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This thesis is mainly concerned with the structural complexity of the Boolean Hi-
erarchy. The Boolean Hierarchy is composed of complexity classes constructed
using Boolean operators on NP computations. The thesis begins with a descrip-
tion of the role of the Boolean Hierarchy in the classification of the complexity of
NP optimization problems. From there, the thesis goes on to motivate the basic
definitions and properties of the Boolean Hierarchy. Then, these properties are
shown to depend only on the closure of NP under the Boolean operators, ANDy
and ORs.

A central theme of this thesis is the development of the hard/easy argument
which shows intricate connections between the Boolean Hierarchy and the Polyno-
mial Hierarchy. The hard/easy argument shows that the Boolean Hierarchy cannot
collapse unless the Polynomial Hierarchy also collapses. The results shown in this
regard are improvements over those previously shown by Kadin. Furthermore,
it is shown that the hard/easy argument can be adapted for Boolean hierarchies
over incomplete NP languages. That is, under the assumption that certain incom-
plete languages exist, the Boolean hierarchies over those languages must be proper
(infinite) hierarchies. Finally, this thesis gives an application of the hard/easy ar-
gument to resolve the complexity of a natural problem — the unique satisfiability
problem. This last refinement of the hard/easy argument also points out some

long-ignored issues in the definition of randomized reductions.
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Chapter 1
Introduction

The goal of computational complexity theory is to measure the difficulty of prob-
lems using computation as a benchmark. In this paradigm, a problem is considered
more difficult if a Turing machine requires more resources to solve the problem. The
field has evolved from the basic study of space and time as resources [HS65,SHL65]
into a rich discipline covering such diverse resource as randomization, nondeter-
minism, alternation, parallelism and oracle queries, to name a few. Throughout
this development the P =7 NP question — whether nondeterminism is required if
one wishes to solve some seemingly intractable problems in polynomial time — has
remained the central issue in complexity theory. In this thesis, we examine some
structural aspects of the complexity of NP computations. We begin by explaining
the need for structural complexity theory and devote the remainder of the chapter
to an outline of this thesis.

The P =7 NP question is of preeminent interest in complexity theory because
the NP-complete languages capture the complexity of natural problems such as
Boolean Satisfiability (SAT), the Traveling Salesman Problem (TSP) and Graph
Colorability. The P =7 NP question addresses only one aspect of the complexity of
the NP-complete languages — their deterministic time complexity. However, there
are many aspects of the complexity of the NP-complete problems which cannot be
described in these terms. For example, the following question may arise when one

needs to find the optimal traveling salesman tour.
Given a graph G and a tour T, is T an optimal tour?

This problem is not complete for NP, but for co-NP, the set of languages whose



complements are in NP. The difference between NP and co-NP is quite substantial.
For example, given a graph, one can conceivably find in polynomial time (using,
say, a stretch of the imagination, a heuristic and some lucky guesses) a coloring for
the graph or even a traveling salesman tour. This endeavor is greatly assisted by
the fact that given a coloring or a tour, one can easily check that the coloring does
not assign adjacent vertices the same color and that the tour actually visits the all
the vertices. However, there is no obvious way to verify that the coloring or the
tour is optimal. Our belief that there is, in fact, no proof of polynomial length —
not even using heuristics and lucky guesses — which demonstrates the optimality
of a coloring or tour is modeled precisely by the assumption that NP # co-NP. If
P =7 NP is the first question one must ask about NP, then surely NP =7 co-NP is
the second.

Please note that both NP and co-NP have the same deterministic time complex-
ity, because deterministic time classes are trivially closed under complementation.
So, deterministic time does not fully capture the computational complexity of the
NP-complete problems. To accomplish this goal, we need to investigate the struc-
tural complexity of the NP-complete languages.

Many complexity classes have been defined to formalize the NP optimization
problems — problems such as finding the shortest traveling salesman tour, finding
the lexically largest satisfying assignment and computing a coloring of a graph
using the least number of colors [BJY91]. For example, let PENPV™ denote the
class of functions computed by polynomial time Turing machines which ask at most
f(n) queries to an NP oracle on inputs of length n. Krentel [Kre88] showed that the
function classes PENPIo#7 and PENPI correspond to the NP optimization problems
over a solution space of polynomial and exponential size, respectively. Moreover,
he showed that if PENPleen] — pENPI then P = NP. For the analogous classes of
languages, Kadin [Kad88] showed that for all constants k, if PNPK) = PNPIE+] then
NP /poly = co-NP/poly. (NP /poly and co-NP/poly are the nonuniform analogues
of NP and co-NP.) In these formalizations, each query corresponds roughly to
one step in the optimization process. These theorems show that queries to NP
oracles cannot be reduced unless deciding membership in NP languages is much
easier than we believe. That is, each step in the optimization process is as hard as
recognizing an NP-complete language.

Please note again that, aside from polynomial factors, the classes PFNPHI



PFENPIEL pENPlogn] gnq PENPIPL a]] lie in the same deterministic time class. How-
ever, the theorems of Krentel show that the gaps between these classes are at least
as wide as the gap between P and NP. Similarly, the results of Kadin show that
the gaps between the bounded query language classes are as large as that between
NP /poly and co-NP/poly. Again, we conclude that classifying these problems in
terms of deterministic time is simply inadequate.

In the proof of his theorem, Kadin did not work with the bounded query classes
directly. Instead, he worked with a related hierarchy called the Boolean Hierarchy.
The Boolean Hierarchy (BH) is essentially a hierarchy of nested differences of NP
languages. To prove his main theorem, Kadin pioneered the use of the hard/easy
argument which showed that if the Boolean Hierarchy collapses, then NP /poly =
co-NP/poly. In Chapter 2, we will discuss the definition of the Boolean Hierarchy
in full detail. We will also review the hard/easy argument because this proof
technique is used throughout this thesis.

