Mathematical Induction

» Representation of integers

> Mathematical Induction

Reading (Epp’s textbook)
5.1-53
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Representations of Integers

Let b be a positive integer greater than 1.
Then if n is a positive integer, it can be expressed uniquely in the
form:
n=aMbk+a b+ . +ab+a,
where k is a nonnegative integer,
ay, A4, -, 9 Are nonnegative integers less than b,
and a, # 0.
Example for b=10:

859 = 8-10% + 5-10' + 9-10°
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Representations of Integers
Example for b=2 (binary expansion):
(10110), =1-2%+1-22+ 1-21 = (22),,
Example for b=16 (hexadecimal expansion):
(we use letters A to F to indicate numbers 10 to 15)

(3A0F),; = 3-16° + 10-16% + 15-16° = (14863),,

(BOC), = 11-162 + 12-16° = (2828),, =
(101100001100), =1-211 +1.29 +1-28 + 1.23 + 1-22
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Base b expansion

How can we construct the base b expansion of an integer n?
First, divide n by b to obtain a quotient g, and remainder a,, that
IS,

n=bq,+a, where 0 <a,<b.
The remainder a, is the rightmost digit in the base b expansion
of n.
Next, divide g, by b to obtain:

do = bg, +a,, where0<a, <b.

a, is the second digit from the right in the base b expansion of n.
Continue this process until you obtain a quotient equal to zero.
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Example
What is the base 8 expansion of (12345),, ?

First, divide 12345 by 8:
e 12345=8.1543 +1

e 1543=8.192+7

e 192=8-24+0

e 24=83+0

e 3=8.0+3

The result is: (12345),,=(30071),.
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Base b expansion Algorithm

n: positive integer
b: positive integer, greater than 1
procedure base b_expansion(n, b)
g:=n
k:=0
while (k=0 or q#0)
a,:=gmodb
q:=Lqg/b.
k:=k+1
end while

{the base b expansion of nis (a, ; ... a;3,), }
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Proof Methods (seen so far)

Many different strategies for proving theorems:

» Direct proof: p - g proved by directly showing that if p is
true, then q must follow.

» Proof by contraposition: Prove p = q by proving -q = -p

» Proof by contradiction: Prove that the negation of the
theorem yields a contradiction.

» Proof by cases: Exhaustively enumerate different possibilities,
and prove the theorem for each case In many proofs, one
needs to combine several different strategies!
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Invalid Proof Methods

» Proof by obviousness: “The proof is so clear, it need not be
mentioned!”

» Proof by intimidation: “Don’t be stupid — of course it’s true!”
» Proof by confusion:Va € 63 € a = = vy
» Proof by intuition: “I have this gut feeling..”

» Proof by resource limits: “Due to lack of space, we omit this
part of the proof..”

Don’t ever use anything like these!!
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Spring 2018

Induction

» Suppose we have an infinite ladder, and
we know two things:

|. We can reach the first rung of the
ladder.

Il. If we reach a particular rung, then
we can also reach the next rung.

» From these two facts, can we conclude
that we can reach every step of the
infinite ladder?

» Answer is yes, and mathematical
induction allows us to make arguments
like this.
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Induction

» The principle of mathematical induction is a useful tool for
proving that a certain property is true for all integers n 2 a.

» It cannot be used to discover theorems, but only to prove
them.

» If we have a propositional function P(n), and we want to prove
that P(n) is true for any integer n > a, we do the following:

1.Show that P(a) is true. (basis step)
2.Show that if P(k) then P(k + 1) for any k > a. (inductive step)
3.Then P(n) must be true for any n > a. (conclusion)
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Mathematical Induction

> Used to prove statements of the form Vx € Z%, P(x).
» An inductive proof has two steps:

1. Base case: Prove that P(1) is true.

2. Inductive step: Prove Vn € Z%, P(k) > P(k + 1).

» Induction says if you can prove (1) and (2), you can conclude:
Vx € ZT,P(x).
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Inductive Hypothesis

» In the inductive step, need to show:
vk € Z*,P(k) > P(k + 1)

» To prove this, we assume P(k) holds, and based on this
assumption, prove P(k + 1).

» The assumption that P(n) holds is called the inductive
hypothesis.
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Example 1 (Proving an Inequality)

Show that n < 2" for all positive integers n.
Let P(n) be the propositional function “n < 2"
ProvethatVn € Z*,P(n)
1. Base case: Show that P(1) is true.
1 < 2% (True)
2. Inductive step: Show that if P(k) is true, then P(k + 1) is true.

Assume that k < 2% is true (Inductive Hypothesis).
We need to show that P(k + 1) is true, i.e.

