, Green’s
functions in spectral domain, called transmission line Green’s functions (TLGF), can
be calculated easily. The spatial domain DGF is the inverse transformation from

spectral domain to spatial domain and is known as a Sommerfeld Integral given by

1 [ Y
Genlp,22') = %/0 GCW(kmZ|Z,)Ju(kpp)kp+1dkp (3.3)

where v = 0,1, J, is ™" order Bessel function, p = \/(z — 2/)2 + (y — ¢/')2, G, (p, 2|2')
is the spatial domain Green’s Function relating the field at (z,y, ) in layer m due to a

point source at (2,1, 2’) in layer n; éc,n(km z|2') is the spectral domain counterpart.

3.2 Spatial Domain Green’s Functions and Sub-

traction Procedure

There are several types of dyadic Green’s functions [26]. In this work, the traditional
form of dyadic Green’s functions for vector potential A is chosen as an example and
the formulation of the spectral domain Green’s functions is presented in the Appendix.
The spatial domain Green’s functions are obtained by taking the Sommerfeld integral

given in (3.3). In general, we have two typical integrals for the spatial domain Green’s
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functions associated with the vector and scalar potentials

efjkzma

fo= [ €l b ok by, (3.4)
0 zZmn

)

for symmetrical components of the Green’s function, and

[2_/ Eo(kp, ks n)e ™" Ty (kpp)dk, (3.5)
0

for non-symmetrical components of the Green’s function, where &;(k,, k. ,) contains
the generalized reflection coefficients and some constants depending on the type of
the Green’s functions involved. Below we describe the singularity subtraction for
different scenarios depending on where the relative locations of the source and field

points.

3.2.1 Source and Field Points in the Same Layer

When the source and field points are located in the same layer (n = m), the Green’s
function can be separated into the primary field and reflected field. The singularity
subtraction is only needed for the reflected field as the primary field terms are ob-
tained directly from the expressions for a homogeneous medium. In this case, for the
primary field term, &;(k,, k. ,,) is constant and equal to 1/2m; and as in DCIM, the
contribution of this component can be calculated analytically by using Sommerfeld

identity as follows

e’} e_jkz’na 6—jkn7'
/0 T Jo(kpp)kpdky, = (3.6)

z,n r

where r = y/p? + a2 and « is some distance.
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For the reflection terms, &;(k,, k. ) is not a constant, but its asymptotic expres-

sion can be obtained by

k.i=k.; =—jk,
lim Fi,j == R@j (37)

kp—roo g

gi(kpa kz,m) = 61

where éz is a finite constant, I'; ; and R;; are the generalized and Fresnel reflection

coefficients, respectively, between layer-i and layer-j.

Using (4.6) in (3.4) yields

o0 . - ) - ) k
L = / [51(1%7 kz,m)eﬂkz’na — & e Thene 4 flefjkz’"a] k—pJO(k’pp)dkp
0 zZ,n

. (3.8)
> . ~ . k efjknr
N /0 [él(kpa kz,m)eﬁkz’na — §reTIhne k;_pJ0<kpp)dkp + 3

zZmn

where & = klim &1 (ky, k.m). This subtraction process is valid for the symmetrical
o —00

components of the dyadic Green’s function, but not directly applicable to the non-
symmetrical components because of lack of closed-form expression for the subtracted
part. However, for the non-symmetrical components, the following equation can be

used [16, 86]

o0 1 Q
oo Iy (ko p)dk, = = [1— ——2 3.9
/o ko), =\ (3:9)

Then, (3.5) can be written as

I = / [&(k:p, o m)e e — yemhot 4 ée*’“ﬂﬂ Ty (kop)dk,
0

(3.10)

_ >~ —jkzna £ —kpa é o «
/0 [gg(kp7kz,m)e &re ]Jl(kpp)dkp—l— ; (1 —\/m>

where & = klim &a(ky).

»—>00
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As aresult, for the case where the source and field points are in the same layer (i.e.,

m = n), the subtraction procedure for the dyadic Green’s function can be formulated

as follows

1 [®r-, -

G:?x = % 0 _G;:qx - Gﬁx,subt} JO(kP/))kp dkp + Gfx,add
1 s ~

G?z = % 0 _G?z - G?z,subt:| Jo(kpp>kﬂ dkﬂ + GzAz,add
1 s ~

G?x = % G?x - G?x,subt:| Jl (kpp) dkp + Gfx,add

0 L

where the subtracted integrands are

~A _ 1 1TE,1
zx,subt — . 0,1,2,3,4
27k,

~ 1 ~ ~
A o TM ™M
Gzz,subt - 2]]€ <A0,3,4 - A1,2 >
zZ,n
- 1 - ~ ~ ~
A _ TE,2 TE,2 TM,2 TM,2
sz,subt - 2_ <A1,4 - A2,3 - A1,4 + AQ,S >

while the closed-form expressions for the subtracted terms are
A _ FTE1
Gmx,add _A0,1,2,3,4
A _ FTM1  FTM,2
Gzz,add _AO,3,4 - A1,2

A __ TE2 TE,2 TTM,2 | 7TM,.2
Gza:,add —A1,4 - A2,3 - A1,4 + A2,3

In the above,

ap,1 ~p —q ) Tp,2 oy )
APl = ghemIkamai - A2 — GPo—koi

7jkz,n7'i ~b .
at T g G <1 _ %)
7 Y

Y A4mr; v 4dmtp T
where A; ..., =A; +---+ A, and

~p __ ~D __ pPp ~P _ P
ao - 17 al - Rn,n+17 CL2 - Rn,nflv

~p __ ~p __ ~psp
ag = @y = 4105
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(3.14)
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ri =/ p?+a? (3.17)

The above subtraction procedure is very crucial when «; is small as the exponential
term e 7%= approaches one and does not decay with k, when o; — 0. In other
words, when the source and field points are close to each other and close to an interface
between two adjacent layers, the integrand decays slowly without subtraction. This

situation is shown in Figure 3.2 as case 1.

(a) Case 1 (b) Case 2
S OF |

SeOF

Figure 3.2: (a) Case 1: Source and field points are in the same layer, and (b) Case
2: Source and field points are in adjacent layers.

-3
10 7K 5 max

Re[ k]

k p,max

Figure 3.3: Integration  path  in  the  complex %k,  plane,
kpmar = 1.2max{ky, ko, - ,kn}.

To demonstrate the importance of this subtraction, a 6-layer geometry used in
[85] is chosen as an example (Figure 3.4). The integrand is calculated for some £,
values along the integration path illustrated in Figure 4.1 [46]. The frequency is 30

GHz, p = g and z = 2/ = 0.3 + 0z mm where dz = )\/1000. Figure 3.5 depicts
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the integrand of the corresponding integral, i.e., éfm J1(k,p), the zx component of the
dyadic Green’s function for vector potential A, with and without subtraction. As can
be seen from the figure, after subtraction the integrand becomes a rapidly decreasing
function of k,. In fact, the decaying is exponential, and is six orders of magnitude

smaller than the original integrand at k, = 10°.

€, z (mm)
1.0

1.8
2.1

1.1
12.5

0.8
9.8

0.3
8.6

0.0
PEC

Figure 3.4: A 6 layer medium.

The efficiency of this subtraction procedure becomes even more obvious as the
source and field points get closer to the interface. Figure 3.6 shows the number of
segments used in the adaptive integration with and without subtraction for the same
geometry with different 0z values. Clearly, after the subtraction, the integrand decays
rapidly no matter how small 0z is, and the Green’s functions are computed accurately
by using only a few hundred integration segments or less.

To summarize the procedure for m = n case, the primary field term’s contribu-
tions are calculated via the closed-form expressions for a homogeneous medium (also
obtainable by using Sommerfeld identity), and for each reflection term the above sub-

traction procedure must be performed individually. Once the subtraction has been
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k
P

Figure 3.5: The magnitude of the integrand G2 J;(k,p) sampled along the inte-
gration path for z = 2/ = 0.3 + \g/1000 mm (m = n case) for the 6-layer medium
depicted in Fig. 3.4.

done, the integration of the remaining integrand can be calculated adaptively. In

other words, the integral can be calculated segment by segment on the Sommerfeld

integration path until the desired accuracy is obtained.

3.2.2 Source and Field Points in Different Layers

The above subtraction procedure is very efficient but is restricted to m = n case.
When source and field points are close to each other but belonging to two different
adjacent layers, shown in Case 2 in Figure 3.2, some of the exponential terms’ mag-
nitudes are close to one, making the integrand an extremely slowly decaying function
of k,. Because of the different k,; dependence, Sommerfeld identity does not apply

here. However, singularity subtraction is still possible by using the only common
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Figure 3.6: The effect of subtraction on the convergence: The number of the seg-
ments used in adaptive integration with and without subtraction, m = n case

parameter: k,. It is known that [21, 86]

/ e e Jo(kpmdkp =
0

1

(3.18)

Similar to the subtraction procedure described for non-symmetrical components, us-

ing (4.6) and (A.11) in (3.4) yields

o . k
[1 = / |:€1(kpa k‘z,m)e_sz’na_p
0 k

z,n

—jéreRee 4 jg e Jo(kpp)dk,

0o ' L B
:/ |:€1(kpa kz,m)e_]kzyna_p - jgle_k
0

N

k-

i&

(3.19)

o Jo(kpp)dk,

Since (A.12) and (A.11) have k, dependence only, (3.10) and (3.19) are valid
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for any source-field layer combination. Note that for m = n case, there are 5 terms

associated with TLGF and this number becomes 10 when m = n=+1. The subtraction

procedure must be performed appropriately for all those 10 terms. For m = n — 1

case, the subtracted integrands in (3.11) can be written as

~ 1 -
A _ TE,1
Gm:,subt - E 2% Bv0,1,2,3,4
v=1 p
2
A _ 1 BTML _ pTM1
zz,subt 2 v0,3,4 — P12
v=1 P
21
5 A _ ~TE2 STE2  5TM2 | 5TM2
Gl subt = E Z (Bv1,4 — Boss — Buia~ + Byoos
v=1

The closed-form expressions for the subtracted integrals are

2
aA _ Hn ~TE,1
zx,add _,U/ v0,1,2,3,4
m

v=1

2

A __€Em ~TM,1 ~TM,1

Gzz,add - § BUO,SA - Bv1,2
€n v=1

2
A ~TE2 HSTE2 5TM2 , STM2
G Lradd = E Byii” — Byoss — Bod” + Byals

In the above,
Bigl — dfefjkp(ﬁﬁai)

BQi == “m,m ]aie J p( 2 l)

o
By = afeto(rted

_ ~p _ ~p
p,l __  a; D2 _ a4 _ait+B
Bli - 47rr1i B]-Z - 47Tp 1 T14
_ ~p _ ~p
p71 J— a; p72 J— a; _ az"l‘BQ
BQi - Rm,m714ﬂ.r2i BQi - Rm,m714ﬂ.p 1 ro;
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(3.20)

(3.21)
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where 7,; = \/p?+ (B, + a;)? and v = 1,2

Bi=2zm—2, Pa=2zm+2—22n1 (3.24)

and R, ,—1 is the Fresnel reflection coefficient and is independent of k,.

This described procedure is as successful as m = n case. Figure 3.7 depicts the
integrand G4 J (k,p) with and without subtraction when z = (0.3 — §z) mm and
2 = (0.3 4+ 0z) mm where, z = 0.3 mm is the layer interface and dz = Ay/1000.
Again, after subtraction the integrand becomes a rapidly decreasing function of k.
Similar to the experiment done for m = n case (Figure 3.6), the efficiency of this
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Figure 3.7: The magnitude of the integrand G2 J (k,p) sampled along the integra-
tion path for z = (0.3 — A¢/1000) mm, 2" = (0.3 + A\¢/1000) (m = n — 1 case) for the

6-layer medium depicted in Fig. 3.4

subtraction procedure becomes even more significant as the source and field points
get closer to the interface. Figure 3.8 shows the number of the segments used in
the adaptive integration with and without subtraction for the same geometry with
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different 0z values for p = A\, 2/ = 0.3+ 0z mm and z = 0.3 — §z mm where z = 0.3
mm is an interface of two adjacent layers shown in Figure 3.4. Again, after the

subtraction, the integrand decays rapidly (in fact, exponential) no matter how small

0z is.
15000 1 ‘ ‘

5 | — — — w/o subtraction

£ | w subtraction
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[

= 10000 |
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Figure 3.8: The effect of subtraction on the convergence: The number of the seg-
ments used in adaptive integration with and without subtraction, m = n — 1 case.

In the above, the formulation is presented for m = n and m = n — 1 cases. The
formulation for m = n+ 1 case is very similar to m = n — 1 case. This procedure can
be extended to |m — n| > 1 case easily by using asymptotic relations given by (4.6)
with the help of semi-infinite integral equations (A.12) and (A.11). For example, for

m > n case, the terms to be subtracted can be formulated as

VI (2|2 = TP

2 ~p, VI
mn,subt V,mmTp y (Zn‘zl>

V.mn ™~ nn,subt

GPI  (2|2)) = TP

mmn,subt

TGPV (2.]2)

Imm= V,mn ™~ nn,subt

i i (3.25)
GhvY (2]2) = TF

mn,subt Vimm

T\l;,mnénvv (Zn ‘ Z/)

nn,subt

GrtV  (z|2)=TP TP GPVV

mn,subt I,mm~= V,mn nn,subt(zn,zl)
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where

~ Zg AP,V ADv

e (212) = SHA + A 5, (3.26)

~ 1 AD,V AD,U AD,v
st (212) = 1A — AT + Ay} (3.27)

~ 1 AD,V AD,V AD,v
GZ;‘L/,;;M(ZV) = Q{iAg’ + Ay — AD4} (3.28)

~p, IV / 1 AP,V ADP,v AP,V
G sun (2]2) = ﬁ{Ao’ — AV + Az (3.29)

AP is either AP or AP? given by (3.14) depending on the order of the Bessel function

and
T‘I} = (1 + an m+1e_ﬂkp(zm—z))e—jkp(Z—zmﬂ)
| | (3.30)
T7 = VA1 = B g =)ol
B m—1
T\I/)',mn = H (1 + Rgt-l—l)eikpdt (331)
t=n—+1
~ ]_ wu - 1 k
ZTE— —_ =P gTM - P 3.32
i }/iTE kp ) % §/iTM we; ( )

The number of the terms needs to be subtracted is given by 5 x 2™~ The effect of
the subtraction may not be obvious for the problems having many thick layers and
when the source and field points are very far away from each other. Under such cir-
cumstances, the integrand decays rapidly by itself and the subtraction procedure does
not further improve the convergence; however, it does not degrade the convergence
either, since the subtracted terms also decay exponentially. For example, Figure 3.9

shows the integrand éijl(kpp) with and without subtraction for p = Ao, 2’ = 0.2
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mm and z = 0.9 mm (m = n+2) for the 6-layer medium. Obviously, the subtraction
procedure does not affect the decaying speed in a negative way. Usually, if the total
thickness of the layers between the source and field points exceeds 10% of the local
wavelength, such singularity subtraction does not have to be utilized. However, for
the problems with thin layers, for very large values of p, the integral does not con-
verge rapidly without singularity subtraction. As an example of the case m =n + 2,
we study a 7-layer medium obtained by adding a very thin layer (thickness=\q/10,
€, = 24) between z = 0.3 mm and z = 0.301 mm on the 6-layer medium in the
previous example. Figure 3.10 shows the integrand C?‘Z“le(kpp) with and without
subtraction when p = 100X, 2’ = (0.3 — A\o/1000) mm and 2z’ = (0.301 + Ay/1000)
mm, for this 7-layer medium. Clearly, after subtraction, the integrand decays much

more rapidly, making the method useful also for |m — n| > 1 when layers are thin.

10° 10°
— w/o subtraction
— -2 — .
10 1
© © 0
C c
S . S .
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Figure 3.9: The magnitude of the integrand @fol(kpp) sampled along the integra-

tion path for z = 0.9 mm, 2’ = 0.2 (m = n + 2 case) for the 6-layer medium depicted
in Fig. 3.4.

The above singularity subtraction is presented for G*/. However, this method is
valid for all types of Green’s functions such as G¥/ |G/, traditional or alternative

form G4 and 2D Green’s functions [52]. The asymptotic formulas required for these
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Figure 3.10: The magnitude of the integrand G »J1(k,p) sampled along the inte-

gration path for the 7-layer medium.

Green’s functions are (A.12), (A.11) and following formulas and their derivatives

0o ks B v
/0 e 'Y/{pjo(kpp)dkp = W

o] 3 272 _ p2
kpy 1.2 _
/0 € ’ykpjo(kpp)dkp T (2 )2

00 ks B P
/(; e 'Yl{:pjl(kpp)dkp = W

o S,Yp
kpv 1.2 _
/0 e "k, Ji(kpp)dk, = 2+ )2

3.3 Numerical Results

(3.33)

(3.34)

(3.35)

(3.36)

The described technique has been implemented for several types of spatial domain

Green’s function both in 2D and 3D. Since 2D results have been presented in [52], here

only 3D examples are presented. The first two examples are chosen to demonstrate
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the accuracy of the method. The first example, Figure 3.11, shows the magnitude of
the traditional form Green’s functions associated with the magnetic vector potential.
The geometry is the 6 layer medium shown in Figure 3.4. The frequency is 30 GHz

and z = 2/ = 0.4 mm. Figure 3.12 is obtained by using the same geometry parameters,

except that z = 1.4 mm.

— (&)
o

- - -8y
o
A

10* b x |Gl [28]] |

- A

> |6] 28]

A and GP
ZX

3

T

XX

Magnitudes of G

P
Figure 3.11: The magnitudes of G4 and G4 compared with [18] for the 6 layer
medium with z = 2/ = 0.4 mm.

Figure 3.14 shows the magnitude of the different type of Green’s functions (G¥7)
for a 4-layer medium shown in Figure 3.13. The wavelength in the free space is 633
nm and the source is located at 2/ = 750 nm. The field points are chosen from
z = —1000 nm to z = 1000 nm.

In all figures, the results are calculated using with described procedure and com-
pared with those obtained by direct numerical integration along the Sommerfeld
integration path (SIP). In all cases the excellent agreement has been verified.

Another issue is the efficiency. To demonstrate the efficiency of the method, a
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Figure 3.12: The magnitudes of G4 and G4 compared with [18] for the 6 layer
medium with 2/ = 0.4 mm, z = 1.4 mm.

5-layer geometry is chosen as Figure 3.15. The Green’s function G# is calculated
with and without subtraction for different z, 2’ and p values. Both programs were
compiled with Fortran77 UNIX compiler on a Dell Optiplex GX260 desktop with
Intel P4 2.4 GHz processor and 1024M RAM. The last two columns of Table I show
the CPU times with and without subtraction for the same accuracy level (1079).

With the classical numerical integration, depending on z, 2z’ and p, the execution

Test Points
Along the z direction
g Uy z (nm)
L o-i)h—n 750 (source)
500
2 0.8
0.0
10 1.2
=500

Figure 3.13: A 4-layer medium.
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medium with 2/ = 750 nm, z = [—1000, 1000] nm.

time changes dramatically. For large p values, it may take more than 2 minutes just

for one sample, whereas it takes less a second with this described method even for

p = 10\.

=20 GHz

€

PEC

z (mm)

1.0

10.0

2.2

0.762

10.2

0.508

PEC

0.0

Figure 3.15: A 5-layer medium.

The efficient computation of the dyadic Green’s functions for layered media is an

important part of fast forward and inverse scattering problems for 3-D targets buried

in such environments (see for examples, [49, 87]).
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Table 3.1: Experiment Results

2 (mm) | z (mm) | p/Ao | CPU (s) W/O | CPU (s) W/
0.7622 0.7618 | 0.1 1.63 0.31
0.7622 | 0.7618 |1 147 0.98
0.508 0.507 1 49 0.47
0.508 0.507 10 131 0.98

3.4 Conclusion

In this work, a numerically efficient way of evaluating the multilayer medium Green’s
functions has been presented. The singularity terms that cause slow convergence
have been subtracted analytically. No matter how close the source and field points
are to an interface or no matter how large p is, the described subtraction procedure
makes the integrand a rapidly decreasing function of k,. Since the remaining integral
is calculated numerically as accurate as desired, the complete procedure is error
controllable and a robust method. The accuracy and the efficiency of the method

have been verified via representative numerical examples.
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Chapter 4

A 2D Spectral Integral Method (SIM) for
Layered Media

For a homogeneous scatter with an arbitrary geometry in a layered medium, the
surface integral equation method is a powerful tool to calculate the scattered elec-
tromagnetic fields. The classical methods for solving such integral equations are the
method of moments (MOM) [27]-[30], fast multipole method (FMM) [31]-[35], and

adaptive integral method [36]-[41].

