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1. Introduction
We consider dizerent kinds of ensembles of qubit pairs.

~No oo~ WOWDNDNERE

Let jii, and jjig denote respectively the states of qubits A and B, lying respec-
tively in the two dimensional Hilbert spaces H; and H,, where i = 0;1 and j = 0; 1.

The n the ket
jiip = iiig

representing the state of the qubit pair lies in the Hilbert space H; — H,. We abbre-

viate this as
jiis =~ Jil =jiijji =jiji
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We also write the adjoint of jiji as

jiji = hjij

2. Some basic facts about QM systems
Principle 1. Given QM systems S; and S, represented by kets j2;i 2 H; and
21 2 H,, the global QM system S;S, obtained by considering them together is

represented by the ket
Pl =i 2H; - Hy

Principle 2. Let S; and S, be two dicerent QM systems with state spaces H; and
H,, repectively. Then the state space of the global system S;S, is H; — H,. The
density operator %; of the system S; alone (ignoring the system S,) is given by the
partial trace

Yy = Tra(%):

In like manner, the density operator %, of the system S, is

Y, = Try(%):

3. The partial trace

Let 8

= d, = Dim (H,)
The partial trace is de..ned as follows:

Basis fe; — f;g
Hom (Hl - H,;, Hy — Hz) il Mdldz (C)
©
#Tr, #Tr,
©
Hom (Hy; Ha) il Mg, (C)
Basis feig

IPlease note that the converse of this principle is more subtle, for example for entangled systems.
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Thus for a particular F, we have

F it Fij:pg
#Tr, #Tr,

P
Try(F) 1@! i Fiiipi

The partial trace Tr, (F) of an operator F 2 Hom (H; — H,; H; — H;) isde..ned
as
Try(F) =@ (Try (O(F)));

where © and © depend on the bases fe;g and ff;g chosen for H; and H,, respectively.
It can be shown that Tr;, (F) is independent of the bases chosen for H; and Hs.
Please also note that
Tr(F)=Try(Tro(F))

4. Classical Shannon entropy
Consider a source A producing symbolﬁ,from a set A = fay; ap; ::: g, with each g;
occuring with probability p;. (Hence, iPi = 1.) Then the Shannon entropy of A,
written H(A), is de..ned as

<
H(A) = i Pi lg pi

H(A) ::: The uncertainty of A
>
HA) =i  pilgpi

i
H(AB) ::: The uncertainty of AB
>

H(AB) = i Pij 19 pij
i;j
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H(AjJB) ::: The uncertainty of A given B (Conditional entropy)
_ >
H(AIB) =1  pij 19pijj;
H
where O
Pijj = p—" = Probability of i given j
i
H(A : B) ::: The uncertanty common to (shared by) both A and B. (Mutual

entropy) >
HA:B)=1i  pijlopij;
H]
where

_p
P Pij

5. Sundry formulas for the Shannon entropy

2 H(AB) = H(A) + H(BJA) = H(B) + H(AJB)

= H(A:B) = H(A) + H(B) i H(AB)

% H(AB) = H(AjB) + H(A : B) + H(B]jA)
H(A) =H(AJB) +H(A:B)

- HB)=H(BjA)+H(A:B)

6. Von Neumann Entropy
Let A be a quantum mechanical system with density operator %. Then the Von
Neumann entropy, written S(%), is de..ned as

S(A) = i Tr (%lgh)

Remark 1. Please not that the Von Neuman entropy is an invariant of a closed
guantum mechanical system, i.e., invariant under unitary transformations. On the
other hand, the Shannon entropy is not. Hence, the Von Neumann entropy is the
true entropy of the system.



Notes on Quantum Information Theory® 5}

Let %4, %5, and %5, be the density operators of the QM systems A, B, and AB.
Then

Y = Tre (%ap)
and
g = Tra(%ap)

S(A) ::: The uncertainty of A
S(A) = i Tr (%alg'a)
S(AB) ::: The uncertainty of AB
S(AB) = i Tr (%ap 19%ap)
S(AJB) ::: The uncertainty of A given B (Conditional entropy)
S(AIB) = iTr il/2A|3 |91/2Aj|3¢;
where h [

1 _1'n .
i = nll!rr:ll_ N (1A_1/ZB)I% Ya Yopg (:LA_l/ZB)Il

S(A : B) ::: The uncertanty common to (shared by) both A and B. (Mutual
entropy)
S(A:B)=iTr (g 19%as);

where h . aip
hap = nll!rg_ (ha = Y)" Yoag Yo (ha — ¥g) %hs

7. Su%dry formulas for the Von Neumann entropy
< S(AB) = S(A) + S(BjA) = S(B) + S(AjB)

- S(A:B)=S(A)+S(B) i S(AB)
% S(AB) = S(AJB) + S(A : B) + S(BjA)
S(A) = S(AjB) + S(A : B)

- S(B) = S(BjA) + S(A : B)
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S(A) S(B)

Figurel. General entropy diagram for a composite system AB.

8. H(A) versus S(A)? What is different?

H(A:B) min[H(A); H(B)]

But,
S(A:B) 2min[S(A);S(B)]

S(A : B) measures QM entanglement (supercorrelation) as well as classical correla-
tion. H(A : B) only measures classical correlation. As a result, S(A : B) can
become negative for entangled QM systems!