Show: k + 1 < 2k+1

We start from k < 2k:

k+1 < 26+ 1 < 2k421< 2k + 20 = 2kH

Therefore, if k < 2¢then k + 1 < 2k
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Example 1 (Cont.)

3. (Conclusion) Then P(n) must be true for any positive
integer.

v’ n < 2"is true for any positive integer.
v End of proof.
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Example 2

Prove the following statement by induction: vn € Z*, 1+ 2+

34 b = nx(n+1)/2 .

» Let P(n) be the propositional function “1 +2 +3 4+ -+ n =
TlX(Tl+1)/2 ”

> ProvethatVn € Z%,P(n)
1x(1+1)

1. Base case: n = 1. In this case, = 1; thus, the base

case holds.
2. Inductive step: By the inductive hypothesis, we assume P(k):

1+24+3+-+k="x0tD,

Now, we want to show P(k + 1):

142434+ (k+1)=FTDxE+2),
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Example 2 (Cont.)

The left-hand side of P(k+1) is
14+2+3+-+(k+1)

=1+2+3+-+k+((k+1)

k(e +1)
B 2
Ck(k+1) 2(k+1)

2 * 2

+ (k+1)

_k*+k 2k+2

2+2

_k2+3k+1
B 2
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Example 2 (Cont.)

And the right-hand side of P(k+1) is

(k+1)x(k+2) _ k*+3k+1
2 - 2

Thus the two sides of P(k + 1) are equal to the same quantity and so
they are equal to each other.

3. (Conclusion) Then P(n) must be true for any positive integer.

Vv 1+2+43+-+n="""D/ s true for any positive
integer.

v End of proof.
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Example 3 (Geometric Series)

Prove the following statement by induction:
vn € Z™°"e9 gnd any real number r except than 1,

(n+1) _
R
> Let P(n) be the propositional function “r® + rt +r? + .-+ 1" =
T(Tl+1)_1”
r—1

» ProvethatVn € Z"0"€J PpP(n)

rO+_1 -1

1. Base case: n = 0. In this case, = = 1; thus, the base case
r—1 r—1

holds.

2. Inductive step: By the inductive hypothesis, we assume P(k):
7"<k+1) —1
rO4+rl+r2 4. 4rk=
r—1
Now, we want to show P(k + 1):
T'(k+2) —1
rO+rl+r2 4.4 rktl = —
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Example 3 (Cont.)
The left-hand side of P(k+1) is
rO4+rt+r2 4. g rktl
=70+l 4124k 4kl
(k1) _ 1

k+1
1 +r

B 7,.k+1 —1 . Tk+1(7” _ 1)
 or—1 r—1

Ak+1) _ 1 k42 _ k41

= +
r—1 r—1

P 4 opkH2 k1l k42

r—1 r—1
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Example 3 (Cont.)

Thus the two sides of P(k + 1) are equal.

3. (Conclusion) Then P(n) must be true for any non-
negative integer.

T(Tl+1)_1

Vri+rl+rée 4+t = ——is true for any

non-negative integer.
v End of proof.

Spring 2018 CMSC 203 - Discrete Structures 20



Example 4 (Divisibility Property)

Prove the following statement by induction: vn € Z%,
22" — 1 is divisible by 3.

> Let P(n) be the propositional function “2%™ — 1is
divisible by 3”

> Prove thatVn € Z%,P(n)

1. Base case: n = 1. In this case, 2?2*1 —1=3 is divisible by
3: thus, the base case holds.

2. Inductive step: By the inductive hypothesis, we
assume P(k):

22K — 1 = 3r for some integer r

Now, we want to show P(k + 1):
22(k+1) _ 1 = 35 for some integer s
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Example 4 (Cont.)

The left-hand side of P(k+1) is

22(k+1) _ q
_ 92k+2 _1q
= 2%k22 — 1
= 2%k4 — 1
=223 4+1) — 1
= 2%k % 3 422k — 1
=3 X 22k 4+ 3r

=3x (2?% + 1) =3s
But s = 22X 4 ris an integer because it is a sum of products of integers.
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Example 4 (Cont.)

Thus the two sides of P(k + 1) are equal for some integer
S.

3. (Conclusion) Then P(n) must be true for any positive
Integer.

v/ “24" — 1 s divisible by 3” is true for any positive
Integer n.

v End of proof.
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More Examples to practice

» Prove that 2™ < n! for all integers n 2 4.
> Prove that 3 | (n3 - n) for all positive integers n.

» Prove that 7™ — 2™ is divisible by 5 for all positive
Integers n.
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