Recently, Liu et. al. [42] proposed a spectral integral method as an alternative
way of solving the surface integral equation efficiently for a homogeneous scatter in
free space and for periodic structures. This algorithm is related to the fast method
originally developed by Bojarski [43] for sound-soft circular cylinders, and extended by
Schuster [44] to multi-layer circular cylinders, and by Hu [45] to sound-soft or sound-
hard smooth cylinders. Liu et. al. [42] further extended the SIM to arbitrarily-shaped
smooth dielectric cylinders, and to periodic structures such as photonic crystals. The
idea behind this method is the use of fast Fourier transform (FFT) algorithm and
the subtraction of singularities in Green’s functions to achieve a spectral accuracy
in the integral. Here, we extend this method to arbitrarily-shaped smooth dielectric
and PEC cylinders embedded in layered media by using 2D layered-medium Green’s
functions. To avoid the discontinuous behaviors of the fields and Green’s function
(i.e., the functions or their derivatives being discontinuous) across the layer interfaces

in the problems where the scatterer resides in several layers, in this chapter the object
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must locate completely within one single layer in the multilayered medium. Next

chapter investigates objects traversing several layers.

The outline of this chapter is as follows: first the brief formulation of 2D layered-
medium Green’s function is presented. Next, the implementation of SIM for layered
media is described. Finally, the accuracy and the efficiency of the method are verified

with several numerical examples.

4.1 2D Green’s Functions

Consider a general multilayer medium consisting of N layers separated by N — 1
interfaces parallel to the = axis. Layer ¢ (i = 1,---, N) exists between y = y; and
Yi—1 (yo = —oo and yy — o0) and is characterized by relative complex permittivity
€, and relative permeability p,;; the wavenumber inside the layer is given by k; =
wy/E ;. The time dependency of e/ is implied.

In the absence of a scatterer, the electric or magnetic field at (z,y) due to a unit
line source at (z’,y’) can be calculated by using layered-medium Green’s functions.
The formulation of the Green’s function for 2D is very similar to the 3D case, and the
reader may refer to [27], [23], [26], and [25] for the details of derivation. Essentially,
by transforming the problem from the spatial domain to spectral domain, each layer
can be represented by a uniform transmission line having the same physical proper-
ties; hence the electric and magnetic fields can be interpreted as voltage and current,
respectively, on a transmission line. By using this transmission line analogy, Green’s
functions in the spectral domain, called transmission line Green’s functions (TLGF),
can be derived easily. The spatial domain Green’s function is the inverse transforma-

tion from spectral domain to spatial domain and is known as a Sommerfeld integral
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given by

1 e =p . —x
6w~ 'gly) = 5 [ oyl a,

(4.1)

1 o[> -
=_ / Gf,m(kx, yly') cos ky(x — ") dk,
0

where GP(z — ', y|y') is the p type (p is either TE, or TM,) Green’s function relating

the field at (z, y) in layer m due to a unit source at (2/,y’) in layer n; éﬁm is its spectral
domain counterpart (TLGF) which has a closed form expression depending on the

locations of the source and field points:

- p
~p Gmn

»_
Gr = (4.2)

the subscripts mn refer to the source layer (n) and field layer (m), and <P is either

[ OF €, for TE, or TM, cases, respectively.

4.1.1 m=n

When the source and field points belong to the same layer,

wek

Gi’m(yly’) = TA%J),LZBA (4‘3)
y,n
In the above, A; ..., = A; + -+ + A,
AP = qPe Ihvnei G =0,1,2,3 4 (4.4)
ag = |y —y| ap =1
oy = 2y, — (y + ?J’) a’f = FZ,M
ar=(y+y) =2y ay=17 (4.5)
ag =2d, + (y — v/ ah = ajab

(v —v)
o =2d,—(y—y) d=d



where FIZ ; 1s the p type generalized reflection coefficient which can be calculated

recursively as explained in Chapter 1. Note that,

lim { Ka = g = =ik (4.6)

P _ ppP

This means that A? terms may converge to a number which is different than 0. The

subtraction of integrand’s asymptote increases its decaying speed. a0 (yly'), the

asymptote of G (y|y'), can be given as

~ wgﬁ
Gﬁ’éo) (3/|?/) = T 5,1,2,3,4 (4-7)
y,n
BY = We ki i =0,1,2,3,4 (4.8)
bop=1, VW =Ry, =Ry, b5="0]=00; (4.9)
The subtracted terms’ contribution in spatial domain can be written as
&
AO) (e ol ) — prr(2) ,
GP Oz — 2 yly) = rE ;biHo (kmpi) (4.10)
where p; = \/(z — 2/)? 4+ a?.
4.1.2 m#n

When the source and field points are in different layers and m > n, the spectral
domain Green’s function can be computed by using voltage/current transfer functions

as follows,
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where TP ~ denotes the p type transfer function between a point y in layer m and
the lower boundary of that layer, y,,_1; and T,,, denotes the p type transfer function

between ¥,,_; and the upper boundary of the n'* layer, y,:

™ _ [1 + Ffmm—i_le*ijy,mwm*y)} efjky,m(y*ym—l) 419
e 1+ T, g e/ 2wmdm (4.12)

m—1 (1+Fp )e—jky,tdt

p tt+1
L= 11

P —72ky 1d
Mt B R A VANt

(4.13)

Multiplication of these two terms with G2 (y,|y/) gives GP_ (y|y'). Note that T2 =1
when m =n + 1.
The formulation for m < n is very similar to the case where m > n and can be

obtained easily by using symmetry.

Im[ k]
Koo o
P aas Re[ k]
(1+ 00 K s
Figure 4.1: The Sommerfeld integration path in the complex k, plane, where
kmar = max{Re(ky, ko, -+ ,kn)}, @« > 0, and § > 0. In the numerical examples,

a=0.2 and § = 0.001 are used.

For the 3D case, it is shown that the efficiency of the numerical integration can
be improved by deforming the integration path in the complex k, plane [23, 46]. As
shown in Fig. 4.1, the maximum displacement from the real axis is set to Sk ae.
Since the first integration segment requires little computation time compared to the
whole Sommerfeld integral, we have not optimized the choice of 5. In the following
numerical examples, we chose @ = 0.2 and § = 0.001. The reader is referred to [47]
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for more discussions on the integration path. By using the deformed Sommerfeld
integration path depicted in Figure 4.1, the spatial domain Green’s functions can
be calculated numerically. In this work, to speed up the numerical evaluation of
the Sommerfeld integrals, we subtract the direct field term between the source and
field points and the so-called “quasi-dynamic” term in the reflection (i.e., the term at
the limit when k, — oo) when m = n, and the “quasi-dynamic” transmission term
when m # n. (One 3D version of such subtraction is described in Chapter 3.) We
found that this special subtraction procedure is especially effective for source and

field points in two adjacent layers and very close to the layer interface.

4.2 Spectral Integration Method for Layered Me-
dia

For the TM, case, the 2D Helmholtz equation for the scalar field F, is
V’E. +KE. = —f, (4.14)

where subscript v indicates the region outside (v = 1) or inside (7 = d) the object,
[ is the source excitation, k; = wy/u;& for the " layer (I = 1,2,--- ,N) and k; =
wy/1q€q for the dielectric object. Since the formulation and all the examples are
presented here for the TM, case, the superscript p is omitted for the rest of the
formulation. In this work, we assume the scatterer is entirely within one layer.

For a smooth dielectric object embedded in a layered medium, the boundary

integral equations on the surface of the scatterer D are

0G(r,1’) Js — E.(r)

on’ 2

g2+ § (256w - B
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[T - ) R 4y = B )

for r € D, where f; is assumed zero, £ is the incident wave from outside the object
(i.e., fi #0, fa = 0). 1 is the outward unit normal, and R = |r — r/|. Inside the

dielectric object, the homogeneous space Green’s function and its normal derivative

can be written as

Ga(r,v') = _f_lHSQ)(k:dR) (4.17)
aGd(r,r’) B ]]{Jd (2) R -1
e = T (kaR) (4.18)

Outside the object, the layered-medium Green’s function is required and it can be
written as a summation of two separate terms: the primary field term (G,,;) and the

remaining reflection term (Gyef):
Gz — 2, yly') = Gpri + Grepi (4.19)

Then its normal derivative can be written as

aGl o 3Gpm' aGrefl . aGp’l‘i A /

on'  on i o' on’ TRV Gren
. aGpri + aG?“efl 6_:(// . aGT@ﬂ 6_513/
o oz’ 00 dy’ 00

(4.20)

where (2/(6'),y'(€')) describe the surface of the scatterer. The primary field term G,,;

and its derivative are the same as (4.18) except kg should be replaced by k;, and

aGre l 1 1A e :
Q—x’f — %/0 [Greﬂ — ang)ﬂ kysink,(x — 2")dk,
(0) / /
+91 (@ — 'y, (4.21)
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cos k. (x — 2')dk,

aC;refl o 1 /oo [aérefl . aéf‘g)fl
0

83/ T ayl ay/
(0) ' /
+9y (x — 'y, y) (4.22)
where
aére W)
ax/ﬂ = %Al,zu (4.23)
oGy WG
G—x’ﬂ = %31,2,3,4 (4.24)
aére wq
ay/ﬂ ! l{A1 3 — Aot (4.25)
oG, ws
ay,ﬂ ! Z{Bl 3 — Baa} (4.26)
k —x
¢ Na =2y, y) = = Z biH® (kip;) % (4.27)
k Q;
9&0)( — 2y, 1) M Zb H klpz) = p ! (4.28)

are the so-called “quasi-dynamic” terms. With such subtractions, the Sommerfeld
integral can be calculated more rapidly.
With the above Green’s functions and their derivatives, equation (5.2) can be

rewritten in terms of a parameter § along the boundary:

inc _EZ<0) o 8EZ(9,) / dI‘ /
B (0) === /0 o Gi(0,0) |2 do
(4.29)
2 9G,(0,0') | dr’
E / Y /
i /0 )5 ag|
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where | 2| = 45 = \/[r’(ﬁ’)]Q + (%2)2. Since the scatterer has a smooth surface, and
E.(0) and OFE,(0)/0On are smooth and periodic functions of § on the closed boundary,

they can be approximated by truncated Fourier series as

81
EYB) = 3 gue (430)
on' " n€ ’

where ¢,, and v, are Fourier coefficients. By substituting them into (4.29), we have

N_q N_q
inc 1 X —Jn - o —jnb’ / dr’ /
E(0) =5 %639—2%/0 630Gl(9>9)@d9
: ) (4.32)
-1 2
T e G(6,0) | dr
]n9 l ? o dgl
* _E_:N o /0 ‘ o |0

The above integrals are simply Fourier transforms and can be calculated using FF'T.
However, to be able to obtain spectral accuracy, singular terms in the Green’s func-
tions and the non-smooth terms in their derivatives must be handled carefully. As

described in [45], two infinitely smooth functions are defined as follows

A 1 —y
G,(0,0") = G.(0,0) + Py In |2sin <0 5 ¢ ) ‘ Jo(kyR) (4.33)
H,0,0) = % — 5_; In |2 sin (9 _2 f ) ‘ Jl(kvR)% (4.34)

In [42], the free space Green’s functions are used. For our problem here, the layered-

medium Green’s functions must be used. Since the singularity occurs only for the
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primary field term when source and field points are in the same layer, one can add the
layered-medium Green’s function (without the primary field term) and its derivative
directly to the smooth terms, CA}’W(Q, 0") and ]:17(9, '), respectively. Uniformly sampled
N points along the surface of the scatterer are used as testing points as in the point-

matching (collocation) in MOM. After testing, (4.32) becomes

N_1
2
EM0) = Y én (2himn — kovimn)
n—%
(4.35)
§o B
- wn (Qﬂgl,mn - ul,mn) + 5 ¢nEmn
nzf% n:—%

where E,,, = ¢™: m is the index of a testing point on the boundary, and n the index
of the Fourier series; g; mn and hy ., are Fourier transforms of the smooth part of the
Gi(0m,0),) and H(0,,,0),) = 0G(0,,, 6.,)/On’, respectively; u my, and vy, are Fourier
transforms of the non-smooth term of the Gy(0,,,0.,) and H;(0,,,0.), respectively,
and can be calculated via convolution of the logarithmic functions with the Bessel
functions [45], [42].

Equation (5.3) can be discretized in the same way. Then (4.35) and the equation

corresponding to (5.3) can be written in a matrix form as follows,
C'® + DT =F (4.36)

C'® + DWW =0 (4.37)
where
Co=2rhl, 4 kol + (1) Epp /2
D;/”m = _277-927/171 + UZ‘m
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F =EU"

and ® and ¥ are vectors of ¢,, and 1, respectively.

By using (4.36) and (4.37), ¢,, and 1, can be obtained easily. Then the scalar
field (E,) and its normal derivative (OE,/0n’) on the boundary of the scatter can be
computed by using ¢, and 1, via FFT. Once the problem is solved on the boundary
of the scatter, at any point (inside or outside the object), the scattered field and its
normal derivative can be computed by using the left-hand sides of (5.2) and (5.3).

Similar to the free space case, since the above operations involve the FFT of
smooth functions, the accuracy of F, and OF,/0n’ increases exponentially as the
number of the discrete points increases, a basic property of the FFT algorithm. For
the layered medium case, however, the accuracy also depends on the accuracy of
the layered medium Green’s functions. Here, they are calculated adaptively, hence
error-controllable to high accuracy.

In this work, the biconjugate-gradient (BCG) method is used to solve the matrix
equation which requires O(KN?) CPU time and O(N?) memory, where N is the
number of unknowns and K is the number of iterations. Since the main purpose of
this work is the reduction of the number of unknowns (V), we have not implemented
any acceleration methods (such as the fast multipole method and adaptive integral

method) to further reduce the computation time and storage requirements.

4.3 Numerical Results

4.3.1 A Circular Cylinder in Air

To show the accuracy and efficiency of the method, a circular dielectric object in

free space is chosen as the first example as it has an analytical solution. An infinite
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dielectric circular cylinder with radius » = 0.04 m and €, = 16 is excited with a TM,
plane wave at f = 300 MHz impinging at an angle ¢ = 0° along the z-direction.
The receiver points are chosen along the y = 1 m line, from x = —1 m to x = 1 m.
Figure 4.3 shows the comparison between the SIM result and analytical solution for
the scattered field. For this example, 64 points along the boundary of the object are

used, and excellent agreement has been observed.

Receivers <

Figure 4.2: An infinite dielectric circular cylinder in free space.

Figure 4.4 shows the error convergence curve and the CPU time versus the number
of discretization points per wavelength (PPW) on the dielectric object. The error
decreases exponentially with the number of discretization points, confirming that the
SIM has a spectral accuracy. The result shows that even with a small discretization
number N = 32 (or at 2.7 PPW) on the boundary of the cylinder, the relative error

is smaller than 1 %.
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Figure 4.3: Example A: Comparison of the SIM and analytical results for the real
and imaginary parts of the scattered field for the free space case.

)
10 3
o o)
£ E
L E
o
g -2
107"
0 4 8 -1 0 1 2
Points per wavelength log, ,[points per wavelength]

Figure 4.4: Error and execution time versus the number of discretization points per
wavelength for the free space case (Ezample A).

4.3.2 A Circular Cylinder in a Five-Layer Medium

The second example is an infinite circular dielectric cylinder embedded in a 5-layer
medium depicted in Figure 4.5. All layers have different permittivity values and
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thickness. A line source is located at (—0.12, 0.12) m, and the object with r = 0.04,
€. = 57.2, and 0 = 0.25 S/m is embedded in the third layer. Green’s functions for
the background have been calculated with a relative error tolerance of 107 relative.

Figure 4.6 shows the comparison of the field inside the object calculated with SIM and

e o)y y (m)
1 0

0.10

10 0.08 0.09

[

16 0.1
6 0.16 —-0.09
25 0.2 010
30 0.25

Figure 4.5: Ezample B: An infinite circular dielectric cylinder embedded in a 5-layer
medium.

2D volume integral equation (VIE) approach [49], [51]. The test points are chosen
along the = = 0 axis, from y = —0.04 m to y = 0.04 m. A very good agreement has
been observed between the SIM and VIE results.

Figure 4.7 compares the scattered field E5* outside the object calculated with
SIM and 2D volume integral equation (VIE) approach [49], [51]. The test points
are chosen along the y = 0.12 axis, from z = —0.12 m to z = 0.12 m. Excellent

agreement is observed between the SIM and VIE results.

Another issue studied is the continuity of the scattered field across layer interfaces.
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Figure 4.6: The field E, inside the scatterer along the (0.0:-0.04,0.04) m, for the

circular dielectric object in a 5-layer medium in Fig. 4.5 (Ezample B).

Figure 4.8 shows the comparison of scattered field along the x = 0.06 m axis, from
y = —0.12 m to y = 0.12 m (from first layer to the last one). Both SIM and VIE
results show expected continuity across layer interfaces.

The convergence of error with the number of discretization PPW is shown in
Fig. 4.15. Since the Green’s functions for the background have been calculated with
1078 relative error tolerance, the minimum relative error that can be obtained is

approximately in this level. Clearly, 2.7 PPW guarantees 1% accuracy.
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Figure 4.7: The scattered field along the (-0.12:0.12,0.12) m for the circular dielectric
object in a 5 layer medium in Fig. 4.5 (Ezample B).

4.3.3 An Elliptical Dielectric Object in a Nine-Layer Medium

In the next example, an elliptical cylinder (e, = 57.2 and ¢ = 1.08 S/m) is embedded

in a 9-layer medium shown in Figure 4.9. The elliptical object is defined as
() =ricos(0)  y(@) = rysin(f)

where r; = 0.08 m, ro = 0.04 m, and 6 € (0, 27).

A line source with f = 400 MHz is located at (0,0.3) m in the first layer. The
receivers are located on z = 0.12 m axis from y = 0.3 m to y = —0.3 m (from
top layer to the bottom layer). Figure 4.10 shows the comparison of the real and
imaginary parts of the scattered field obtained by using 16 points (4.16 PPW) and
128 points (33.27 PPW) on the object.
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Figure 4.8: The scattered field along the (0.06,-0.12:0.12) m for the circular dielectric
object in a 5-layer medium in Fig. 4.5 (Ezample B).

The convergence of error with the number of discretization PPW is obtained by
using the case with 33.27 PPW as a reference and is shown in Fig. 4.15. Again,
the minimum relative error that can be obtained is limited by the accuracy of the
Green’s functions for the background layered medium. Clearly, 4 PPW guarantees

1% accuracy.

4.3.4 An Elliptical PEC Object in a Nine-Layer Medium

The fourth example is similar to the ones presented in [52] to demonstrate the validity
of the method for PEC objects. Since the tangential component of the electric field
is zero on the boundary, the integrals in (5.2) and (5.3) only have the first terms. In

this case, a PEC object with the same elliptical shape as in the previous example is
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Figure 4.9: An elliptical cylinder embedded in a 9-layer medium for Example C.

embedded in the 9-layer medium depicted in Figure 4.9. All other properties are the
same as in the previous case. Figure 4.11 compares the scattered field obtained by
using 12 points (4.3 PPW) and 128 points (45.9 PPW) on the object. The convergence
of error with the number of discretization PPW is obtained by using the case with
45.9 PPW as a reference and is plotted as Ezample D in Fig. 4.15. Note that 1%

accuracy can be obtained with 2.7 PPW sampling.

4.3.5 A Complex Object in a Nine-Layer Medium

A complex cylinder (¢, = 57.2, 0 = 1.08 S/m) shown in Figure 4.12 (left panel)
is embedded at center of the 9-layer medium in Fig. 4.9. The object is defined as
follows

x(6) = 0.04 cos(#) + 0.006 sin(26) + 0.0032625 cos(40)

y(0) = 0.04sin(#) + 0.006 cos(26) + 0.0032625 sin(46)
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Figure 4.10: Ezample C: Real and imaginary parts of the scattered field from the
elliptical dielectric object in the 9-layer medium in Fig. 4.9.

where 6 € (0,27). The frequency is 1 GHz and the circumference of the object is
equal to 6.4\ et A line source is located at (0,0.12) m. The receivers are located
on z = 0.2 m axis from y = 0.3 m to y = —0.3 m (from top layer to the bottom
layer). Figure 4.13 shows the comparison of the real and imaginary parts of the
scattered field obtained by using 32 points (5.0 PPW) and 256 points (40.1 PPW)
on the object.

The convergence of error with the number of discretization PPW is obtained by
using the case with 40.1 PPW as a reference and is shown in Fig. 4.15. Again, 2.7

PPW guarantees 1% accuracy.
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Figure 4.11: Fzample D: Real and imaginary parts of the scattered field from the
elliptical PEC object in the 9-layer medium in Fig. 4.9.
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Figure 4.12: A complex convex cylinder (left panel) for Fzample E, and a concave
cylinder (right panel) for Ezample F.