9. Case | (Classical) Independent qubits
We consider the following mixed ensemble

States | jOOi | jOLi | j10i | jili | Al in Hy — H,
Freq 1 1 1 1

4 4 4 4

The corresponding density operator % is
= % (jO0i h0Oj + jO1i h10j + j10i hO1j + j11i h11j)
The corresponding density matrix with respect to the basis

jO0i; jOli: j10i; jili
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jOOi jOli j10i jili

.0
hoOj
h10j g
hO1j

hidj

O O Ol

O Orlr O

OrlFk, O O

»P O O O
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§=¢i%; s ‘
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10. Case Il (Classical) Correlated qubits

We consider the following mixed ensemble

States

jO0i
1

jiti
1

All in Hi — H»

Freq

2

2

The corresponding density operator is

Y%= % (j00i h0Oj + j11ih11j)

The corresponding density matrix with respect to the basis

jOOi ; jOli; j10i; jLli

jOOi jOli j10i jili

e
h0oj
h10j g
ho1j

hil]

O O ONlk

o O O o

o O O o

N O O O

1
i ¢
§=¢%;0;0;%

11. Case Il (Nonclassical-Purely Quantum Mechanical) Entangled
(supercorrelated) qubits, i.e., a pure ensemble of EPR pairs

We consider the pure ensemble given by the state ket

@i = 15:% (j00i + j11i) 2 Hy — H,
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The corresponding density operator % is

b = j2ihRy

| . N
= 15% (jO0i + j11i) 193 (h00j + h11j)

% (jO0i h00j + jOOi h11j + j11ih0OQj + j11ih1lj)
The corresponding density matrix with respect to the basis

jO0i; jOli; j10i; jili

jOOi jOli jl0i jili
o 1

h0Oj z 0 0 2
h10j g 0O 0 0 0 §
h01j 0 0 0 0
h11] > 0 0 3
Please note that j=i can be extended to an orthonormal basis
R R R
e e S

of H; — H,. With respect to this basis, the matrix for the density operator % becomes

.20 .8°.0
227 =7 =7
! 1
he | 1 0 0 0
a7 0 0 0 0
-ag- 0 0 0 0 =¢(; 0; 0; 0
ar 0 0 0 0

12. Von Neumann entropy
We now will consider the Von Neumann entropy

S(%) = i Tr(%lgh)
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for the qubit ensembles given in cases I, 11, and 111 above. In each of the calculations
given below, we repeatedly use the observation that

lg (€(dy; dy; ds; dg) = €(lgdy; lgdy; lgds; lgds)

13. Case I. Independent qubits

We compute in the basis

Thus,
S(%)

jOOi; jOli; j10i; jili

iTr(lgh)
20 1 O
iTrgg §Ig§

£ i Co
iTr ¢ 11g(3); 19(d); 11g(d); 11g(3);

OoOr O O
Orl, O O

O O ORI+
O OnIk O

O O ORI+
O OnIk O
A, O O O

i ¢
i4'L1g(3)" = 2 qubits of uncertainty

14. Case Il. Classically correlated qubits

We compute in the basis

Thus,

jOOi ; jOLi; j10i; jLli

S = iTr%lgh)

£ i ¢ i o
=iTr ¢I%; 0; 0; 2 Ig¢|%; 0; 0; 1
£ i o
=iTr ¢'Ligl; 0; 0; 1gd
£ o}
=i2 3103

= 1 qubit of uncertainty

A, O O O

13

K



Notes on Quantum Information Theory®

15. Case Ill. Entangled (supercorrelated) qubits
We compute in the basis -

Jai a? . a? . a?
) )

Thus,
St = iTr(%lgh)

=§iTr[€(1;0; 0; 0O)lga (1; 0; 0; 0)]

=jTr[¢c(1¢tlgl; 0; 0; 0)]

0 qubits of uncertainty

(case TD
(case I1D)

Figure 2. Entropy diagrams for cases I, Il, and I11.
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16. Summary of cases I, II, & Il
Case I. (Classical) Independent Qubits. S(AB) =2 & S(A) =1 =S(B)

s o i ¢

%VZA = 1(joi hoj + j1i h1j) $ ¢'Ll
1 — 1M kO i1 R i1.1¢
g = 3 (jOIhOj + jLlihlj) $ ¢ 33

%%AB = 1j00i h0Oj + jO1i h10j + j10i h01j + j1lihilj S ¢ '1;1;1:2

States | jOi1 | jli All in Hy

A Freq > | 3 | Mixed Ensemble

5 States | jOi | jli All in H,
Freq > | 3 | Mixed Ensemble

A | States | jO0F [OTi [10i [JILi | Allin Hy — H,
Freq 3 3 3 2 | Mixed Ensemble

Case Il. (Classical) Correlated Qubits. S(AB) =1 & S(A) =1=S(B)

.
NI~

%/ZA = 1(j0i hoj + i hj) s ¢
by = 2 (jOIN0j + j1ihLj) s ¢
%%AB = 1 (j00i hooj + j11i h11j) $ ¢'L

N[

NI~
N

<

NI~
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States | jOI | jli All in H,
A Freq 3 | 3 | Mixed Ensemble
5 States | jOi | jli All in H;
Freq 3 | 3 | Mixed Ensemble
States | jOOi | j1li Allin H; — H;
AB  I"Freq 2 | 2 | Mixed Ensemble

Case I1l. (Nonclassical-Purely QM) Entangled (Supercorrelated) Qubits.
S(AB) =0 & S(A) =1=S5(B)

(OD (case III)

S un = 1(0in0j+ i) $ ¢i%i%¢
%%B = 1(j0i hoj + j1i h1j) $ ¢i%i%¢

0100 4"
%1@\8 = 1(j00i h0Oj + j00i h11j + j11ih0Oj + j1lih1lj) < 58 8 8 8§
_ 700 3

States | jOi | jli All in Hy

A Freq > | 3 | Mixed Ensemble

5 States | jOi | jli All in H,
Freq > | 3 | Mixed Ensemble

AB States | #5 (jO0i +j11i) In H; — H,
Freq 1 Pure Ensemble
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