4.3.6 A Concave Object in a Five-Layer Medium

In order to study the performance of the SIM for concave objects, we replace the
circular object in Example B with a concave cylinder defined by x(6) = 0.04 cos(0)
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Figure 4.13: Ezample E: Real and Imaginary parts of the scattered field for Fig.
4.12 in the nine-layer medium in Fig. 4.9.

and y(0) = 0.04sin(f) + 0.02 cos(20) and shown in the right panel of Fig. 4.12. All
other parameters are the same as in Fxample B. Fig. 4.14 shows the comparison of the
real and imaginary parts of the scattered electric field along the (0.06,—0.12 : 0.12)
m obtained by using 24 points (4.6 PPW) and 256 points (49.0 PPW) on the object.
The convergence of error with the number of discretization PPW is obtained by using
the case with 49.0 PPW as a reference and is shown in Fig. 4.15.

In this work, we have used 6 for parameterization of the object surface; alterna-
tively, one can directly use the arc length for parameterization.

All the above examples demonstrate that the method has spectral accuracy for
smooth objects. For the objects with corners, the method will be still valid but
the expected accuracy will decrease from the smooth objects. Future studies will

investigate non-smooth objects.
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Figure 4.14: Ezample F: Real and Imaginary parts of the scattered electric field
along (0.06, —0.12 : 0.12) m for a concave object in the right panel of Fig. 4.12 in a
5-layer medium in Fig. 4.5.
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Figure 4.15: Convergence of error with the number of discretization points for
examples B through F'.
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4.4 Conclusion

We develop a spectral integral method for homogeneous dielectric objects and perfect
conductors with closed smooth boundary embedded in a layered medium. The high
accuracy and the efficiency of the method has been demonstrated. 1% accuracy can
be obtained with about three points per wavelength sampling. Numerical results
also confirm that the SIM is applicable to concave objects. The method can be
further extended to periodic structures and to three dimensions, as well as to objects

traversing layer interfaces.
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Chapter 5

2D Hybrid Spectral Integral/Finite
Element Method for Layered Media

For homogeneous objects embedded in a layered medium, surface integral equations
(SIEs) are more appropriate than volume integral equations (VIE). However, for inho-
mogeneous objects, the SIE must be combined with other methods such as the finite
element method (FEM) in order to account for the inhomogeneity. In this approach,
the computational domain can be truncated by using a radiation boundary condition
(RBC). In the last three decades, several RBCs have been developed [53]-[77]. One
of them is the hybrid finite element/boundary element method (FEM/BEM), which
uses SIE as an RBC on the boundary surrounding the scatterer(s), and FEM in the
bounded region [54]-[58], [63], [69]. In this method, the number of the required sam-
ples taken on the boundary can be decreased depending on the accuracy of SIE, hence
the matrix size of the FEM problem can be reduced. Because of this lower memory
requirement and geometrical and material adaptability, FEM/BEM is a very useful
and powerful method for analysis of scattering by inhomogeneous objects in layered
media.

The matrix size of the FEM problem depends on the accuracy of the basis func-
tions used for both FEM and BEM. Most of the published results use zeroth and
first order basis functions, thus requiring at least ten points per wavelength sam-
pling density in the discretization. The usage of higher-order methods can reduce the

minimum required sampling density.
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A spectral integral method (SIM), which has been developed to solve the SIE
for electromagnetic scattering by homogeneous objects with a smooth boundary in
homogeneous background [42], and in layered media [79], is one of the most efficient
higher-order methods. The usage of fast Fourier transform (FFT) algorithm provides
exponentially accurate results and it has been shown that approximately three points
per wavelength guarantees an error less than 1%. As a result, using this exponentially
accurate method, SIM, as an RBC can reduce the minimum required sampling density
on the radiation boundary.

Recently, Liu et al. propose that the spectral integral method can be utilized as
an efficient RBC to truncate the computational domain in the FEM for a homogenous
background medium [80]. The goal of this work is the extension of this method to
layered media problems. Basically, there are two main steps.

The first step is the implementation of SIM for inhomogeneous background. In
the previous chapter, we described the implementation of SIM for layered media
problems, but only for objects completely embedded within one single layer in the
multilayered medium. In this chapter, we improve SIM to handle the discontinuous
behaviors of the fields and Green’s function (i.e., the functions or their derivatives
being discontinuous) across the layer interfaces so that SIM can be now applied to a
scatterer straddling several layers. This step is a curicial improvement over [79], and
makes SIM applicable for large number of layered medium problems.

The second step is utilization of SIM as an RBC for layered medium problems.
For the implementation of radiation boundary condition, an artificial boundary OI" is
applied to truncate the arbitrarily shaped inhomogenous scatterer(s) from the layered
medium. The finite element method is applied in the interior region to calculate the
field, while the spectral integral method is applied on the outer boundary JI" to relate
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the field and induced current. The field and current on the boundary for the FEM are
obtained from the SIM results via highly accurate trigonometric interpolation through
FFT. The singular terms in the Green’s functions and the non-smooth terms in their
derivatives are handled appropriately. The high-order accuracy of SIM provides the
capability of low sampling density on the outer boundary OI', which significantly
reduces the number of unknowns on OT'.

Combining SIM with FEM has many advantages for both homogeneous and lay-
ered media problems beside reducing the matrix size. First, scattering problems can
be solved for arbitrarily shaped inhomogeneous scatterers. Second, the number of
the scatterers can be as many as needed. Third, the scatterers can reside in several
layers. Finally, the freedom of using any type of smooth element, e.g. an ellipse, as

an outher boundary helps to reduce the size of truncated domain.

5.1 Spectral Integral Method For A Scatterer Re-

siding In Several Layers

Consider a general multilayer medium consisting of N layers separated by N — 1
interfaces parallel to the z axis. Layer ¢ (i = 1,--- , N) exists between y = y; and
Yi—1 (Yo — —oo and yy — o) and is characterized by relative complex permittivity
€-; and relative permeability i, ;; the wavenumber inside the layer is given by k; =
wy/E ;. An incident TM, wave is assumed and the time dependence of e/** is implied.

For the TM, case, the 2D Helmholtz equation for the scalar field F, is
Vo VE. + ke E. = —f, (5.1)

where subscript v indicates the region outside (y = () or inside (v = d) the object,
f- is the source excitation, k, = wy/pu,€,, and ky = w\/1oco- -
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For a smooth dielectric object embedded in a layered medium, the boundary

integral equations on the surface of the scatterer D are

B+ ) |G

, (5.2)
- B 28 4y - B0
OFE,(r") , 0G4(r, 1) ,
_]i [ B Gq(r,r’) — E.(r') o } d s
B |
2

for r € D, where f; is assumed zero, £ is the incident wave from outside the
object (i.e., fi # 0, fg = 0). 1 is the outward unit normal. Inside the dielectric
object, the homogeneous space Green’s function, G4(r,r’), outside the object, the
layered-medium Green’s function, G;(r,r’), are used. Singular terms’ contributions
are calculated by defining two infinitely smooth functions as described in Chapter 4.

In terms of a parameter 6 (in this case the azimuthal angle 6 € [0, 27]), the bound-
ary can be described as r = r(f), or equivalently [z = z(0),y = y(0)]. Eqn. (5.2) can
be written as

E.(0) T OE,

ET(0) = > ) aw (6,6')J,(60')do
(5.4)
2 !
+ / E.(0 aGl Q,‘) )J (0)do’
0
where J,(6') = w = \/(8(9’) + (89’) is the Jacobian for the mapping between

the arc length and 6.

75



E.(0) and OFE,(0)/0n can be approximated by truncated Fourier series as

Ns/2—1 ( Ns/2—1
E.(0)~ Y é‘;neﬂ'""’ ~ Y e (5.5)
n=—Ng/2 n=—Ng/2

where &, and h?, are the Fourier’s coefficients of E,(6') and aEZ 85.(9)

, respectively, and
N is the number of discretized Fourier transform points. Substituting these Fourier
series into Eqn. (5.4) yields

Ns/2—1

inc __ ~b _jnb
£ =3 E €€

n=—Ns/2

Ns/2—1

- > R / e Gy(0,0')J,(0')do’ (5.6)

n=—N,/2
N,/2-1 o
o 0G1(60,0")
~b jnb NS J 0/ del
+ Z ezn/o € 871/ a( )
n=—N,/2
Note that Equation (5.6) relates the Fourier coefficients of the unknown FE, and its

normal derivative. Then the two integrations in Eqn. (5.6) can be calculated using

FFT with high accuracy. After collocation at {6,,} points, Eqn. (5.6) becomes

L&’ + Mh! = E"° (5.7)
where L, = ¢/ /2 4+ 27hy, + kyUmn and M, = —27Gmn + Uy in which m,n =
1,2,--- , Ny, are the indices of basis and testing points on the discrete boundary;

Jmn and h,,, are Fourier transforms of the smooth parts, and w,,, and v,,, are
Fourier transforms of the two non-smooth terms of the Green’s function and its normal
derivative. Because of the use of singularity subtraction and FF'T, the calculations

of these terms are convergent, fast, and have high accuracy.
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Equation (5.3) can be discretized in the same way. The final form of the equations
can be solved for scalar field (£,) and its normal derivative (0E,/0n’) on the boundary
of the scatter [42], [79]. The validity and efficiency of the described method is shown
with the following example.

A Numerical Example

A circular PEC cylinder with radius of » = 12.5 cm is partially buried in a 2-layer

—SIM
—_X o [31]

0.1
s 0
> -0.1
~0.2|g ST~

02 0 02 0 180 360
(a) x (m) (b) 6 (Degree)

180 10°
107
g 10_4
~180——L31 107

0 180 360 0 10203040
(c) © (Degree) (d) PPW

Phase
o
Error

Figure 5.1: (a) A partially buried PEC cylinder of radius » = 12.5 cm, whose
center is 6.5 cm below the interface. (b) Magnitude of current induced on the ob-
ject. (c) Phase of current (in degree). (d) Convergence of error with the number of
discretization points on the surface of the scatterer.

medium shown as Fig. 5.1 (a). The frequency of the normal TM, incident wave is
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300 MHz, pr2 = €2 = 1, ;1 = 1, ;1 = 4. The center of the object is 6.5 cm below

the interface.

Figure 5.1 (c) and (d) show the comparisons of magnitude and phase of the current
induced on the scatterer obtained with this method and [81]. The convergence of error
with the number of discretization points per wavelength (PPW) is obtained by using
the case with 82 PPW as a reference and is plotted in Fig. 5.1 (d). The error
decreases exponentially with the number of discretization points, confirming that the
SIM has a spectral accuracy. The result shows that even with a small discretization
number N = 8 (or at 5.0 PPW) on the boundary of the cylinder, the relative error
is smaller than 1 %. Note that. the Green’s functions for the background have been
calculated with 1077 relative error tolerance, and the minimum relative error that

can be obtained is approximately in this level.

5.2 FEM/SIM for Layered Media

Consider an arbitrary two-dimensional inhomogeneous object in a layered medium
as shown in Fig. 5.2. To solve the electromagnetic wave scattering problem using
the finite element method, a radiation boundary condition is required to truncate the
computational domain so that the FEM is used in the interior region (region I). With
a correct radiation boundary condition on the surface OI', the field in the layered
media, the exterior region (region II), can be calculated once the field in region I
(including the boundary) is solved. In region I, the material is inhomogeneous with
relative permeability p.(z,y) and relative permittivity €,(x,y). There may also exist
metallic materials and electric/magnetic sources in region 1. Region II is a layered

medium described in Section 5.1. The goal is to solve for the electromagnetic fields
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scattered by the inhomogeneous object.
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Figure 5.2: An N-layer medium scattering problem.

5.2.1 The Finite-Element Method

For TM, waves, the total electric field E,(z,y) in region I (bounded by OI') can
be determined from the solution of the scalar wave equation in (5.1). To discretize
Eqn. (5.1), we multiply the equation by the testing function W,,(x, y), where m is the

index of the testing function, and integrate it over region I. Using vector identities
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and Gauss theorem, we obtain a weak-form equation as

//F &1 (2, y) EL (7, y) — &o(w,y) - VEL(z,y)] dzdy

(5.8)
OF. (z,
+ ¢ &l y)#ds = // §a(z, y)dady
ar n r
where 7 is the outward unit normal vector on the boundary OT' and

gl(xvy) = k’gEr(ﬁ,y)Wm((L’,y) (59)

&(z,y) = p (2, y) VWi (2, y) (5.10)

&(x,y) = Wz, y)p, (2, y) (5.11)

Ealz,y) = =W, ) fa (5.12)

To solve Eqn. (5.8) using the FEM scheme, region I is discretized into triangular
elements and linear pyramid basis function P,(x,y) is used to expand the electric
field E,(x,y) in the interior region I and triangular basis function 7}, (x,y) is used to

expand the boundary value 88% on OI' (with nodal points collocated with the nodal

points of the pyramid basis function on the boundary), as following equations

N; N;+Np
E.(z,y) =Y e, Puzy)+ Y e P,y (5.13)
Ny
OF,
o= Z hp, To(s) (5.14)

where N; and N, are the numbers of nodes in region I and on the boundary 9T,
respectively, and s is the arc length on the boundary, e® and h?, are equal to ¢, and
tn, respectively, given in Eq. (4.31).
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Using pyramid testing functions
Wiy (z,y) = Pn(z,y), m=1,---  N;+ N, (5.15)

and substituting Eqns. (5.13) and (5.14) into Eqn. (5.8), the following linear equations

m [ €. @ [ €. » [ S
Z (@)+Z (@>+Z b = (o) (5.16)

are obtained

where

Zian = [[v k2er(x,9) Pl y) Po(, y)dzdy (5.17)
73 = — ([ 1M, y)V P2, y) - VP, (2, y)dady (5.18)
T = 11 Jop Pn(2, ) T, y)ds (5.19)

— [f P(, y) faddy (5.20)

with m = 1,2,--- , N, + N; for Zé%%, 782 and Zﬁ%, m=1,2,---,N; for S,,, n =
1,2, Ny + N, for Z8, 73 andn =1,2,--- , N, for Z8).
With the properties of Zr(,b)l, Z,(T%% and Z,(,?%, Eqn. (5.16) can be further written as
Z'el + Xleb =8 (5.21)
Xpe! + Z%? + Kht =0 (5.22)
where Zi,, = Zw + Zi (myn = 1,2,--- | N,), Zb,, = N tmNetn T 2N gm Nt
(m.n=1,2, ..., Ny), and Xomun = ZY syt 2 imn (M = 1,2, Nyyn =1,2,--+ | N;)
are parts of the summation of 78 and Z,(,%,)L; K, = z83) (m,n=1,2,---,N,), and

X' is the transpose of Xj.
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There are more unknowns than the number of equations in (5.21) and (5.22), and
additional conditions are provided by the radiation boundary condition which is the

spectral integral method to obtain a unique solution of the system.

5.2.2 SIM as an RBC and Spectral Interpolation

In order to use the SIM as a radiation boundary condition in (4.36) for the FEM, we

need to utilize this RBC to relate the electric field and its normal derivative. Since

e’ and h? are Fourier coefficients of electric field and its normal derivative on the

boundary, the pyramid basis expansion coefficients €?,, and h?  can be obtained by

e’ and izfn, which are obtained from Eq. (4.36), through trigonometric interpolation,

1 Ns/2—-1
= Y g (5.23)
snszs/Z
1 Ns/2—-1
.
[ . > O opy (5.24)
n=—Ng/2

where {6’} are the positions of the FEM nodal points on the boundary in term of

parameter 6, and 6, is the first discretization point for the SIM.

Substituting Eqns. (5.23) and (5.24) into (5.21) and (5.22), we obtain
Zel + X/ T, & =S (5.25)
Xyel + Z2°T.8% + KT,h = 0 (5.26)

where T, is the trigonometric interpolation matrix with

1 .
Trornm = Feﬂ”@i-el) (5.27)
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andm=1,2,--- . Nyyn=1,2,---, N,.

Combining Eqns. (5.25) and (5.26) with (4.36), one can solve the linear equations
for & . hb and e’ , thus obtaining the electric field in region I. Using the inverse FFT,
electric field E, and its normal derivative VE, - n are obtained on the boundary oI.
Because of high accuracy of SIM and trigonometric interpolation operations, even a
small number of discretization point of about five points per wavelength (5 PPWs) can
give an accuracy better than 1%. On the other hand, the FEM used for the interior
region has a second-order accuracy; thus, the overall accuracy of the hybrid FEM /SIM
will depend on the accuracy of the FEM part. In fact, in all the calculations, we choose
N, much smaller than N, to accomplish SIM and trigonometric interpolation with
the same accuracy as the FEM. The system in Eqns. (5.25), (5.26) and (4.36) is over-
determined because we have N;+ N,+ N, equations and N; 42N, unknowns, therefore
an iterative solver would be preferred to solve this system. Alternatively, multiplying

Eqn. (5.26) by T'F, the conjugate transpose of the trigonometric interpolation matrix
T, the system matrix becomes square and thus a direct solver can also be used.

The advantage of the hybrid FEM/SIM method is the highly accurate radiation
boundary condition with very few discretization points on the boundary. Indeed,
the number of unknowns in the original FEM is N; 4+ 2N, points (N; + N,) points
for the electric field, and N, points for the normal derivative of the electric field on
the boundary), the FEM/SIM hybrid method has N; + 2Ny unknowns, where the
ratio of N,/Ng > 2 as the sampling density in FEM and SIM is approximately 10 (or
more) and 5 points per wavelength for roughly 1% accuracy. Therefore, the number
of unknowns in the FEM/SIM hybrid method is actually smaller than the FEM with
a Neumann boundary condition. In the next section, we will show the numerical
results of the hybrid FEM/SIM method.
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5.3 Numerical Results

For all the examples presented here, the scatterer is excited with TM, plane wave

incident normally to the interface (§¢ = 90°).

5.3.1 A Circular Cylinder/Circular Boundary

First, a circular PEC object with radius of 0.5 m is centered on the interface of a
2-layer medium. The top layer is air (6,2 = p,.0 = 1) and the bottom layer is soil
(6,1 =4, pty1 = 1). The frequency is 300 MHz and the radiation boundary is a circle
with radius of 0.6 m. To apply the FEM in the interior region, the dielectric object
is discretized into triangular elements using NETGEN (NETGEN/NGSolve V4.4,
Developed at Johannes Kepler University Linz, Austria). The number of triangular
elements is 2102, and the number of FEM nodes is 1257. Fig. 5.3 shows the scattered

field along the radiation boundary obtained with two different ways. First, SIM (30

OFE.(0")
on’

PPW) is used to solve the problem for on the surface of scatterer and then
scattered field is calculated by using SIE. Second, SIM (30 PPW) is used as an RBC
on the radiation boundary, and FEM is used for the interior region as explained. An
excellent agreement has been observed between these results. In the same figure, the

result which is obtained by using 5 PPW only is also depicted, which has very good
agreement with others.

The convergence of FEM/SIM method is analyzed in two different ways. First,
shown as Fig. 5.4 (a), the number of SIM points on the radiation boundary is changed
for the fixed the frequency and sampling density for the interior region. Clearly, 5
PPW guarantees 1% accuracy. Second, the frequency of the problem is changed for
the same mesh, the number of the SIM points is 36 (4.77 PPW for f = 300 MHz).
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Figure 5.3: The scattered field along the radiation boundary for a circular PEC
object in a 2-layer medium.

Fig. 5.4 (b) shows the convergence of error with decreasing frequency.
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Figure 5.4: The convergence of error for Example A (a) with the number of dis-
cretization points along the radiation boundary (b) with decreasing frequency.
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Note that, the number of boundary nodes in the FEM is 224, which is 6.2 times
the number of SIM boundary nodes. Therefore, in the FEM /SIM method, the total
number of unknowns is N; + 2N, = 1105; in contrast, for an FEM with a Neumann
boundary condition, the number of unknowns would have been N; + N, = 1257, still
greater than the number of unknowns in the FEM /SIM method. To further reduce
the number of unknowns in the FEM/SIM method, ideally, in the future one can
combine the SIM with higher-order FEM to further improve the efficiency of the

overall scheme.

5.3.2 A Rectangular Cylinder/Elliptical Boundary

Second, the circular PEC object presented in the previous example, is replaced with
a rectangular PEC object (12.5 cm x 5 c¢m). In this case, an elliptical radiation
boundary is used with radii of 0.2 m and 0.1 m. The number of triangular elements is
2670, and the number of FEM nodes is 1525. Fig. 5.5 shows the scattered field along
the radiation boundary obtained with FEM/SIM method, and SIM itself. Again,
an excellent agreement has been observed. In the same figure, the result which is
obtained by using 5 PPW is also shown, which agrees well with others, the error is

less than 1%, using SIM solution as a reference.

5.3.3 Circular Scatterer with Coating

In the first two examples, it is shown that FEM/SIM method works well for ho-
mogeneous objects. In this example, the scatterer, shown as Fig. 5.6 (a), is an
inhomogeneous scatterer. The frequency is 300 MHz; 7p0ung = 0.6 m, 7eper = 0.55 m,
Tpee = 0.5 m; €51 = 4, €72 = 1. The number of triangular elements is 2462, and the
number of FEM nodes is 1437. In this example we used 4 different sets of (€,¢1,€c2)
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Figure 5.5: The scattered field along the radiation boundary for a rectangular PEC
object in a 2-layer medium.

(b)

Figure 5.6: Inhomogeneous scatterers: (a) a circular (b) a rectangular PEC cylinder
surrounded with coating in a 2-layered medium.

values, which are given in Table I. Note that, case (d) is the same as Ezample A.
Figures 5.7 shows the magnitude and phase of the scattered fields for the four differ-

ent cases, respectively. The transformation from (a) through (d) depicts the affect of
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Table 5.1: Circular Coating Models
(@) [ () | (c) [ (d)

€1 | 16 |9 4 | 4
€re2 | 16 | 9 4 11
coating, clearly.
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Figure 5.7: The magnitude and phase of the scattered fields along the radiation
boundary for a circular PEC object surrounded with coating in a 2-layer medium.

5.3.4 Rectangular Scatterer with Coating

Similar to Fxample C, in this example, a rectangular PEC object used in Ezample
B is coated with different materials, shown as Fig. 5.6 (b). Again f = 300 MHz,
Thound = (20, 10) cm for the elliptical outer boundary, wpe. = 12.5 cm, hye. = 5.0 cm;
w, = 1.0 cm, wy, = 1.5 cm; €3 = 4, and €,;2 = 1. The center of the object is on the
interface. The number of triangular elements is 3376, and the number of FEM nodes
is 1878. 4 different sets of (€, c1,6,¢2,01,02) values are used, which are given in Table

II. Note that, case (d) is the same as Ezample B. Figures 5.8 shows the magnitude
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Table 5.2: Rectangular Coating Models

(&) | (b) | () | (d)
et 64 |9 | 4] 4
€Er,c2 64 |9 4 1
o1 (S/m) |8 |3 | 2] 0
os (S/m) |8 [3 | 2] 0

and phase of the scattered fields for the four different cases, respectively.
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Figure 5.8: The magnitude and phase of the scattered fields along the radiation
boundary for a coated rectangular PEC object in a 2-layer medium.

5.3.5 A Complex Scatterer

In the last example, a scatterer, which is similar to a MOSFET, shown as Fig. 5.9, is
analyzed. The problem is assumed as a 3-layer medium: air, silicon, and PEC (like the
ground of a MOSFET). The frequency of the incident field is 300 THz. The relative
permittivity of silicon and oxide are 11.7 and 3.9, respectively. The conductivity of p-
Si and n-Si are 0 and 2 S/m, respectively. The dimensions are depicted in Fig. 5.9. An

elliptical boundary with radii of (2.0,1.0) pum is used as a radiation boundary which
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has a circumference of 27.4\g;. This example is approximately 10 times bigger than
the previous ones, so the number of triangular elements and nodes are approximately
10 times bigger: 57678 triangular elements, and 30507 FEM nodes.

y (Lm)
Air [ L

1.4 1.8 2,0
I e e e e

/X (Wm)
y
o

Figure 5.9: A MOSFET like scatterer.

Fig. 5.10 shows the scattered field along the radiation boundary by using 4.67
PPW (128 points) and 37.35 PPW (1024 points). A very good agreement has been
observed between these two results. Note that the number of boundary nodes in the
FEM is 2168, 16.9 times bigger than 128, which indicates the efficiency of this hybrid
FEM/SIM method clearly.

5.4 Conclusion

In this chapter, we extend SIM to the problems having a scatterer residing in several
layers of a multilayer medium. Based on this improvement, we use the SIM as a novel
radiation boundary condition, to truncate the computational domain of the finite-
element method. This radiation boundary condition is easy to implement comparing
to PML and other traditional RBCs. It needs less extra memory and reduces compu-

tational complexity compared to using the method of moments (MOM). Moreover,
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Figure 5.10: The scattered field along the radiation boundary for a MOSFET like
scatterer.

once we calculate the layered media Green’s function for RBC, we can use it for several
times, for any kind of object inside the artificial boundary. This hybrid FEM /SIM
method is suitable for objects with arbitrary boundaries and structures. Numerical
results show an overall 2nd-order convergence because of using linear basis and test-
ing functions for the FEM part. The number of points on the radiation boundary is
only around 5 points per wavelength, thus giving substantial saving in memory and
CPU time requirements. Applications are also demonstrated for inhomogeneous and

composite structures.
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Chapter 6

3D Surface Integral Equation and its
Method of Moments Solution for Layered
Media

Method of Moments (MoM) is a very well known technique to solve linear complex
problems and it has been successfully implemented in different areas of science for
decades. From the very general point of view, MoM can be viewed as a translation
of an integral equation problem to a system of simultaneous linear equations by
defining the unknown quantities in terms of a set of basis functions and testing the
integral equation. In this direction, the spectral integral method, which is presented
in Chapter 3, can be thought as a very high order MoM. Even though, this method
is quite old, it is still very popular and widely used in electromagnetics. The main
reason of this popularity comes from MoM’s applicability to unbounded geometries.
In other words, it does not require discretizing the exterior and/or inner domains;
only the boundary of a homogeneous scatterer needs to be discretized. However, this
approach is only valid for homogeneous case and the impedance matrix, which needs
to be inverted to obtain the solution, is a dense matrix.

In the last decade, many researchers have been focused on the modeling of mi-
crostrip antennas and printed circuits. They try to analyze integrated circuit designs
from the electromagnetic point of view. Many of them used the layered medium
Green’s functions and MoM, mostly only for metallic patches and wires embedded

in a layered medium. When we assume that the printed circuit elements are all
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perfectly electrical conductors (PEC), this approach is valid and effective. In some
other applications, scattering from dielectric materials is of interest. However, as
it is explained in the following chapter, our primary target is the development of a
3D hybrid finite element /boundary element method which can handle inhomogeneity
in a layered medium. In order to achieve this goal, we need a 3D surface integral
equation (SIE) solver for layered media. Even though we are only interested in the
exterior part of the surface integral equation formulation for the hybrid method, it is
helpful to have an SIE solver for layered media, hence we can check the accuracy of
the formulation and implementation and later we can compare our hybrid method’s
results with the SIE solver’s solution for homogeneous scatterers.

In this chapter, first, the surface equivalence principle is presented. Based on this
principle, the surface integral equations for both homogeneous and multilayered back-
ground are given. Then, some implementation details, such as singularity treatment,
meshing, and interpolation, are discussed. Finally, the validity of the implementation
is supported with numerical examples.

The presented Method of Moment solution of the surface integral equation is valid
for both 3D dielectric and PEC materials embedded in homogeneous space or in a
layered medium. In terms of the formulation and the used basis functions, different
than previous chapters, there is nothing new in this chapter. All the formulas and
other details can be found in the referenced sources. The materials are presented

here as a background of the next chapter.
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6.1 Surface Equivalence Principle

According to the Uniqueness Theorem, a field in a lossy region is uniquely specified
by the sources within the region plus the tangential components of the electric or
magnetic field or the combination of them over the boundary by sharing different
parts of the total boundary. In other words, if the tangential electric and magnetic
fields are completely known over a closed surface, the fields can be determined in
the source-free region. In this direction, one can choose the equivalent sources which
makes fields inside (outside) the closed surface vanish and fields outside (inside) equal

to the total fields produced by the actual sources.

Impressed /| E._ H,, . (fictitious)
Sources " closed surface S
\ % / containing all

J/Y / inhomogeneities
M \

Figure 6.1: Description of Huygen’s surface equivalence theorem. A fictitious closed
surface S, containing all the inhomogeneities, divide the problem domain into two:
exterior and interior.

IR -=7 8ext uext

The primary task is to replace the original problem in Fig. 6.1 with an equivalent
that yields the same fields E.,; and H,,; exterior to the scatterer (equivalent exterior
problem). Since interior fields are of no interest for the equivalent exterior problem, an
obvious (but not the only possible) choice is to set them to zero (i.e., E;=H;,;=0
inside the surface S). For vanishing interior fields, the material properties can be
selected arbitrarily, but the fields must satisfy the boundary conditions. Thus on the
imaginary surface there must exist the equivalent surface current densities, Jé**¢
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and M€ such that
Jertet — f x Hepy = D x HY = fi x H, (x € ST) (6.1a)
M = —fi X Egpy = —h x ET = —A X E, (x e S (6.1b)
where n is the unit normal to the surface S. The equivalent exterior problem defined

this way is illustrated in Fig. 6.2. (It should be emphasized again that the equivalent

problem is not unique since the interior fields and material properties could be selected

arbitrarily).
Impressed
Sources E.. He
J/‘\ / eext p’ext
A exteqv A
M Nn J. =nxH,
Eim:O N BN
H,, =0 R . equivalent surface
/current sources
(ﬁCtitiOUS) \\\\ eext Hext B 2 Mexl,eqv_ _/\ E
closed surface S “v---—---- s =-nxE,.,

Figure 6.2: Equivalent exterior problem of Fig. 6.1. The interior fields are of no
interest, E;,; and H;,; are set to zero inside the surface S.

The combination of the original (impressed) sources and the equivalent sources
produces the exterior fields, E = E.,; and H = H,,;, which are identical to those of
the original problem in Fig. 6.1. The equivalent sources completely account for the
effects of the scatterer (i.e., the effects due to the inhomogeneities with respect to the
background). Therefore, the fields produced by the equivalent sources are denoted as
scattered fields. The interior fields are not identical to those of the original problem;
in fact, null fields are produced throughout the interior by the combination of original

and equivalent sources. This result is sometimes called extinction theorem since the
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equivalent sources produce fields E;,; and H,;,; compensating for the interior fields
due to the impressed sources.
Similarly, for interior equivalent problem, one can set the exterior fields to zero,

and can define the equivalent surface current densities as follow

Jitet — () x Hypy = — x H™ = —i x H, (x€57), (6.2a)
M — () x By —AXxE- —AxE, (x€S5) (6.2b)
Note that Jetetw = —Jnteqv and Meeav = —M7e2? These equivalent electric

and magnetic surface currents are the unknowns to be determined by using surface

integral equations.

6.2 3D Surface Integral Equation: Free Space

Assume that there is an arbitrarily shaped homogeneous object with the surface
S, electrical permittivity e;, and permeability s in a homogeneous background de-
scribed with €; and iy, depicted as Fig. 6.3. Assume that the object is illuminated
with the incident electric and magnetic fields, E”¢ and H™* respectively, which create

the induced electric and magnetic surface currents, J, and Mj.

Einc H inc )

% € My

Homogeneous
Scatterer

€ My

Figure 6.3: Arbitrarily shaped homogeneous dielectric object in homogeneous back-
ground.
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When we use the continuity of the tangential component of the electric field along
the boundary S and J, = Jé*heqv = —Jinteav and M, = M@heqv = — M€ we ob-
tain a set of integral equations for the unknown electric and magnetic currents, which
is known as PMCHW formulation derived by Poggio, Miller, Chang, Harrington, and
Wu [93, 94, 95], as follows

i x B (r) =i x {jw [Ai(r) + Aa(r)] + [VP1(r) + VDy(r)]

(6.3)
+ V x [Fi(r)/e; + Fao(r)/es]} on S,

A x H™(r) =h x {jw [F1(r) + Fa(r)] + [VU;(r) + VUs(r)] 6.4

~V x [A(r) /s + As(r)/ps]} on S. ‘

where

A= /S I()Gi(r,x)dS, (6.5)
F,(r) = 4% /S M(r')Gi(r, r')dS’, (6.6)
Bi(r) = — 47;% /S V' 3()Gi(r, 1), (6.7)
Us(r) = _47Tj1wm /SV; -M(r")Gi(r,v")dS, (6.8)

and free space Green’s function for both homogeneous background (i = 1) and ho-

mogeneous object (i = 2)

efjkl’b ‘rfrl‘

Gy(r) = (6.9)

r—r|

Note that PMCHW formulation uses the superposition principle as well, given by

Etot _ Einc + Escat ’ Htot — Hinc + Hscat. (610)
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In order to solve (6.3) and (6.4) numerically, the Method of Moments (MoM)
is used which is also known in other fields as the method of projections or method
of weighted residuals [96]. In this method, first, the unknown surface currents, J,
and M, are expanded in terms of the basis functions f,(r) on S, the surface of the

homogeneous scatterer, as follows,

NS Ns
J.() =) L),  M()=n Y Mf,), reSs (6.11)
n=1 n=1

where N is the total number of edges on S, 7y is characteristic impedance in free
space. For Galerkin type MoM, the testing functions are chosen the same as the
basis functions and we test (6.3) with f,, and (6.4) with nof,,, we obtain a 2Ny x 2Nj

matrix equation given by

Z1=V, (6.12)
where
Z, ol I, Vi
v, = / £(r) - EP(0)dr, W= | £a(r)-meH"(x)dr.  (6.14)
Tm Tm

ZM = jw / £,.(r) - [Ayn + Aoy dr — / Vo () [@1mn + Popn] dr (6.15)
Tm T,

m

YTI%M :]("”73/ fm(r)' { 12 + 22 } dr _773 Vs - fm(r> [ 12 + 22 } dr
- m U T m 2
(6.16)
A mn A‘ mn

CIM — no/ f.(r) -V x { L } dr = —DM/ (6.17)

- M1 M2
Ain = L fn(r/)Gi(rﬂ% I‘/)dS/, i=1,2 (618)

dm [
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1
P, = _ i NaYe? NS’ ;
imn 47'er&)€7; /Tn Vs n(r )Gz(rm, r ) (6 9)

where T, and T,, are the supports of testing and basis functions, respectively.

The singularity of the above integrals is one of the most important part of the
whole procedure. For the singularity existing in (6.15), (6.16), (6.18), and (6.19), the
Duffy Transformation is used, as explained in the following section. However, before
giving some details about Duffy Transformation, it should be noted that for (6.17),

we can use the “Principal Value” integration as follows

V X Apn =V x 22 [ £, ()G (r, 1) dS

47 T
(6.20)
L SN f, +V x / £,(r')G1(rp, 1')dS’
47T 2 PVT, 7 7
VA =V 2 [ 6 0)Gulr a8
i
(6.21)
1
— & e X fn _l_ V X / fn(r/)GQ(rmar/)dS/ )
A7 | 2 PV,T,
A A 1
Vo | By Bl o [ 600Gy nr)iS
i 142 4m PVT,
(6.22)

+ V x / fn(r’)GQ(rm,r’)dS’} :
PVT,

6.3 3D Surface Integral Equation: Layered Media

The definition of the planarly layered medium is given in Chapter 2. Assume that an
object embedded in a planar stratified medium is illuminated by primary (impressed)
sources located outside the scatterer in the top layer of a stratified medium. It is

known that the scatterer can be replaced by (equivalent) induced sources radiating
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into a predefined background medium (e.g., the planar stratified medium of interest
here). Consider splitting the fields into two parts, one associated with the primary
sources and another due to the equivalent surface current sources. The fields produced
by the primary sources in the absence of the scatterer (i.e., the fields produced in
the stratified medium for the scatterer not present) is denoted as the incident electric
and magnetic fields, E™¢ and H, respectively.

i d
impresse E

sources =E "+E
H= HlnC+H scat
/ z
IARAY
Zn 120 Layer N v ,S,N My <
Layer N-1 En-1 Mo
N-2
Zn

surface S

Layer n

contains all
inhomogeneities

Mn

oM

€ int “‘ int

Zn-

A —
Layer 1 €, W

Figure 6.4: General scattering problem for an object buried in a layered media.

For the equivalent exterior problem, the secondary induced sources also radiate
into the stratified background environment and produce the scattered fields E*“** and
H***, The superposition of incident and scattered fields

E(r) = E™(r) + E*(r) (6.23a)

H(r) = H"(r) + H*"(r) (6.23b)

yields the total fields in the presence of the scatterer. At this step of our work, we
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deal with homogeneous scatterers only, since in the following step, the surface integral

equation will be used as a radiation boundary condition.

6.3.1 Integral Equations for a PEC Scatterer in a Layered
Medium

Assume that the arbitrarily shaped PEC object resides in the ith layer of the multi-
layered medium. We know that the magnetic current cannot exist on the surface of

a PEC scatterer, M = (. Moreover, for r € S,
Jertet? (p) = (=) X Hep(r), (6.24)
i x E"(r) = —h x E**(r). (6.25)

The relationship between the magnetic vector potential and electric current density

can be written as

A(r) = /S GA(rlr') - J(r')dS', (6.26)

where G4 is the dyadic Green’s function explained in Chapter 2. By using this

definition, Eq. (6.25) can be written as

i x E™(r) = i X jw Z“/ (T + g) CGAe|r) - J()dS, re S, (6.27)
Si i

This equation is called the vector-potential Electric-Field Integral Equation.
By using the corresponding scalar potential the Mixed-Potential EFIE can be
written as
Box B (r) = x [0 Y / RA(r!) - J,(')dS’
o (6.28)

—Z v / K®(r|r')V., - J(r')dS'|, r € S.
i Si

JWE;
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impressed _pine
sources k= Einc+E scat
H=H +H
z
i\ m
Zn 120 Layer N v iN My «
Layer N-1 En-1Mn
N-2 .
Z,
Layer n //"/surfaceS .
! E=H=0 ;
h AN in scal
; //Js:nX(Ht+H )
Zy - sn “’n
Z, i
Layer 1 51 TR

Figure 6.5: Equivalent exterior problem for a PEC object.

Note that the definitions of K4 and K? are presented in Chapter 2.
Similarly, the magnetic field integral equation can be derived from the boundary

conditions as follows

N x H™(r) =J4(r') — i x H*"(r)
(6.29)

_J.(r) — h x /GA(ryr') LI)dS r € ST
S

On the other hand, since i x E™¢ gives the tangential component of the field on

the surface, one can write the following equation by using an arbitrary unit vector €
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tangential to the surface

E . Einc(r) — _E . Escat(r) _ E ]U)(T—F VV) DA

K® (x|t )V, - J(r))dS'|,r € S.

(6.30)

The given EFIE and MFIE equations are derived from the boundary conditions for
Maxwell’s equations. Note that the MFIE cannot be used for open surfaces and
both EFIE and MFIE have interior resonance problem, which means the solution is
not unique at certain frequencies corresponding to the resonant frequencies of the
cavity inside the PEC scatterer surface. There are several techniques to overcome
this problem, and one of them is the combined field integral equation (CFIE), which

is given by

t- {aEi"c—Fni(l —a)h X Hinc} =t- { — aE*" + (1 — «) [Js —hx H"™(r € Sﬂ] },
(6.31)

where 0 < o < 1.

6.3.2 Integral Equations for Homogeneous Penetrable Scat-

terer in a Layered Medium

In order to simplify the problem, first let us define new operators for the equivalent
exterior problem which is depicted in Fig. 6.6.

| S UV s
L3} = / (T+57) G elr) - 340

(6.32)
= —jwh; / KA(x|r') - J5(r')dS’ + l / K*(r[t" )V, - Jo(r))dS’
s JWE Js
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impressed

sources E=E +E
, H= HlnL+H scat
i m
Zx=0 Layer N v fN [ §
Layer N-1 En-1Mn
N-2
ZIl
Layer n surfaceS \M =—nX(E'"‘ £
' E=H=0 ;
i % nx (H™+ H™)
Zs €, HUn
Z,
Layer 1 gl W,

Figure 6.6: The equivalent exterior problem for a homogeneous penetrable object.
The interior fields are of no interest, E;,; and H,,; are set to zero inside the surface

S

LomeT} = VX/GA (r]r) - (’)dS’:/SVXGA(r|r’)-JS(r’)dS’ (6.33)

L AM,} = -V x / G (rlr') - Ms(r')dS" = /V x GA(r|r) - Mg(r')dS’ (6.34)
S
VV\ =
E?}SM{MS} = —jwez/ (I + ?> GF(I‘|[”) . Ms(r’)dS/
= —JMZ/KF rlr’) - M (r')dS" + /K‘I’m r|r') V., - M (r')dS’
JWki

(6.35)

where operator Lpg will be used to calculate P type field (P is either E or M) due to
Q type current source (Q is either J or M). The operators for the equivalent interior

problem depicted in Fig. 6.7 are
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E=H=0 € 1

surfaceS h e g
A e 1L \M =-nx(E )

:‘ E= Emc Escat / t
C H=H"+H I =nx(H"+H™

Figure 6.7: The equivalent interior problem for a homogeneous penetrable object.
The exterior fields are of no interest, E.,; and H.,; are set to zero outside the surface

S.

B33 = g | (T+ 350 )aei) - 3.7)as
Z (6.36)

— o / otV 3, () dS — / G(xlt)V, - 3,(')dS’
S S

JWE;
LT} =V x / g(x )T (') S’ = — / Vo(rlt) x J.(r)dS'  (6.37)
S S

mtA{-M,} =V x /Sh(r|r’)Ms(r’)dS’ = /SVg(r]r’) X Mg(r')dS’ (6.38)

Lo A-M,} = jwei/ <_ Vk?v>g(r]r') - Mg (r")dS'
i Z (6.39)

= jwe, / g(e [ ML(r')dS' — — / ()Y - ML ()dS'
s JWi Js

By using these operators, for penetrable scatterers the EFIE can be written as

1 X E™(r) |ocs= — My (r) |ecs —fi X [ wt (3} + £ M, }} N (6.40)

0 = M,(r) |res +h X [ it JY 4 Lt (M }} . (6.41)

Similarly, the MFIE can be written as

B HP(r) [res= Ju(r) fees ¢ | L55{0) + Liih (ML} (6.42)
+
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0= —J(r) Jpes +0 % |[LOE1-T ) + L‘%{—MS}} . (6.43)
resS_

In this case, the CFIE can be written as follow

£ B7(r) [res= — 8¢ | CEHILY + Lo MY
_ (6.44)
o LY+ L M|
fi x H (1) |yes= — fi X ,c;; (3} + £t M, }} .
(6.45)
eart {J }+£emt {M }] "

6.4 Some Implementation Issues

6.4.1 Duffy Transformation

As mentioned before, we have some integrals consisting of Green’s functions and

current elements. For example, the vector magnetic potential is given by
= / GA(r|r').J(r")dS". (6.46)
s

However, G4 brings the singularity problem at (r = (r’. To understand the situation,
let us focus on the following example on the 2y plane.
Assume that we want to calculate the vector magnetic potential at the origin as

follows

(6.47)

h(0,0,0) /\/m //\/mddx

Clearly, the denumerator has the singularity at (0,0). To overcome this problem,
Duffy transformation [89] can be used. First, we need to divide the square into two
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(b)

Figure 6.8: Duffy Transform example: singularity exists at the corner of a rectan-
gular integration area.

triangles.

dxdy (6.48)

h(0,0,0) //\/malydac—ir//\/m

For the first term, let us change y element with y = ux (dy = xdu), and for the

second term change x element with x = vy (dx = ydv)
f(z,ux) f(vy,y)
h(0,0,0) / / ——————dudx + / /
\/m \/17+v

(@, uz) VY, Yy)
——Ldudx +// —————dvdy.
/ / V14 u? V14 v?

Clearly, there is no more singularity problem.

(6.49)

6.4.2 Basis Functions and Numerical Integration

In this work, the surfaces of objects are modeled using planar triangular or rectan-
gular patches and the RWG (Rao, Wilton, Glisson) basis functions [97] are used to
approximate the surface currents.

Fig. 6.9 (a) shows two adjacent triangle patches forming one RWG basis, triangle
T and triangle T, correspond to nth edge of a triangulated surface. The vector
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(a) (b)
Figure 6.9: (a) Triangle pair and geometrical parameters. (b) Rectangle pair and
geometrical parameters.

basis function associated with the nth edge is given by

ln
py, reT/S

24}
fo(r) =4 s2=p,, rel; (6.50)
0 otherwise,

where [,, is the length of the edge and AF is the area of the triangle T, p is the
position vector with respect to the free vertex of TX. This set of basis functions is
widely used by researchers in various fields of science. When we have a uniformly
rectangulated planar surface, these RWG basis functions look like rooftops and this
is why sometimes they are called rooftop basis functions.

There are several advantages of working with RWG basis functions; one of them
is that the surface divergence of f,, is proportional to the surface charge density

associated with the basis element as follows,

i’;, reTf
V, f,(r)={ —l= reT; (6.51)

S

A
0 otherwise,
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which means that the charge density is constant in each triangle pair, and the total
charge is zero.

For the numerical integration, the Gaussian quadrature rule is followed as ex-
plained next. It is very well known that a quadrature rule is an approximation of the
definite integral of a function, usually stated as a weighted sum of function values at
specified points within the domain of integration. For example, assume that we want

to integrate the function f over a rectangle (x € [—1,1],y € [—1,1])

/11 /11 F(r,s)dr ds = Zzn;f(ri, s:) W (6.52)

We can approximate the exact integral by a weighted sum of function values at
specified points as it is given in the right hand side of (6.52). The higher is the
number of specified points n, the higher is the accuracy.

The following tables [70, 71] provide Gaussian quadrature points and weights on

a triangle and a quadrilateral, respectively.

6.4.3 Meshing

In order to discretize the surface of a scatterer into triangular elements, NETGEN
(NETGEN/NGSolve V4.4, developed at Johannes Kepler University Linz, Austria),
which can be obtained for free for academic purposes, can be used. However, one
of our future targets is the implementation of the fast Fourier transform algorithm
which requires a uniformly rectangulated mesh. Due to this reason, a simple mesh
generator code is written in Fortran 77. Fig. 6.10 shows a simple example of this

mesh generator code.
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Table 6.1: Gaussian quadrature on a triangle.

W;

G

Cas 3

1.000000000000000

0.333333333333333

0.333333333333333
0.333333333333333

0.333333333333333

0.666666666666667

0.166666666666667
0.166666666666667

-0.562500000000000

0.520833333333333

0.333333333333333

0.600000000000000

0.333333333333333
0.333333333333333
0.200000000000000
0.200000000000000

0.109951743655322

0.223381589678011

0.816847572980459

0.108103018168070

0.091576213509771
0.091576213509771
0.445948490915965
0.445948490915965

0.225000000000000

0.125939180544827

0.132394152788506

0.333333333333333

0.797426985353087

0.059715871789770

0.333333333333333
0.333333333333333
0.101286507323456
0.101286507323456
0.470142064105115
0.470142064105115

12

0.050844906370207

0.116786275726379

0.082851075618374

0.873821971016996

0.501426509658179

0.636502499121399

0.063089014491502
0.063089014491502
0.249286745170910
0.249286745170910
0.310352451033785
0.053145049844816

6.4.4 Interpolation for Layered Medium Implementation

Assume that we have a simple cuboid surface with N, elements along the x-direction,

N, elements along the y-direction, and NN, elements along the z-direction. The total

number of rectangular elements, N4, can be given as

If we use the first order rooftop basis functions, we need to calculate N, x

Nyey = 2(N,N, + N,N. + N.N,) .
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Table 6.2: Gaussian quadrature on a quadrilateral for n = 1,4, 9.

nl1 T S; W;
11 0 0 4
401 -1/v3 | =1/V/3 | 1
2| +1/V3 | -1/vV3 | 1
31 -1/V3 | +1/v3 | 1
40 +1/V3 | +1/V3 | 1
91| —+/3/5| —/3/5]|25/81
2 0 —/3/5 | 40/81
3| +/3/5 | —/3/5 | 25/81
4| —/3/5 | —/3/5 | 40/81
5 0 0 64/81
6 | ++/3/5 0 40/81
71 —/3/5| +/3/5 | 25/81
8 0 +1/3/5 | 40/81
9| +/3/5 | +/3/5 | 25/81

Nyeq sets of Green’s functions for the impedance matrix. However, if we use the

interpolation [49, 50], this number can be reduced dramatically. A uniformly meshed

surface makes the interpolation technique very useful. The Sommerfeld integral sets

can be precalculated for the required (z|z") couples for a fixed range of p. Assume

that we take IV, samples along the p direction, the Green’s function sets is only

Nintpol = (Nz + 2)2 X tho-

if N, =N, =N, =10— Regular Approach

Interpolation Ratio

Number of GF Sets

90000

(= 300%)

2160 (= 122 x 15) 42

Note that for the selection of NV,, we follow the rule of “having at least 10 points per

wavelength sampling density”.
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Figure 6.10: (a) 8 x 8 x 8 squares are used to mesh the surface of a cube. (b) When
we divide each square into two pieces, we obtain a simple uniform triangular surface
mesh.

Figure 6.11: A uniformly meshed surface makes the interpolation technique very
useful. The Sommerfeld integral sets can be precalculated for the required (z|z)
couples for a fixed range of p.

6.4.5 Required Green’s Function Sets

As it is mentioned before, we can write the integral equations to link the electric and
magnetic fields to electric and magnetic currents by using the Green’s functions as

1

E(r) T

(VV - +E)(G (v, r"); I(x)) + V x (G M(r,r"); M(r')), (6.53)
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H(r) = ﬁ(vv A ED(GM (e ") M) + V x (G (r,r'); J(r)). (6.54)

We can also define a new set dyadic Green’s functions. For example,

G*M(rr') =V x GM(r,r"), (6.55)
G"(r, )=V xG/(r,1r), (6.56)
_ - VV| =
G (r,r)) = —jwu [I + ?} -G7(r,1), (6.57)
GM(r r') = —jwe {ijtvk—QV] -GM(r,x"). (6.58)

where GP9(r,r’) is the Dyadic Green’s Function (DGF) relating P-type fields at r

due to Q-type currents at r’ [26]. Then, Eq.s (6.53) and (6.54) becomes
E(r) = (G ™/ (r,x); J(r)) + (G "M (r,x); M(r")), (6.59)
H(r) = (G ™/ (r,r"); J(x")) + (G " (r,r"); M(")) (6.60)

By using the TLGF’s defined in Chapter 3, the explicit forms of these 4 set of

dyadic layered medium Green’s functions can be written as follows

K2 ATMVI | k2 ATEVI  koky (ATMVI  ATEVI ke STMVV

k2 wes — mi
P
NEJ _ keky ( ATMVI ~TE VI k2 ATEVI | k2 XTM,VI ky ATM,VV
G™ = K2 <Gmi -G, ) 26 T 3G wes Umi
_ ke GTMII _ by ATMII k2 ATM,IV
WEm, — M Wep, — M w2egEm — Mi
(6.61)
koky [ ATM,IT ~TE T k2 NTE,IT k2 XTM,IIT ky ATM,IV
k2 <Gmi - Gmi ) k_gGmi + k_ZGmi wes M
~HJ _ k2 XTM,II k2 XTEII  kyky ( ATEII ~TM,IT ko ATMIV 2)
P s
ky, ATE\VI ky ATEVI
Wtm mi _w;m sz O
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kaky (ATMVV _ éTE,VV) ——gé MYV iéTE,vv _ ky GTEVI
ma

kl% wis — mi
(;EM — k2 ATEVV | k2 XTMVV TE vV XTMVV k., ~ATEVI
= 2z (3 + -2 ; G ; Lo (35
kp mi Whs mae
_ ky ATMIV kx ~TM,IV
WEm sz Wem Gmi 0
(6.63)
kK2 ATEIV k2 ATMIV  kgky éTM,IV . GTE,IV ke GTE II
E mi E mi k% mi mi T wps
~ ~ ~ 2 ~ k2 ~
GHM _ kzlgy GTM,IV . GZL?,IV k2 GTM,IV kg GTE,IV ky GTE,H
4 Whts mt
ke GTEVV ky ATEVV Kk CTEVI
WHm mi Whm mi wzﬂsﬂ'm mi
(6.64)

in the spectral domain. We can define several sets of dyadic layered medium Green’s
functions. In this work, we follow the Michalski’s Formulation-C. In this formulation,

some components can be simplified as follows,

_L_GrEvI 0 0
GrT S LGV 0 (6.65)
TE 11 ~NTM,IT ky TE AT ~NTM,IT ~TM, IV
jk% (G sz ) (G -G, ) ]UJ%Ssz
PG o :
GHM _ 0 =G 0 (6.66)
kg (GTM,VV CTE vv) _y(éTM,VV _ éTE,VV) _1_GTEVI

jk% mi mi Jwps mi

However, VV- operator has a hyper singular behavior which leads us to mixed po-

tential Green’s function formulation. We want to find such a scalar function GE‘]/ HM
which satisfies
V- (GEIHEM. XY — (' GEIM. Xy — (GEIM. g X)), (6.67)

If the scalar potential GF is continuous on the interfaces, the contour integrals on the

interfaces disappear. Because of this reason we define a Correction Term CEJ//HM
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[26] as follows,

V-G EHM — g/ GEIHM ¢ BI/HM (6.68)

This new term’s contribution can be seen from the following equation by defining two

new DGFs, K7 and K,

_ 1 _
E:—jwu0<GEJ;J)+jw€ V{(GE V- T) +(CP )+ (G EM M)
0
(6.69)
_ 1 _
= — jwe(K7;J) +jw6 V(G V' - J) + (GPM M)
0

_ 1 _
H = — jweg(G Y M) + —V {(Gg™, V' - M) + (C"M; M) } + (G H7; )

JWho
_ 1 _
= — jweg(KM, M) + —V(GEM V' - M) + (G 7, T)
JWho
(6.70)
where
_L_GrEVI 0 oC? |0z
K’ = 0 _L_Grove oC! |0y’
eGP G iy (GTHITZ G L GV L 904 o
(6.71)
~pJ _ JWEm , XTMVI  ATEVI
— L — ) . 2
GCP 471'2]62 (sz sz ) (6 7 )
jw]énL éz—‘njy,-{v 0 acéw/al.,
K" = 0 el A acM Joy’
~ ~ N]UJEWL ma _ ~ z
(G =GP (Gt =GP s G - ac o
(6.73)
GiM = I gy G (6.74)

N 4m2k3
From the above formulation we can conclude that the following type of Green’s func-
tions are required: (i) K7, (ii) GE’, (ii)) GPM, (iv) KM, (v) GIM (vi) G/,
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However, we do not need to write 6 different subroutines in our code to produce
these GF sets. Once we have the subroutines for K7, G, and G 77 we can obtain
the other components easily by using duality. In fact, in near field, GF pairs, e.g.
K’ and KM, show very similar behaviors. The difference occurs at the far field. For
example, Fig. 6.12 shows the magnitude of the 4 different components of K” and
K™ when z = 1.4 mm and 2’ = 0.4 mm (first row), and z = 2’ = 0.4 mm (second
row) and for the 6-layer medium given in Figure 3.4 in Chapter 3; whereas Fig. 6.13
shows the magnitude of the 4 different components of G ¥/ and G #M for the same
problem. Clearly, GF pair have very similar characteristics in the near field, but not

in the far field. In order to obtain the MoM solution of the surface integral equation

KoK, __K K?

Figure 6.12: The magnitude of the 4 different components of K7 and K when
z =14 mm and z' = 0.4 mm (first row), and z = 2’ = 0.4 mm (second row) and for
the 6-layer medium given in Figure 3.4 in Chapter 3.

for a layered medium, again we first expand the unknown currents in terms of the

basis functions f,(r) and b, (r), which both are vector basis functions defined on the
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Figure 6.13: The magnitude of the 4 different components of G M and G 7 when
z =14 mm and z/ = 0.4 mm (first row), and z = 2’ = 0.4 mm (second row) and for
the 6-layer medium given in Figure 3.4 in Chapter 3.

adjacent triangles or rectangles associated with nth edge, as

Jr)=> Lf,(r), and M(r)=) Pb,(r),

where N is the number of interior edges. When we apply the Galerkin type MoM,

with the same type of functions for the testing, we obtain

N
/fi-EdS:Zln{—jw,uo// f,- K’ - f,dS'dS
s —t sJs

+ ! / / V-fiGg"V’-fndS’dS} (6.75)
S !’

Jwég

N
~EM /
+an/g/lfi.c - b, dS'dS
n=1
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N
/bi-HdS:ZPn{—jweo// b; - K" . b,dS'dS
S =1 sJs

1
JWito

N
~HJ
+an[q//bi-c - £,dS’dS
n=1

/ V - b,GEMV' . bndS’dS} (6.76)
S JS!

6.5 Numerical Examples

In order to validate the accuracy of our MoM implementation, the stabilized biconju-
gate gradient-fast Fourier Transform (BCGS-FFT) is used which has been developed
by Dr. Liu’s current and former students and post-docs such as Dr. Xuemin Mil-
lard and Dr. Lin-Ping Song. Even though BCGS-FFT is a volume integral equation
solver, the usage of an iterative solver and the fast Fourier Transform algorithm make

it a very fast solver.

Even though the objective of the following numerical experiments is the control
of the accuracy of the developed MoM solver, the comparison of the surface ele-
ments, triangular or rectangular, is also of interest because of our future projects.
Basically, we compare three different solution sets obtained by using MoM with tri-
angular surface elements, MoM with rectangular surface elements, and BCGS-FFT.

The following table shows their abbreviations.

Table 6.3: Abbreviations
Abbreviation | Method

MoM-T Method of Moments by using a triangulated surface mesh.
MoM-R Method of Moments by using a rectangulated surface mesh.
BCGS-FFT | Stabilized biconjugate gradient-fast Fourier Transform.
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In order to verify our MoM results for a layered medium, we locate a dielectric

homogeneous cuboid in the top layer of a 3-layer background as shown in Fig. 6.14.

b
a € Ky
Zy
82 Mz
Z
2
g M3

Receivers e o o @ @ @ @ 0 0

@ Source (Xs,Ys »Z% )

Figure 6.14: A homogeneous cuboid in the top layer of a 3-layer medium. The
source and receivers are in the bottom layer.

Setup 1:

A point source is located at (2.1,2.1,3.675) m. The frequency of the problem is f = 25
MHz. There are 16 receivers located uniformly along the line (0.9 : 3.2,1.9, 3.425) m.
The dimensions of the cuboid are (a,b,c) = (1.6,1.6,1.15) m, and the electrical pa-
rameters are €, . = 16, 0. = 0.01 S/m. The center of the cuboid is at (2.05,2.05, 1.825)
m. The 3-layer background can be defined as €,;; = 1.44, €50 = 1.21, €3 = 1.0;
z1 = 2.75 m, 2o = 3.25 m. In order to compare our MoM results, the BCGS-FFT
solver is used where 32 x 32 x 23 voxels are used for the volumetric discretization. For
the rectangulated surface mesh (for MOM-R) 8 x 8 x 6 rectangular surface patches
are used. The MoM-T solver uses the triangle mesh modified from the rectangle mesh

in MoM-R.
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Fig. 6.15 shows three different set of results obtained by using MoM-R, MoM-T,
and BCGS-FFT. The left, middle, and right columns show the real, imaginary parts
and the magnitude of the £ (top row), E:*** (middle row), EZ** (bottom row)
components of the scattered field at the receiver points. There is a good agreement

between MoM and BCGS-FFT solutions.

Setup 2:

A point source is located at (2.1,2.1,3.675) m. The frequency of the problem is f = 10
MHz. There are 16 receivers located uniformly along the line (0.9 : 3.2,1.9,3.425) m.
The dimensions of the cuboid are (a,b,c) = (1.6,1.6,1.15) m, and the electrical pa-
rameters are €,. = 16, 0. = 0.01 S/m. The center of the cube is at (2.05,2.05,1.825)
m. The 3-layer background can be defined as €, ;1 = 4, €512 = 12, €53 = 1.0; 2 = 2.75
m, 2o = 3.25 m. In order to compare our MoM results, BCGS-FFT solver is used
where 32 x 32 x 23 voxels are used for the volumetric discretization. For the rectangu-
lated surface mesh (for MOM-R) 8 x 8 x 6 rectangular surface patches are used. The
MoM-T solver uses the triangle mesh modified from the rectangle mesh in MoM-R.

Fig. 6.16 shows three different sets of results obtained by using MoM-R, MoM-
T, and BCGS-FFT. The left, middle, and right columns show the real, imaginary
parts and the magnitude of the E* (top row), E:** (middle row), £ (bottom
row) components of the scattered field at the receiver points. Again, there is a good
agreement between MoM and BCGS-FFT solutions.

For both cases, the difference between MoM-R and MoM-T solutions is less than
1% which means that the written code is capable of using both rectangular and
triangular elements. Moreover, MoM-R and MoM-T solutions agree well with the
BCGS-FFT solution, the difference is around 5%. We made this experiment with
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and without interpolation. In terms of the accuracy, the difference between two
sets of solution is less than 1 %. However in terms of the CPU time, there is a
huge different between two solutions. For regular approach, the one without any
interpolation, requires 8022.3 seconds to solve the problem, whereas the one with
interpolation only takes 175 seconds (the preparation of Sommerfeld integral Tables
is 90.1 sec, the preparation of Impedance matrix: 84.3 sec).

Several other experiments have been done to check the accuracy of the method.
Since there are several different examples in the next chapter, we provide only two

examples here.
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—*— MOM-R — — — MOM-T —— BCGS-FFT
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Figure 6.15: Three different solution sets obtained by using MoM-R, MoM-T, and
BCGS-FFT: the left, middle, and right columns show the real, imaginary parts and
the magnitude of the x (top row), y (middle row), z (bottom row) components of the
scattered field at the receiver points for Setup-1.
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Figure 6.16: Three different solution sets obtained by using MoM-R, MoM-T, and
BCGS-FFT: the left, middle, and right columns show the real, imaginary parts and

the magnitude of the = (top row), y (middle row), z (bottom row) components of the
scattered field at the receiver points for Setup-2.
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6.6 Conclusion

In this chapter, a Method of Moment solution of the surface integral equation is pre-
sented for layered medium applications. The formulation and implementation can
handle 3D dielectric and PEC objects either in free space or a layered medium. For
the singular terms, the Duffy transformation is utilized. The surface of the scatterer
can be discretized with rectangular or triangular patches. A simple interpolation
technique has been used to accelerate the layered medium Green’s function calcula-
tion. The effect of this step is shown to be less than 1% in terms of the accuracy,
whereas in terms of the computation time there is a big improvement. The accuracy
of the overall method is validated with several examples. As long as the sampling
density is bigger than 10 PPW, the implemented MoM can produce very accurate

results.
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Chapter 7

3D Hybrid Finite-Element /Method of
Moment for Layered Media

Today’s circuits, chips and interconnects are all very complicated designs. Most of
the time, there is no exact closed-form solution. Thus it is very important to develop

numerical methods to model thse complex problems.

The finite element method (FEM), which was first developed in 1943 by R.
Courant to analyze vibration systems, is a numerical analysis method to model and
analyze the complex engineering and science problems. Since 1943, FEM has been
very popular due to its capability of analyzing inhomogeneous structures, and it has
been implemented in very different areas of engineering and science. From the math-
ematical point of view, FEM can be used to solve partial differential equations and
integral equations. FEM does not require a uniform mesh, which is one of the major
advantages of this method; however the whole problem domain has to be discretized
unless it is truncated via an absorbing or radiation boundary. However, little progress
has been made in absorbing or radiation boundary conditions for layered medium.
Let us assume that we have a simple micostrip patch antenna shown in Figure 7.1, and
the frequency of the problem is high so that the structure can be approximated as a
planar multilayered geometry. Even though the patch is a PEC, we need to discretize
the whole structure if we want to analyze this geometry by using the FEM. As it is
presented in the previous chapter, we only need to discretize the metallic patch, if we

use the layered medium Green’s functions and MoM. However, MoM cannot handle
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Figure 7.1: A microstip antenna: a metallic patch on a substrate. The bottom layer
is ground (PEC).

inhomogeneity effectively. In order to solve this kind of complex (inhomogeneous)

problems in a very efficient way, we need to combine these two methods.

Figure 7.2: (a) An inhomoneous structure. (b) Usage of layered medium Green’s
functions removes the requirement of multilayered structure’s discretization. (c) Us-
ing MoM as a radiation boundary makes it possible to use FEM for the inhomogeneous
part. From top to the bottom, the size of the problem decreases.

Figure 7.2 (a) shows an inhomogeneous structure which has an additional inho-

mogeneous dielectric cuboid with respect to the geometry in Figure 7.1. Since the
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problem is inhomogeneous, a combination of surface and volume integral equations
can be used. The MoM is very inefficient in this particular case. We can solve this
problem by using the FEM, however we have to discretize the whole domain, not only
the metallic patch and the dielectric cuboid but also the background. From previous
chapters, we know that we can reduce the size of the problem domain by using

(i) layered medium Green’s Functions (LMGF), and

(ii) a radiation boundary.

It is true that the evaluation of the LMGF's is a time consuming procedure. However
LMGF's have (p, z|z") dependency instead of (r,r’') dependency, hence very simple in-
terpolation techniques can decrease required CPU time. Furthermore, when LMGF's
are used, we no longer need to discretize the multilayered background, so there is a
dramatic reduction in the matrix size. It should be noted that, in most cases, such as
circuit design, we only need to produce the layered medium Green’s functions once.

Then the interior design can be changed freely for the optimization.

The usage of LMGFs changes problem domain (a) to (b) in Figure 7.2. However,
we need to bound the problem domain by using an artificial boundary in order to
use FEM. As it is shown in Chapter-4 for 2D objects, we can use the exterior surface
integral equation as a radiation boundary to truncate the problem domain.

For the implementation of 3D radiation boundary condition, an artificial boundary
JI' is applied to truncate the arbitrarily 3D shaped inhomogenous scatterer(s) from
the layered medium. The finite element method is applied in the interior region to
calculate the field, while the method of moments is applied on the outer boundary oT"
to relate the field and induced current. Due to the form of the chosen basis functions
and meshing, the fields and currents on the boundary for the FEM are obtained from
the solution of the final matrix equation without using any interpolation.
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The detailed information about the MoM part can be found in the previous
chapter. For the FEM part, we adopt the code EMAP (ElectroMagnetic Analy-
sis Program), a three-dimensional finite element modeling code developed by several
researchers at University of Missouri [99], in this work. This code is written in
C to analyze simple 3-dimensional geometries and distributed in source code form.
The EMAP code is not intended to compete with commercial finite element mod-
eling codes. It does not have a sophisticated mesh generator, graphical output, or
unlimited technical support. Its primary strength is ease-of-use, modest resource re-
quirements, and accurate modeling of simple three-dimensional configurations over a
wide range of frequencies.

In this chapter, first, 3D FEM formulation is briefly presented. Second, some
details about the evaluation of FEM matrices are given. Then the coupling of FEM
and MoM methods is described. Finally, the validity of the proposed method is

demonstrated with several numerical examples.

7.1 The Finite Element Method (FEM)

7.1.1 Formulation

The second order Maxwell’s wave equation in strong form with imposed electric cur-

rent density S is given by
V x (1 'V x E) — 6,kiE = —jkonoS. (7.1)
We can also write this equation as a residual function as follows
R=Vx (1,'V xE) — .kiE + jkonoS. (7.2)
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The order of Eq. (7.2) can be reduced by multiplying it by a set of weighting

functions ®;(r), and integrating over the finite-element domain as follows,

(2

R = /‘I%(r)-Rdv:(),

v

— /(I)Z-(r) [V x (1, 'V X E) — 6,k{E + jkonoS] dv,

v

_ / ('Y X E) - (V x ®,(r)) — 6, k2®,(r) - E + jkono®,(r) - S] dv

(%

+j[ﬁ- (11'V x E x ®;(r)ds. (7.3)

Furthermore, by using

VXxE=juuH = p'VxEx®(r)=juuH x ®(r), (7.4)

A-BxC=C-AxB = fl(]CO,U{)HX@Z(I')):]U),LL()QZ(I')leH, (75)

the weak form equation can be written as

/ [(1,'V X E) - (V x ®(r)) — 6,k;®;(r) - E] dv + jwpyg f@i(r) (A x H)ds

v S

= —jkzono/CI)i(r) - Sdv (7.6)

Eq. (7.6) basically gives the relationship betweeen the electric field inside the finite-
element domain and the tangential magnetic field surrounding that domain.

In order to discretize the finite element domain, we use tetrahedral elements and
volume basis functions ®,,(r) to expand the unknowns. Assume that the numbers of
inner and boundary edges are N; and N,, respectively, where N = N; + N,. Then,

we can expand the unknown electric field and current as

N N; Np
E=) E.®,(r)=) E,®,(r)+ ) E)®,(r),
n=1 n=1 n=1



nx H=> Jf,(r) (7.7)

n=1

The weak form equation (7.6) becomes,

ZEn/ [(1,1V X @,(x)) - (V x By(r)) — €,ki®@,(r) - B;(r)] dv

Ny
+jwpo Y Tn 74 ®,(r) - fi(r)ds = S (7.8)
n=1 s
Eq. (7.8) can be written in matrix form,

A’ +BJE+GJ =S (7.9)

where E,,, J,, are unknown coefficients, S is the source vector and A’, B’, G are stiff-

ness mass matrices defined as,
S; = —jk‘ono/fbi(r) - Sdv
Ay = [0 % @) (7 x @i (w))do
Bl =k / ®,,(r) - B;(r)dv
Gin = Jwig ]{fn(r) X ®;(r)ds (7.10)

Furthermore, the matrix form can be written as,
AFE' + BEP =S (7.11)
BTE' + CE° + GJ =0 (7.12)
where matrices A, B, C are submatrices of matrix {A’+ B’} which are explained

later in this chapter.
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7.1.2 Basis Functions

For the above discretization, we chose the vector basis functions proposed in [98]. in
order to satisfy the continuity of the tangential components of the fields automatically.

Each edge of a tetrahedron shown in Figure 7.3 can be defined by using two vertices

Figure 7.3: A tetrahedron element with four corners.

as shown in the following table.

Edge Number | Vertex Number | Vertex Number
k ky ks
1

S U W N =
W =N =
=N W ks W
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Now let us define three new variables

by, = Tpo — Tp1 , Ckp = Yk2 — Yk1 dy, = 2k — 21 (7-13)
where k = 1,2,---,6, and (z;,y;, 2;) is the jth edge, j = 1,2,3,4. By using (7.13),
we can define the vector at the kth edge, ey, as follows,

where 7 is the unit vector in 7 direction, n = x,y,2. The magnitude of e, is the
length of the kth edge.

Now, we can form our basis function as,

| fr+gi xr rin the tetrahedron
@i(r) = { 0 otherwise (7.15)
where V, is the volume of the tetrahedron and
e
= ’6‘2| [r(7—k)1 X I'(7_k)2} , (716)
g = ’667—‘/:’ [I‘(7,k)1 — I'(7,k)2] . (717)

There are two important properties of this type of basis functions:
(i) V- @, (r) = 0 (divergence free),

(17) V X ®p(r) = g (constant curl).

For more details, the reader is referred to [98] and [99]. One important remark is
that the above fi terms are the same as the one given in Chapter 6, Eq. (57) and

more importantly, on the boundary surface S, f;, and ®; are related by

(I)k(r) =n X fk(r)|r on the surface S- (718)

Eq. (7.18) is crucial for the MoM-FEM coupling.

132



7.1.3 Evaluation of FEM Matrices

For the FEM part, mainly we have three integral forms.

Matrix A

In order to evaluate matrix A, we need to evaluate the following integral analytically
Al = / (V x B, (r) - (V x By(x))do (7.19)

Since V x ®(r) = g, simply
Al = 4gi - gV, (7.20)

which can be also written as,

liln‘/cz
(6Ve)*

A;/n = [(candiz (€)iadir)(Cnidnz (€)n2dn1)

7.21
4 (dinbiz — disbin) iz — dobur) (7.21)
+(bircia (b)i2ci1) (bnicnz (b)n2cn1)]

where [, = |ex|, the length of the kth edge.

Matrix B

In order to evaluate matrix B, we need to evaluate the following integral analytically
B}, = /<I>n(r) - ®,(r)dv. (7.22)

Assume that we write

D (2,y,2) = a1 + o + azy + o, (7.23)
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and obtain the coefficients oy, s, a3, ay by enforcing at the four nodes of the tetra-
hedron element. In [70], it is stated that B, can be written in more compact form

by using ai, = (@); (a2),, + (as); (), + (aw); (as),, as follows.

(Ih)?

Bﬁl = W (042,2 — Qi+ CYl,l) (7‘24)
" L1y
1o = 201 (2003 — g1 — a1 3+ a11) (7.25)
" Ly
13 = W (2@2’4 — Qg1 — (4 + 041,1) (726>
7 lhly
14 = W (042’3 — Qg2 — 2041’3 + 061,2) (727)
" lis
L5 = o0y (g — g — 12 + 1 4) (7.28)
"o lll6 7.29
L6 720V, (o4 — g3 — 14 + 11 3) (7.29)

(I2)?

Bgz = 3601 (a3 —oqg+oq) (7.30)

/. l2l3 2 731
2,3 = W (2034 —a13— a4+ 0q7) (7.31)
"o l2l4 9 739
24 — WVS (33 — o3 — 13+ 20q2) (7.32)
"o 12l5 7 33
25 = 720V (g3 — sy —aro+ q4) (7.33)
"o l2l6 9 734
2,6 — W (34— g3 — 20014+ 34) (7.34)
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(I3)*

B:/’,,,:a = 360V, (Qgq — g+ 01)
I5l
:/a,,4 = ﬁ;& (34— oy —ar 3+ 0q2)
"o lsl5 9
35 = 7501 (o4 — gq — 20012 + 01 4)
/A l3l6 9
3,6 — W (g —a3q — ay g4+ 201 3)
l 2
BZA = % (a3 — g3+ ao2)
"o l4l5 9
45 = W (23 —2a34 — o2 + (24)
"o l4l6 9
46 = W (g4 — 33 — 20004 + 23)
l 2
Bg,s = 3<65T)V (g0 — o g+ g)
"o l5l6 9
56 — er (g4 — 2093 — Qg + (i34)
l 2
Bg,ﬁ = Us) (Qgq —ags+a33)

Matrix G

360V,

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

In order to evaluate matrix G, we need to evaluate the following integral analytically

We know that ®,(r) = i x f,(r).

G;’n = / ®,(r) - f;(r)dsS.
S

(7.45)

So, when i = n, G/, = 0. Furthermore, when

ith and nth edges do not lie on a comman triangle, G, has to be zero also. As a
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result, we have nonzero G7,, elements when ith and nth edges do not lie on a common

triangle but i # n. For that case, we can evaluate G7,, as follows.
Q%:/@Aﬂﬁum&
S

:A@XQ@LH&%,

(7.46)

XICE
()6

=
o
—
-
|
=
N
X
—~
(=
|
—
3
—
QU
k2

=
o
=
X
-
3
+
—~
=
3
|
=
X
=
oY
i

where A is the area of the common triangle, and the sign (either 4+ or —) depends
on the edge direction. The final form of Eq. (7.46) can be evaluated by using the

Gaussian quadrature method.

7.1.4 Coupling of FEM and MoM Matrices

The exterior electric field integral given by ch6finalext can be written in a compact

form,
N Ns
50 =31, {zgmz;sz] £ m,z0) (7.47)
n=1 n=1

where vector and matrices are defined as

Sy = /m@yﬂwmww,

s
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Z8 = jkono// ) - K7 (v, 1), (r')ds(r')ds(r),
7 = I / / V- £,(r) - GE (r, ')V - £,(r')ds(r')ds(v),
Z8 = P.V. / / ) - V'GEM(r 1) - £,(x')ds(r')ds(r) (),

——/fm v) - £, (r)ds(r). (7.48)

2Js

We know the relationship between the magnetic current and the tangential electric
on the surface. By using M(r) = —n x E|,, we can couple FEM and MoM equations,
(7.12) and (7.47), as

A B E! St
BT C G EP | = 0 ) (7.49)
7B 7)) L 7(2) J Se

However, the above formulation is valid only if the FEM mesh matches MoM mesh
on the boundary. In order to couple arbitrary meshes, some additional interpolation
functions are required.

The matrix equation (7.49) is a straight-forward solution but not a very efficient
one. The advantage of having a sparse and symmetric FEM matrix should be utilized
in a clever way. In this manner, let us reformulate the matrix equation. We can re-

write Eq.s (7.12) and (7.51) as follows

EHEEIBE

DJ+FEP=S8° (7.51)
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respectively, where D = [Z(l) + Z(2)} and F = Z®). In Eq. (7.51), we can leave the

electric current alone on the left hand side as
J=-D'FE"+D'S° (7.52)

Let us substitute (7.52) into (7.50) to obtain

A B E s
B7 C—GD—lF} [Eb } = [D—lse } | (7.53)

Clearly, Eq. (7.53) is more compact than Eq. (7.49) but this does not mean that
the solving (7.53) is the most efficient way. Since the FEM matrix is symmetric, the
Hermitian of this matrix is simply its complex conjugate. Moreover, the FEM matrix
is sparse. By using a row-indexed scheme [100], we can easily and efficiently reach
the non-zero elements of the FEM matrix, which is a very important property for
the solvers constructed on the biconjugate-gradient (BCG) method . As a result of

these, it is more efficient to store the FEM and MoM matrices seperately as follows,

([1?7“ 2%{8 —GIO)—lFD{g”:[D—SfSe]- (7.54)

In this work, the biconjugate-gradient (BCG) method is used to solve the matrix
equation which requires O(KN?) CPU time and O(N?) memory, where N is the
number of unknowns and K is the number of iterations. Since the main purpose of
this work is the reduction of the number of unknowns (N), we have not implemented
any acceleration methods (such as the fast multipole method and adaptive integral

method) to further reduce the computation time and storage requirements.
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7.2 Numerical results

The hybrid FEM/MoM for layered media has been implemented with a combina-
tion of FORTRAN 77 and C programs. All the programs were compiled on a Dell
Optiplex GX260 desktop with Intel P4 2.4 GHz processor and 1024M RAM. For
all the examples presented below, the tolerance value used for the BCG solver is
10~%. The scatterers are illuminated with a 2z-directed electric dipole located at
(2.1,2.1,3.675) m, with a frequency of f = 10 MHz. There are 16 receivers located
uniformly along the line (0.9 : 3.2,1.9,3.425) m. The dimensions of the cuboid are
(a,b,c) = (1.6,1.6,1.15) m, and the center of the cuboid is at (2.05,2.05,1.825) m.

7.2.1 A homogeneous scatterer in a layered medium

For the following four examples, the FEM volume is discretized with 540 inner edges
and 625 tetrahedrons; the MoM surface is discretized with 300 triangles and 450
boundary edges. 6.58 MBytes of memory is required to solve the matrix equation.
In order to compare our FEM/MoM results, the BCGS-FFT solver is used where

32 x 32 x 23 voxels are used for the volumetric discretization.

Ezxample 1: First, similar to the setup used in the previous chaper, here we have a
dielectric cuboid embedded in the top layer of a 3-layer medium shown as Figure
7.4 (a). Electrical parameters of the dielectric cuboid are €, . = 16, o, = 0.01 S/m.
Having 300 triangles for the surface of the cuboid results in a sampling of density
22 points per wavelength (PPW). The 3-layer background is defined by €,; = 1,
€ro = 12, €,3 = 4; 29 = 2.75 m, z; = 3.25 m. The source and receivers are located

in the bottom layer. Some details of the implementation is given in Figure 7.4 (b).
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Figure 7.4 (c¢) shows the comparison of the hybrid FEM/MoM and BCGS-FFT results
for the magnitude and phase of the scattered field at the receiver points. Clearly, two

results agree very well. The difference between two results is less than 2%.

Ezample 2: In the hybrid FEM/MoM method, the number of the layers and the
location of the source, receivers, and scatterer can be arbitrary. In order to investigate
this statement, we add one more layer between z = 3.25 m and z = 3.75 m for this
case. The relative permittivity of this additional layer is 8. All other parameters
are same the as the previous example, except the conductivity of the homogeneous
cuboid 0.001 S/m here. Note that additional layer makes the source, the receivers
and the scatterer all locate in different layers of the multilayered background. Figure
7.5 (c) is the comparison of the hybrid FEM/MoM and BCGS-FFT results for the
magnitude and phase of the scattered field at the receiver points. Clearly, there is
a very good agreement between two results. One important observation is that the
number of iterations used for the BCG solver is less than the previous case. When we
increase the conductivity of the problem, we also increase the number of iterations
used for the iterative solver to obtain the desired level of accuracy. Since in this
example, the conductivity of the scatterer is less than the previous case, it requires

less iterations.

FExample 3: In the first two examples of this chapter, the homogeneous scatterer is
embedded in the top layer of the multilayered medium, which is similar to a half-
space as we only observe the transmission effect instead of having both transmission
and reflection effects. In order to observe both effects, now we place the scatterer in

the middle layer of a 3-layer medium shown as Figure 7.6 (a). Note that €,5 = 4,
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€3 = 12. Figure 7.6 (c) shows the comparison of the hybrid FEM/MoM and BCGS-
FFT results for the magnitude and phase of the scattered field at the receiver points.
Again, there is a very good agreement between two results. The difference is less
than 2%. It should be noted that the scattered field is stronger than all the previous

cases.

Example 4: Very similar to Example 3, here we have a homogeneous cuboid in the
middle layer of a 3-layer medium, however, here the relative permittivity of the scat-
terer is 32. Figure 7.7 (c¢) shows the good agreement between the hybrid FEM/MoM
and BCGS-FFT results for the magnitude and phase of the scattered field at the re-
ceiver points. The difference is less than 2%. We can reach the same conclusion about
dependence of the iteration number on the conductivity. The scatterer’s relative per-
mittivity is higher than the scatterer in Example 3, so this one is less conductive,
hence the BCG solver uses less iterations (133 iterations in this case, whereas it is

141 for Example 3).

For all the above examples, homogeneous cuboids are used to validate the method.
The examples with inhomogeneous scatterers are given next. Before focusing on
inhomogeneous examples, there are some computational details to be mentioned.
The number of iterations depends on the tolerance used for the BCG solver. As
mentioned above, we set the tolerance to 10~*. When the number of the unknowns is
around 1000, we can safely use this tolerance because in the worst case scenario, we
will have a round off error for single precision data around 1000 x 1.2 107 = 1.2 10~*
which is still larger than our tolerance. When we look at the number of iterations
used for the BCG solver in the above examples, it is almost one third of the number
of boundary edges, or less. Since the MoM matrix is a dense matrix of dimension
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Ny, using only N, /3 iterations, where the total number of the unknowns is N; + Ny,
menas the iterative solver works very efficiently. Furthermore, when we look at the
time usage reports, we can see that we are capable of solving matrices with 950

unknowns in less than a minute.
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FEM Volume: 540 inner edges, 625 tetrahedrons
MoM Region: 300 triangles, 450 boundary edges
Sampling density: 23.4 PPW
Laver 3 €y =40 Used Memory : 6.58 M Bytes

ayer 2,=275m -
Layer2 o 200 Time Usage Report:
21=325m LMGF Tables: 24 seconds

FEM/MoM Matrices: 116 seconds
Solving the hybrid matrix equation: 23 seconds
+ Source Bi-Conjugate Gradient Solver Report:
tolerence: 1.00e-04

the least residue: 6.61e-05
total iteration number: 121

(a) (b)
| — LM-EMAPS5 - - -BCGS-FFT|

Layer 1 & = 1.0

XXXXxxxXXXxxxxx Receivers

0.8 4
= 15 = =
£ = £
> S 06 s 9
g ! 5 g
W o5 > 04 W 2
0 0.2 1
1 2 3 > 3 1 2 3
x (m) x (m) X (m)
2 2 2
IS IS IS
w< 0 > 0 o 0
_2 _2~ _2_-—-—-—-—-—-—...
1 2 3 1 2 3 1 2 3
X (m) X (m) X (m)

Figure 7.4: (a) A homogeneous cuboid in the top layer of a 3-layer medium. The
source and receivers are located in the bottom layer. (b) Numerical details of the
implementation. (c) The comparison of FEM/MoM and BCGS-FFT results for the
magnitude and phase of the scattered field at the receiver points for Example 1.
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FEM Volume: 540 inner edges, 625 tetrahedrons

MoM Region: 300 triangles, 450 boundary edges
Sampling density: 23.4 PPW

Layer 4 Eus =40 Used Memory : 6.58 M Bytes
Layer3 e =120 HETm Time Usage Report:
2,=325m LMGEF Tables: 25 seconds
Lager 2 & =80 FEM/MoM Matrices: 288 seconds
xxxxxxxxxx xxxxx Receivers Solving the hybrid matrix equation: 62 seconds
Lo S Z=375m Bi-Conjugate Gradient Solver Report:
e = 1.0 the least residue: 7.03e-05
total iteration number: 168
(a) (b)
| — LM-EMAP5 - - - BCGS-FFT|
0.8 0.25 L
g 0.6 € 02 ~ E
> > >
— 04 — 0.15 — 05
§ > § > § N
W 0.2 W 0.1 L
0 0.05 0
1 2 3 2 3 1 2 3
X (m) x (m) x (m)
2 2 2
g g g
7 0 W~ 0 e 0
_2 . _2 . _2 I ——
1 2 3 1 2 3 1 2 3
x (m) x (m) x (m)

Figure 7.5: (a) A homogeneous cuboid in the top layer of a 4-layer medium. The
source is in the bottom layer, and the receivers are located in the second layer. (b)
Numerical details of the implementation. (c) The comparison of FEM/MoM and

BCGS-FFT results for the magnitude and phase of the scattered field at the receiver
points for Example 2.
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FEM Volume: 540 inner edges, 625 tetrahedrons

ayer g3 =12.0
e 2,=0.0m MoM Region: 300 triangles, 450 boundary edges
Sampling density: 23.4 PPW
€ =40 Used Memory : 6.58 M Bytes
Loers Time Usage Report:
o 2,2325m LMGF Tables: 25 seconds
Layer 1 & =10 FEM/MoM Matrices: 286 seconds
xxxxxxxxxx xxxxx Receivers Solving the hybrid matrix equation: 53 seconds
+ Source Bi-Conjugate Gradient Solver Report:
the least residue: 8.57e-05
total iteration number: 141
(a) (b)
| — LM-EMAPS5 - - -BCGS—FFT|
3 1 6
E € 08 g
s 2 s s °
g & 0.6 g
[Tel W o4 w2
0 0.2 0
1 2 3 1 2 3 1 2 3
x (m) x (m) x (m)
2 2 2
g g g
we 0 w0 w0
-2} -2} 4 o ——
2 3 1 2 3 1 2 3
x (m) x (m) x (m)

Figure 7.6: (a) A homogeneous cuboid in the middle layer of a 3-layer medium.
The source and receivers are located in the bottom layer. (b) Numerical details of

the implementation. (c¢) The comparison of FEM/MoM and BCGS-FFT results for
the magnitude and phase of the scattered field at the receiver points for Example 3.




Layer 3 o e FEM Volume: 540 inner edges, 625 tetrahedrons
2,=0.0m MoM Region: 300 triangles, 450 boundary edges
Sampling density: 16.5 PPW
€ =40 Used Memory : 6.58 M Bytes
Layer2 Time Usage Report:
2,2325m LMGF Tables: 24 seconds
FEM/MoM Matrices: 117 seconds
Solving the hybrid matrix equation: 25 seconds

o Source Bi-Conjugate Gradient Solver Report:
tolerence: 1.00e-04

the least residue: 8.19¢-05
total iteration number: 133
(a) (b)

| — LM-EMAP5 - - - BCGS-FFT|

Layer 1 & = 1.0

XX XxxxXxxxx xxxxx Receivers

1.5 S
€ 3 s B8
> S s ©
= = =
3 S 3
T > 05 W~ 4
0 0 2
1 2 3 1 2 3 1 2 3
x (m) X (m) X (m)
2 2 2
S 5 g
< 0 w0 w0
1 2 3 1 2 3 1 2 3
x (m) x (m) x (m)

Figure 7.7: (a) A homogeneous cuboid in the top layer of a 3-layer medium. The
source and receivers are located in the bottom layer. (b) Numerical details of the
implementation. (c) The comparison of FEM/MoM and BCGS-FFT results for the
magnitude and phase of the scattered ﬁeﬁﬁat the receiver points for Example 4.




7.2.2 An inhomogeneous scatterer in a layered medium

In the previous subsection, homogeneous scatterers are used to validate the accuracy
of the hybrid FEM/MoM implentation. Now, we can focus on some inhomogeneous
examples. For the following four examples, the FEM volume is disrecretized with 903
inner edges and 1000 tetrahedrons; the MoM surface is discretized with 420 triangles
and 630 boundary edges. 12.86 MBytes of memory is required to solve the matrix
equation.

FExample 5: Assume that right half of the scatterer used in Example 1 is replaced with
another material, having a relative permittivity of 8 which results an inhomogeneous
cuboid, shown as Figure 7.9 (a). All the other parameters are the same as Example 2.
Again, we solve this problem by using the hybrid method and the BCGS-FFT method.
Figure 7.9 (c) shows the good agreement between two different sets of results for the
magnitude and phase of the scattered field at the receiver points. Even though it is
not very easy to see, the plotted field lines are no longer symmetric. The number of
samples used for the discretization in the X-direction is more than the previous cases,
thus more unknowns, memory and CPU times are required, see Figure 7.9 (b) for the

details.

Example 6: We repeat Example 5 with a minor modification: the relative permit-
tivity of the left half is 32. Figure 7.10 (c) shows the very good agreement between
FEM/MoM and BCGS-FFT results for the magnitude and phase of the scattered
field at the receiver points. Note that the number of iterations is larger than the

previous case due to more complex (unsymmetric) behaviour of the FEM matrix.
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Examples 7 and 8: For the following two examples, we put the inhomogeneous scat-
terer in the middle layer. Figures 7.11 (a) and 7.12 (a) show the problem geometries
and Figures 7.11 (c) and 7.12 (c¢) depict the FEM/MoM and BCGS-FFT results for
the magnitude and phase of the scattered field at the receiver points. Note that the
number of iterations used for Example 8 is larger than Example 7 due to the more

complex (unsymmetric) behaviour of the FEM matrix.

It is mentioned that the FEM is capable of working with a non-uniform mesh.
Figure 7.8 shows the same inhomogeneous cuboid discretized in two different ways:
(a) two cuboids having 4 units in the X-direction, (b) one cuboid still has 4 units in the
X-direction, but the other one has only 2 units. When we think about the sampling
density requirements, in order to have enough samples for the region with the highest
permittivity, we might oversample other regions with smaller permittivities unless
we use a non-uniform mesh. For the last example presented in this chapter, the
relative permittivities of the left and right cuboids are 32 and 8, respectively. Since
the wavelength in the cuboid-1 is only the half of the one in cuboid-2, if we use n
units in the X-direction for cuboid-1, we need to use only n/2 units for the second
cuboid in order to have the same sampling density in each region. For this specific
example, the memory requirement is reduced from 12.86 MBytes to 8.44 MBytes by

using the non-uniform mesh depicted in Figure 7.8 (b).

For all the presented examples, it can be said that the number of iterations used
for the BCG solver is almost half of the boundary edges, or less. As mentioned before,
when we compare the iteration number to the matrix dimension, N, using only N, /2
iterations means the iterative method works very efficiently. When we look at the
time usage reports, we can see that we are capable of solving for 1533 unknowns in

less than 100 seconds.
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x(m) v (m) x (m) ¥ (m)

() (b)

Figure 7.8: (a) Both cuboids have 4 units in the X-direction. The FEM volume
is disrecretized with 903 inner edges and 1000 tetrahedrons; the MoM surface is
discretized with 420 triangles and 630 boundary edges. 12.86 MBytes of memory
is required to solve the matrix equation. (b) While one cuboid still has 4 units in
the X-direction, the other one has only 2. the FEM volume is disrecretized with 661
inner edges and 750 tetrahedrons; the MoM surface is discretized with 340 triangles
and 510 boundary edges. 8.44 MBytes of memory is required to solve the matrix
equation.

All the results presented in Chapters 8 and 9 support the validity of the formula-
tion and implementation of the surface integral equation solution for layered media.
The complexity of the problems can be increased freely as long as we satisfy the
minimum sampling density requirements and as long as we consider our computers’
limitations. The presented examples have very simple geometries in order to keep
the memory and CPU time requirements low. We can simply formulate the memory
requirement as follows

4 x NZ+22x N;
106

Required Memory = (MBytes).

Finally, it should be noted that when we change the scatteter’s electrical param-
eters, we do not need to calculate the layered medium Green’s functions again. For

example, we use the same Green’s functions for Examples 7 and 8.
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FEM Volume: 903 inner edges, 1000 tetrahedrons
MoM Region: 420 triangles, 630 boundary edges
Sampling density: 23.4 PPW

oy £y =40 Used Memory : 12.86 M Bytes

4,=275m -

Layer cr 120 Time Usage Report:

2,2325m LMGEF Tables: 30 seconds

FEM/MoM Matrices: 281 seconds

Solving the hybrid matrix equation: 65 seconds
© Source Bi-Conjugate Gradient Solver Report:

the least residue: 8.47e-05

total iteration number: 180

(2) (b)
| — LM-EMAPS - - -BCGS-FFT|

Layer 1 &n =10

XXXXXXXX XX XXXXX ReceiVerS

2 0.8 4
=15 = a
£ = £
> S 06 > °
g ! g g
Wos w04 W 2
0 0.2 1
1 2 3 2 3 1 2 3
x (m) x (m) x (m)
2 2 2
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w0 w0 HTREY
_2 _2~ —Zm
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X (m) X (m) x (m)

Figure 7.9: (a) An inhomogeneous cuboid in the top layer of a 3-layer medium. The
source and receivers are located in the bottom layer. (b) Numerical details of the
implementation. (c¢) The comparison of FEM/MoM and BCGS-FFT results for the
magnitude and phase of the scattered field at the receiver points for Example 5.
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FEM Volume: 903 inner edges, 1000 tetrahedrons
MoM Region: 420 triangles, 630 boundary edges
Sampling density: 16.5 PPW

oy £y =40 Used Memory : 12.86 M Bytes

4,=275m -

Layer cr 120 Time Usage Report:

2,2325m LMGEF Tables: 32 seconds

FEM/MoM Matrices: 283 seconds

Solving the hybrid matrix equation: 82 seconds
© Source Bi-Conjugate Gradient Solver Report:

the least residue: 6.88e-05

total iteration number: 225

(2) (b)
| — LM-EMAPS - - -BCGS-FFT|

Layer 1 &n =10

XXXXXXXX XX XXXXX ReceiVerS

2 0.8 4
= 15 = =
£ = £
> S 06 s 9
g g g
(,':'—JXOS e 0.4 "ﬁ_f‘z
0 0.2 1
1 2 3 2 3 1 2 3
x (m) x (m) x (m)
2 2 2
g g g
< 0 w0 w0
_2 2! 2 p—————
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x (m) x (m) X (m)

Figure 7.10: (a) An inhomogeneous cuboid in the top layer of a 3-layer medium.
The source and receivers are located in the bottom layer. (b) Numerical details of

the implementation. (c¢) The comparison of FEM/MoM and BCGS-FFT results for
the magnitude and phase of the scattered field at the receiver points for Example 6.
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FEM Volume: 903 inner edges, 1000 tetrahedrons

Layer3 fn 220 oom MoM Region: 420 triangles, 630 boundary edges
Sampling density: 23.4 PPW
Used Memory : 12.86 M Bytes
, Time Usage Report:
baver e =40 i sm LMGF Tables: 32 seconds
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Figure 7.11: (a) An inhomogeneous cuboid in the middle layer of a 3-layer medium.
The source and receivers are located in the bottom layer. (b) Numerical details of

the implementation. (c¢) The comparison of FEM/MoM and BCGS-FFT results for
the magnitude and phase of the scattered field at the receiver points for Example 7.
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Figure 7.12: (a) An inhomogeneous cuboid in the middle layer of a 3-layer medium.
The source and receivers are located in the bottom layer. (b) Numerical details of

the implementation. (c¢) The comparison of FEM/MoM and BCGS-FFT results for
the magnitude and phase of the scattered field at the receiver points for Example 8.




7.3 Conclusion

In this chapter, a hybrid FEM /MoM solver is presented that can handle both homo-
geneous and inhomogeneous scatterers both in free space and in a layered medium.
The layered medium Green’s funtions are evaluated efficiently by using an interpo-
lation technique and then utilized in the exterior surface integral formulation, which
actually is used as a radiation boundary condition, to truncate the computational
domain of the finite-element method. The FEM is utilized for the inhomogeneous
interior problem, which is discretized with tetrahedrons. In order to increase the ef-
ficiency of the overall method, the symmetric and sparse FEM matrix is stored with
a row-indexed scheme, and the bi-conjugate gradient solver is used. The validity of
the hybrid method is supported with several examples by using homogeneous and

inhomogeneous scatterers.
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Chapter 8

Future Work

Table 8 summarizes the numerical methods developed by myself and the other mem-
bers of Dr. Liu’s research group in order to solve layered medium scattering prob-

lems. As indicated in the table, each method has different capabilities. When we

Table 8.1: Developed Methods for Layered Media and Their Capabilities

Surface Integral | Volume Integral Hybrid
2D SIM BCGS-FFT SIM/FEM
Homogeneous | Inhomogeneous | Inhomogeneous
PEC or DIE DIFE only DIE-PEC comb.
3D MoM BCGS-FFET MoM/FEM
Homogeneous | Inhomogeneous | Inhomogeneous
PEC or DIE DIE only DIE-PEC comb.

think about the advantages and disadvantages of each method, we should not try
to use just one single method for all different configurations. For example, using a
hybrid method for a homogeneous target is not an appropriate choice. On the other
hand, currently each method has its own input/output file style, even though they
are very similar to each other, there are some major differences. As a result of these,
an ultimate goal of my future work would be combining of these different methods
to create a Layered Medium Toolbor in such a way that the code would be able to
choose the solution method by itself by using a general input file. However, before

creating this toolbox, there are some other important steps to go.
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(a) Special Treatment for Objects Straddling Multiple Layers

Our current 3D FEM/MoM implementation is not capable of solving for objects strad-
dling multiple layers. We have experienced this problem for 2D case too, however by
applying our subtraction technique appropriately, we could add that capability to our
2D SIM/FEM solver. We need to follow the same procedure here. In terms of the the-
ory, we have everything we need: the dyadic layered medium Green’s functions with
singularity subtraction and the hybrid FEM/MoM code. The only remaining step is
the utilization of these two elements. This feature is a must for the completeness of

the work and will be completed in the following months.

(b) Mesh Generator

SIFT5, which is designed to generate input files for the field solver EMAPS5, can
produce cuboid meshes with metallic patches only. In order to generate more com-
plicated and sophisticated geometries, we need a better mesh generator. As a result,
we need to utilize a more sophisticated mesh generator, such as NETGEN (NET-
GEN/NGSolve V4.4, developed at Johannes Kepler University Linz, Austria) for our
FEM/MoM solver.

(c) Acceleration via FFT

For the developed surface integral equation solvers and hybrid algorithms, the solution
of the matrix equation can be accelerated by using the fast Fourier transform (FFT)
for the objects having a surface partially parallel to the xy plane (assuming planar
layers are all parallel to the zy plane). For example, assume that we have a cuboid
(RBC), with the dimensions of (2L, x 2L, x 2L,), centered at the origin (0,0, 0).
First, only consider the first basis functions are on the {z = L.} plane. Using the
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first testing functions on the {z = +L,} plane, the impedance matrix will be written

Ymy Tmg+1 Yny Tng4+1
—]k‘bnb/ / / / £,1(0) K (v, 1)f,, 1 (v))d2'dy dvdy. (8.1)
ny 1 Tng—1

myl Tmg—1

as

We can transform the integration variables into local variables, £ and 7, and obtain

=lr—r|= \/(xm +& =@, = )24 Yy + 1= Yn, =) + (L. F L2)?, (8.2)

—jkbnb/hy/ /h/ |5’ KJ(k R)(1— |§,|)d§d 'dédn, (8.3)

where we can utilize Gaussian quadratures in order to evaluate the integrals numeri-
cally. Suppose we use only one point in each element, and quadrature points in local
domain are (—&g, —1,),(§g, —14) (=, —n,) and (&), —n,). Therefore, the distances
from testing points to basis points are

R Z\/(:rfmz F & = Tne FED?+ WYmy — g — Yn, +15)% + (L F L2)?

(8.4)
The impedance matrix (8.1) becomes
’5‘ J ’£/| /
= jk K kR d&'dn'dédn
ybnb/hy/ // (uR)(1 — )y d
ik (1= SR (B R — 22 4w, (1 — ORI (B (1 — 52) (8.5)
= JRpMy g h. b4l h. g I p Lo . .
Hwy(1 — gg)KJ(kR)(l—i)—i-w( gg)KJ(kR)(l—i)
A bovs h 9 Ry, b he |

For the special case, we have { = & = h,/2 and n = ' = h,/2. Hence (8.5) can be

written as

j by 1w _ _ _ _
Z0) — ”}% {K7(kyRy) + K (kyRy) + K (kyRs) + K7 (kyRy) } (8.6)

mn
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where

Ry =R, = \/<5UmI - 37n1)2 + (?me - yny)2 + (Lz + L2)27 (8'7)
Ry = \/(me — Tny — hx)2 + (ymy - yny)2 + (Lz + LZ)2> (8-8>
Ry = [ (tm, — Tn, + )2+ (U, — 9, )2 + (L F L)2. (8.9)

When we look at the Eq. (8.5) carefully, we can see that

Z7(r}7)z = Zr(rb)z(mmx — Tngs Ymy — yny) - Z(l) = Z(l) (810)

Mg —Ng My —Ny m—mn>

which shows that the impedance matrix partially allow us to use the convolution
property. In other words, for the calculation of these the impedance matrix blocks,
the fast Fourier transform can be applied which not only accelerates the whole process
but also increases the accuracy using the singularity subtraction technique described
in Chapter 3. Even though we have not implemented the FFT into our method,
we can project the computational cost by using our BCGS-FFT method. Note that
BCGS-FFT is a volume integral equation solver, but it can treated as surface integral
equation solver if we use one element in the Z-direction. Figure 8 (a) shows the
example mesh, where we have one element in the z-direction. Figure 8 (b) shows the
used CPU times in order to solve the problem by using different number of elements,
N, where N = N, x N,, and N, and N, are the number of elements in the X and
y directions, respectively. The dashed line is O (N log N) line, which is included in
order to improve the visualization. Clearly, CPU time is O (N log N) as expected. For
the current finite element/boundary element implementation, we utilized the Method
of moments, which requires O(N?) memory usage and O(N?) CPU time. As a result,

when we add this FFT capability, we will accelerate the method dramatically.
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Figure 8.1: (a) A cuboid mesh with one element in the z-direction. (b) CPU time
for different discretizations.

(d) Replacing FEM with SEM
Another future project possibility would be the replacement of FEM with spectral

element method (SEM) in the hybrid implementations. SEM is developed by our lab
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members in order to obtain spectral accuracy with the orders of the basis functions.
The SEM can be considered as a special class of the general FEM, with the choice
of nodal points and quadrature integration points based on Gauss-Lobatto-Legendre
GLL polynomials. This modification would allow us to obtain same accuracy by using
5 PPW sampling density, whereas we have to have at least 10 PPW for our current
MoM/FEM implementation.

(e) Periodic Layered Medium Green’s functions and SIM

Periodic structures are frequently used in photonic applications. Efficient and ac-
curate evaluation of periodic layered medium Green’s functions is one of the major
steps for integral equation solvers. As a result, we can enhance our LMGF codes to

the periodic case and we can extend our SIM to periodic problems.
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Appendix A

Singularity Subtraction

The time dependency of e/*! is implied. The primary field term’s contribution is
not included, only the reflection terms are considered. The substcript [ is the layer
number of the field point, and the substcript m is the layer number of the source

point. There are n + 1 layers, where [,m =0,1,--- ,n.

A.1 The Spectral Domain Green’s Functions

For the spectral domain Green’s functions, the typical equation is in the form of
A2n,2nX2n = S2n7 (Al)

which is explained next.

For a transversely magnetic wave due to a vertical electric dipole, VED™  the
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formulation is as follows,

1 1 1
—urh
A= —, App=——e """, Ajg=——,
Ug Uy Uy
1 1 1
—urh
Agg = —, Agpg = ——e ", Agg = —,
€0 €1 €1
1 1 1
—Up—1hn—
Aoy 19n—2 = , Aopion1 = ettt Aoy 19 = ——,
n—1 Up—1 Unp,
1 1 1
—Up—1hn_
A2n72n—2 = T A2n,2n—1 = - e notin 1a AQn,?n =
n—1 €n—1 €n
. . (A.2)
—uj—1hi—
Agi_19im0 = , Aogii19im1 = e oty
i—1 Ui—1
1 1
Agi_ii = ——e " Agi19i41 = ——,
U; U;
1 1
—u;_1hi_
Aginio = ——, Agigi1=— e T
€i—1 €i—1
Ao ——ewhi oA —
24,24 € y 124241 — —-
€ €
where u; = jk,;, h; is the ¢th layer width, and ¢ =2,--- ,n — 1.
1 = Ao, Top = By, T2 = Ai, Xoip1 = B, (A.3)
1 , 1 /
Som—1 = —e UmlEma=Fl gy = —emumlEm o =H
um em
(A.4)
1 /
— U |2m —2' —Um |Zm —2
Somt1 = ——e m 2 l, Somta2 = —e mlem =]
m Em

Note that, if m = 0, only Sa,,+1 and Ss,,,.o are non-zero; if m = n, only Ss,,_; and

So,, are NONZero.
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Similarly, for a HED™ wave,

Ap =1, Ap=—e™™M Ay =1,

Uo UL _yin Uy
Aoy = —, Ay = ——e "M Ayy = —,
€o €1 €1
—Up—1hn—
Agp1on—2 =1, Agp_19n—1 =€ 717 Ay g9y = —1,
Up—1 Up—1 U 1he Unp,
Aopon—o = , Aopon—1 = ———e " Ay 9 = —,
€n—1 €n—1 n
(A.5)
—u;_1hi_
Agic19im0 =1, Agi_19i1 =€ M7t
Agi 10 = —e Wili AL o = ]
2i—1,2i — —€ y 21241 = )
Ui—1 Ui—1 e 1 he
Agigi—o = , Agigil = — et
€i—1 €i—1
Ui o hs U;
Agigi = ——e """ Agigip1 = —
) €;
1 = Cy, Ton = Dy, 29 = C;, T9i11 = D; (A.6)
_ o Um _ o
S2m—1 = —¢€ um|zm71 i |7 SQm == € € um‘szl ? ‘a
m
(A.7)
U /
— U | 2m —2’ M — | 2m —2
Somi1 = —e€ mlzm |7 Somta = —€ mlem =21,

m
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Finally, for a HED™" wave,

2 H1 _yih 241
A =—, App=——e """, Ajg=——
Ug (75} U1

Y

Agy =1, Agy = —e"M Ay =1,

Hn—1 -1 .-
Aoy ton—2="—, Agp_19n-1= Enct, un=thnot Ao on = —@,
Up—1 Up—1 Up,
Aospon—o =1, Aspon_1 = —e tn=thno1 Aogpon =1,
(A.8)
i—1 i1 —w h
Agi19i0="—"—, Agi_12i1= Pic1, vimthiot
Uj—1 Uj—1
Agio1gi = ——e "M, Agi_19i11 = —&7
U; U;
Agigio =1, Ay = —e Wimthi-t,
Ao = —e M Agiiy1 = 1.
r1 = Eo, Top = Fy, w2 = By, Toip1 = F; (A.9)
S2m—1 e M_me_umlz’m_l_zl" S2m — €_u7n|Z"’«—1_Z/|,
m
(A.10)
Som+41 = —H—me_um|zm_zll, Somya = e mlmm =21,
m
A.2 Some Useful Identities
For the subtraction of the singularities, the following identities are very useful,
—kpa
/0 e P Jo(kpp)dkp = \/a2:_}_p27 (All)

0

I

(1 - m) : (A.12)

00 L B v
/0 (& P’ykfpjo(k?pp>dk?p = W, (A13)
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0o - 272 _ pQ
kpy1.2 __“r=-r

0o Lk . 1%
/0 e ”7ka1(ka>dkp_W’

> 3p
kpy1.2 S
/0 e k21 (kpp)dk, = (1 AP

A.3 The Singularity Treatment for G~/

v—2)y—y) [ 2
Gmm(l) ( )(y y) |:_;SH1 * SH2:| ’

47 p?
1 r—2x 1 2(x—2a)?
G’H{Z) ypm [—uSHQ + Sus — (_ - (—3>) SHl} ’
0 p? P p
1 o
G, = E(y y) S,
1 1 2y —1vy)?
GH{Z) 4_ [ MSHQ + Sz — (— — (y—gy)) SH1:| )
T p? P p

GZ/J 417r (z =) Sha,
sz‘{l) = —i = y/>SH5,
Gi‘(]z) i G —px’) SHs,
Gy =0

where

S = / [(CL+ Ee ™2 4 (Dy = e =]y (kyp)dk,,
0

Sk = / kp [(Cz + El)eful(zlfz) + (D — Fl)eiul(ZiZlil)} Jo(k,pp)dky,
0
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(A.15)

(A.16)

(A.17)
(A.18)
(A.19)

(A.20)
(A.21)

(A.22)
(A.23)

(A.24)

(A.25)

(A.26)

(A.27)



Sps = / kp [Elefuz(zzfz) _ Flefuz(zfzzfl)] Jo(kpp)dkp’ (A28)
0

) kQ

SH4 _ / u_p [Elefuz(zz*z) + F}eful(Z*Zl—l)} J1<kpp)dkp’ (A29)
0 l
0 2

Sps = / ?p [Ale—ul(zl—z) + Ble—ul(z—zz—ﬂ} Jl(kpp)dkpa (ASO)
0 l

We can obtain the asymptotes A;, B, C;, D, E;, and F; simply by calculating
Ai(k, = 0), Bi(k, = o0), Ci(k, = 00), Dy(k, = 00), Ej(k, = 00), and F(k, — o0),

respectively.

e First Integral:

Sm = / {[(C+ Epe @2 (D — F)e -]
" (A31)
_ [(él 4 By)ekela=2) 4 (D, _ﬁ»l)efkp(z—zm]}Jl<kpp)dkp,

where we use Eq. (A.12) and the counterpart of the subtracted term in spatial

domain is

5l N N V2
Sud — (G4 B)-[1- —E— |+ (D - F)-[1 - —=2— ], (A32
H1l (l l)p( \/W) ( l l)p \/W ( )

where 71 = 2z — z; and v = z,_1 — z. By following the same procedure, we can

formulate the singularity subtraction procedure as follows.

e Second Integral:

Sho = / k, {[(Ci+ E))e =2 4 (D — Fl)e_“’(z_zl—l)}
’ (A.33)
_ [(@l + By)ekela=2) 4 (D, _pl)efkp(z—zm]}J0<kpp)dkp,
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where we use Eq. (A.13) and the counterpart of the subtracted term in spatial

domain is
add __ (A > 2! N L Y2
Sty = (C) + El)—W% n p2)3/2 + (D, — F)) (A.34)

e Third Integral:

§H3 — / kp { [Ele—ul(zl—z) . Ee—ul(z—zl_l)]
" (A.35)

_ [Ele—kp(Z1—z) _ Fle—kp(Z—zl_ﬂ} } Jo(kpp)dkp’

where we use Eq. (A.13) and the spatial domain counterpart of the subtracted

term is
n - 2 (A.36)

S = E —F
S O e O R R

e Fourth Integral:

§H4 = / {_p [Ele*uz(zz*z) + Flefuz(zfzzfﬂ}
" (A.37)

Uy

—k, [Ele—km—z) n ple—w—zz-l)] } Jy(k,p)dk,,

where we use Eq. (A.15) and the spatial domain counterpart of the subtracted

term is

gadd _ [ p s p A.38
HE =202 4 p2)32 T T (3 4 p2)32 (4.38)

e Fifth Integral:

_ 00 k?
Shs = / {_,o [Ale_ul(zl_z) + Bl€_ul(z_zl*1)}
u
o (A.39)

— ky | Ay B R0 | L (k) s,
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where we use Eq. (A.15) and the spatial domain counterpart of the subtracted

term is

Sadd - A p +B p A.40
Ho = (2 p2)32 T TN (2 4 )3 (4.40)

A.4 The Singularity Treatment for G*/

1 1 20z —a')? (2 — o)
EJ _ 2
le,(l) = I jwe |:(E - T Sp1 + TSEQ + kK SEes|, (A41)
1 2(x —a")(y —y) (z —2)(y—y)
EJ _
Gyw(l) - Amjwe |:_ pg Se1 + 2 Sgal, (A42)
1 _ /
Gi{l) =1 Gk )SE4, (A.43)
dmjwe,  p
Goy = Gty (A.44)
1 1 2(y—y)? (v—9)
EJ _ 2
ny(l) — 47Tjw€l |:<; - p3 SEl + TSEQ + kl SE3 y (A45)
1 (w—v)
oy = A.46
Gt Ijwa Sk1, (A.46)
1 (z—2)
Gy = — S A.AT
zz(l) 47Tjw6[ P) E6 ( )
1 (y—v)
By = A48
) Injwa Ske; (A.48)
1
EJ
G I jwe Sks (A.49)
where

00 ]{32 k2
Spr = / {(ula — —LE)e "7 — (u D + —lFl)e“l(“ll’} Ji(kpp)dky, (A.50)
0 Uy Uy

[e%e) k2 k2
Se= [y | (wCi— Lmgentem) - (i + SRyt | i,
0 l l
(A51)
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o 1 1
Sps = / k, [—Ele—“l@—” + —Fe ) o (kpp)dky, (A.52)
0 g

U

S = / K2 [Cre =) 4 DyemwG==-0] J, (k, p)d,, (A.53)
0
00 k3

SES :/ u_p [Ale—ul(zz—z) + Ble—ul(z—zzfl)} Jo(kpp)dkp’ (A54)
0 l

Spe = / k2 [Aje~ o) — Biem G20 gy (k,p)dk,. (A.55)
0

e First Integral:

~ 0 k2 k2
Sp1 = / { {(Ulol _ _lEl)e—m(zz—z) _ (UlDl + _lFl)e—ul(z—zl,l)
u, Uu
’ l : (A.56)

—k, [C‘le—kp(Zz—Z) _ [)le—kp(z—szl)} } Jl(kpp)dkpy

where the terms with 1/u; have zero asymptote. We use Eq. (A.15), and the

spatial domain counterpart of the subtracted term is

add __ A P 7 p
R R e e ) 457

e Second Integral:

~ o0 k2 k2
Sp2 = / {k‘p {(ulC’z — LE)emuti=2) _ (4D 4+ ~LF))e ulm7-1)
u u
’ : ’ (A.58)

s [@lewzl*z) _ [)lefkp(z—zm} } Jo(k,p)dk,.

Different than the previous case, we can use Eq. (A.11) for 1/u; terms, since
k,/w; ratio goes to 1. However, these terms’ magnitudes are very small with
respect to the other two, we can neglect them. We use Eq. (A.14), and the

spatial domain counterpart of the subtracted term is

~ 2,}/2 _ 102 5 2,}/2 _ p2
Sedd — ¢ 2 . A.59
R CT R e O R (459
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e Third Integral

~ o0 1 1
Spz = / {kp [—Ele_“l(zl_z) + —Fle_“l(z_zll)}
0 Uuj Uy

(A.60)

— |:E~Ilefkp(zl*,2) + FN’le*kp(Z*Zlfl)] } Jo(kpp>dkp7

By using Eq. (A.11),
E I3
St = + - (A.61)
E3 (,y%+p2)1/2 (,.)/22+p2)1/2
e Fourth Integral

SE4 :/ ki [Cleful(zzfz) + Dleful(zleq)

: (A.62)

—Cre™5172) — Dre~hoemm-0 | T, (K, p)dk,,

We use Eq. (A.16), and the spatial domain counterpart of the subtracted term

18

5 3 =~ 37p
Sedd — ¢ D . A.63
BT 4 o252 T T (92 + ) (4.63)

e Fifth Integral

SES = /Oo k2 @Aleiul(zli'z) + @Bleiul(zizlfl)
o lu Uy (A.64)

— AR5 — Bremheemmo0 | T (k) dky,

- JDL R W S
St = A 2. A.65
E5 l<371p>5/2 1(372p)5/2 ( )
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e Sixth Integral

SEG = / ki [Aleful(zzfz) _ Bleful(zle,l)
0

_Ale_kp(zz—Z) + Ble_k”(z_zlfl)] Jl(k?pp)dl{;p

Sedd — 4 2% =0 5 3np

(A.66)

(A.67)

A.5 The Singularity Treatment for K4’/ and Ky

1
AJ
K:va:(l) = ESI%

AJ
Kyy( = K. z(1)

Ly—y

k2 47Tp< SI4_S[5+816)’
11

AJ PJ
=Gz +G SIl + — k24

(SI7 + S[g - 519)

1
Ampue

Ky = (SI, — SIy),

where

<k
o= / L[4 4 B )] o (k) d,
0o W
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(A.69)
(A.70)

(A.T1)
(A.72)
(A.73)
(A.74)
(A.75)

(A.76)

(A.77)



Spp = /0 h %[Ele“l(zzl) + Fe = 2-01Jo(k,p)dk,, (A.78)
Srs = /0 Oo[(Cz + E)e" ) 4 (D — F)e 01, (kyp)dky, (A.79)
Sy = / h k2 [Ae ) — BemCmm-0] g (kyp)dky, (A.80)
0oo k2
Sis = /0 W B — Flem G0 (kyp) dky, (A.81)
Sis = / T ul(C) + Ben=) — (D]~ F)e L (kpp)dky, (AS2)
Spr = /0 b kyui[Ae =) 4 B EA-0] Jo (K, p)dk,, (A.83)
Sis = /0 h ky|Eyene=20) — Bl e w20 ok p)dk,, (A.84)
Sty = /0 ) Z—%[(CZ + Ey)e" G 4 (D) — Fy)e 0] o (kyp) dk,, (A.85)
)
Sro = /0 h Oy + B)enE=) — (D) — Fy)e~ =20 Jy(k,p)dk,, (A.86)
B
and
o :2—?,17; :%,E{:%,F{ :%. (A.87)

e First Integral:

~ * (L
S = / {_p[Aleul(ZlZ) 4 Bleful(zle,l)]
0

Uy

(A.88)
— [ 4 By m0] ko (k)

where we use Eq. (A.11) and the spatial domain counterpart of the subtracted

term is
1 ~ 1

+ B,
VL %+

172

Sadd — 4, (A.89)




e Second Integral:

~ oo k
Sra = / {_p[Eleuz(zzz) + Fleful(zle,l)]
0 Uy

(A.90)
. [Ele—uz(zz—z) + Fvle—ul(z—zl_l)]} Jo(kpp)dkm

where we use Eq. (A.11) and the spatial domain counterpart of the subtracted

term is
Sud—f L p (A.91)
Vet Vit
e Third Integral:
S'B = / {[(Cl + El)efuz(zz*z) =+ (Dl o Fl)eful(zle,l)]
" (A.92)

— (Gt B 4 (D — By =01} (),

where we use Eq. (A.12) and the spatial domain counterpart of the subtracted

term is
Sut = (Co+ B~ (1- — ) (D - Byt (11— Z—2> (A.93)
P Vit P Ve +

e Fourth Integral:

514 = / {]{;i[Ale—uz(zz—z) _ Ble—ul(z—zl_l)]
0 (A.94)
_ k:i[/lle—uz(zz—z) _ Ble—ul(z—zl_l)]} J1(kpp)dk:p,

where we use Eq. (A.16) and the spatial domain counterpart of the subtracted

term is

P 31p ~ 320
gadd — A - B A.95
" "2 22 TR+ p2)PR (A.95)
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e Fifth Integral:

~ [e’e) k}2 , ,
Srs = / {U_’Z[Ele—ul(zz—Z) _ Fle—w(z—zv_ﬂ]
0

(A.96)
~ RylBjeta? — Fleuema0)h gk, p)dk,

where we use Eq. (A.15) and the spatial domain counterpart of the subtracted
term is

STy S A07
R R A9

e Sixth Integral:

S = [ {ulCi+ B — (0}~ Ryetma)
’ (A.98)

— R [(C] + Bp)e e — (D] — Fye 01} 7y (kyp)
where we use Eq. (A.15) and the spatial domain counterpart of the subtracted
term is

add __ A ~ 14 _ ~ _ ~ P
Ste" = (C +El>—(,ﬁ_'_p2)3/2 (D= F) 55373 (A.99)

e Seventh Integral:

517 = / {kpul [Aleful(zl*z) + Ble*ul(zlefl)]
’ (A.100)
~ Rl 4 B o]} gy (ko)

where we use Eq. (A.14) and the spatial domain counterpart of the subtracted

term is

~ 22_2 N 22_2
S?gd:Al M p Y2 P

SR G A0
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e Eight Integral:

g[g = / {kp[Elle_ul(zl_Z) B Flle_ul(z—zl,l)]
0 (A.102)
_ kjp[El/e—uz(zz—z) _ Fl/e_uz(z—zz_ﬂ]} Jo(k‘pp)dk‘p,

where we use Eq. (A.15) and the spatial domain counterpart of the subtracted

term is

godd _ fr_ T _p A.103
WA G (A0

e Nineth Integral:

00 (.2
Srg = / {Z—l[(cz, + El/)e_“l(zl_z) + (D; — Fll)e_“l(z_zl—l)]
v (A.104)

= Bl(C + Bj)e 9 (D] — F)e 1Ly p)d,

where we use Eq. (A.15) and the spatial domain counterpart of the subtracted
term is

Sadd: C’l +E’l L"’ Dl _F~’, L A.105
19 ( l l)(7%+p2)3/2 ( l l)<,)/22+p2>3/2 ( )

e Zeroth Integral:

Sro = / {%[(Cl + Ep)e ) — (D) — F)e 2]
v (A.106)

(G + Eenta=) _ (D, — ]:ﬂl)e—uz(z—m)}} To(k,p)dk,,

where we use Eq. (A.11) and the spatial domain counterpart of the subtracted

term is

1 ~ ~ 1

Vi P 7+ p?

Sit = (G + E) (A.107)
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Appendix B

George Green

George Green (14 July 1793-31 May 1841), was a British mathematician and physicist
who wrote An Essay on the Applications of Mathematical Analysis to the Theories
of Electricity and Magnetism (Green, 1828). The essay introduced several important
concepts, among them a theorem similar to modern Green’s theorem, the idea of
potential functions as currently used in physics, and the concept of what are now

called Green’s functions.

Green’s life story is remarkable in that he was almost entirely self-taught. He was
born and lived for most of his life in the English town of Sneinton, Nottinghamshire,
nowadays part of the city of Nottingham. His father (also named George) was a baker
who had built and owned a brick windmill used to grind grain. The younger Green

only had about one year of formal schooling as a child, between the ages of 8 and 9.

In his adult life, Green worked in his father’s mill, taking ownership upon his fa-
ther’s death in 1829. At some point, he began to study mathematics. As Nottingham
had little in the way of intellectual resources, it is unclear to historians exactly where
Green obtained information on current developments in mathematics. Only one per-
son educated in mathematics, John Toplis, is known to have lived in Nottingham at
the time. When Green published his Essay in 1828, it was sold on a subscription
basis to 51 people, most of whom were friends and probably could not understand it.
Mathematician Edward Bromhead bought a copy and encouraged Green to do fur-

ther work in mathematics. Not believing the offer was sincere, Green did not contact
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Bromhead for two years.

Finally, Green contacted Bromhead, who enabled Green to enter Cambridge Uni-
versity. Green entered as an undergraduate in 1833 at age 40. His academic career
was excellent, and after his graduation in 1837 he stayed on the faculty at Gonville
and Caius College. He wrote on optics, acoustics, and hydrodynamics. However, in
1840 he became ill and returned to Nottingham, where he died the next year.

Green’s work was not well-known in the mathematical community during his
lifetime. In 1846, Green’s work was rediscovered by Lord Kelvin, who popularised it
for future mathematicians.

The George Green Library at the University of Nottingham is named after him,
and houses the majority of the University’s Science and Engineering Collection. In
1986, Green’s mill was restored to working order. It now serves both as a working
example of a 19th century mill and as a museum and science centre dedicated to

George Green.

Source: http://en.wikipedia.org/wiki/George_Green
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