In Chapter 3, we will examine the properties of the Boolean Hierarchy in greater
depth. We show that the closure of NP under the Boolean operators ANDy and
ORy is the essential property that gives the Boolean Hierarchy is particular char-
acteristics. The theorems presented in this chapter allows us to work with Boolean
hierarchies built on top of arbitrary complexity classes.

In Chapter 4, we show that if the Boolean Hierarchy collapses to level k, then
the Polynomial Hierarchy collapses to BH,(NPN), where BH;(NPF) is the k'
level of the Boolean hierarchy over ¥5. This is an improvement over previously
known results [Kad88, Wag89]. This result is significant in two ways. First, the
theorem says that a deeper collapse of the Boolean Hierarchy implies a deeper
collapse of the Polynomial Hierarchy. Also, this result points to some previously
unexplored connections between the Boolean and query hierarchies of AL and AY.

Namely,

e BH;, = co-BH;, = BH,(NP"") = co-BH,(NP").

o DNPIK — PNP|k+1] —y pNPNP|[k+1] _ pNPNP|[k+2]

So far, the theorems we have mentioned show that if NP /poly # co-NP/poly,
then the NP-complete languages have the additional query property. That is, each

additional query to an NP-complete language provides enough extra computational

resource to recognize new languages. Presumably, the NP-complete languages have



the additional query property because they have a high-degree of complexity. In
Chapter 5, we show that the additional query property is not an exclusive property
of the NP-complete languages. In fact, we show that any language in NP — 1/0\\7\73
has the additional query property.

Finally, in Chapter 6, we present an application of the hard/easy argument
which determines the structural complexity of the unique satisfiability language
(USAT). USAT is the set of Boolean formulas with exactly one satisfying assign-
ment and was known to be complete for D under randomized reductions. How-
ever, the meaning of this sort of completeness was not known. The theorems in
this chapter show that USAT ¢ co-D" unless NP/poly = co-NP/poly. Moreover,
USAT has this property because it is complete for DY under randomized reductions.
Hence, these theorems also provide an explanation of the meaning of completeness

under randomized reductions.



Chapter 2
Groundwork

In this chapter, we examine the definition of the Boolean Hierarchy and describe
its essential features. We take this opportunity to review the basic properties of
the Boolean Hierarchy, the bounded query hierarchies, sparse sets and polynomial
advice functions. Also, we look at the hard/easy argument in the simplest setting,
so the reader might become familiar with this important proof technique.

We assume that the reader is familiar with Turing machines; the complexity
classes NP and co-NP; the polynomial time hierarchy (PH); and the NP-complete
language SAT. For the uninitiated reader, any standard textbook on automata
theory and complexity theory would serve as an excellent reference [HU79,LP81,
BDGS88,BDGI0).

In addition to the standard definition of the Turing machine, which includes an
effective enumeration of polynomial time deterministic and nondeterministic Tur-
ing machines, we will assume the existence of an efficient compiler which translates
high level descriptions of algorithms into equivalent Turing machine indices'. This
complier gives us all of the usual trappings of Turing machines, such as universal
machines, effective composition and the s-m-n theorem. Also, all of the polynomial
time Turing machines we will consider are clocked, so a simple examination of the
transition tables will reveal upper bounds on the running times of the machines.
Finally, we assume that all running times are at least linear and are monotonically

increasing.

!Detractors from this point of view are invited to enroll in a course in compiler construction.



2.1 The Boolean Hierarchy Defined

When the Boolean Hierarchy was first defined, it was envisioned as a collection of
“hardware circuits” over NP. These circuits are composed of the standard AND,
OR, NOT gates and an additional black box which determines whether a given
Boolean formula is satisfiable [CH86]. Alternatively, the Boolean Hierarchy has
been defined as the Hausdorff closure of NP sets under the logical operators AND,
OR, NOT [WW85]. (We will say more about these Boolean connectives in Chap-
ter 3.) The first years of research in the Boolean Hierarchy showed that these
definitions are equivalent. In fact, the Boolean Hierarchy was shown to be robust
under many other definitions. In the ensuing years, the results obtained about the
Boolean Hierarchy have shown that these are, if not the correct definitions, then
certainly most convenient definitions.

To appreciate the definition of the Boolean Hierarchy, we will start at the
bottom level. The first level of the Boolean Hierarchy, denoted BH;, is simply the
class NP. Similarly, co-BH; is co-NP. Note that NP and co-NP are closed under
effective intersections and unions. However, if we join an NP language and a co-NP
language using intersection, then the resulting language may not be in either NP
or co-NP. In fact, the class of all languages formed by such an intersection is DY,
a class introduced by Papadimitriou and Yannakakis to study the complexity of

facets of polytopes.

Definition:
DY ={LiNLy| Ly, L, e NP}
co-DY ={ L ULy | L;,Ly, €NP}
These two classes have complete languages under many-one reductions. Since
SAT is the canonical complete language for NP, the canonical complete languages

for D” and co-D¥ also involve satisfiability. SATASAT and SATVSAT are complete

under <P -reductions for DY and co-D¥ respectively.

Definition:
SATASAT = { (Fl,Fg) ‘ F1 € SAT and F2 S SAT }
SATVSAT ={ (F1, Fy) | F1 € SAT or F, € SAT }



Clearly, D contains both NP and co-NP. However, DY is closed under effective
intersections, but not known to be closed under unions. Thus, if we take the union
of a DP language and an NP language, the resulting language may not be in
either DY or co-DY. In this manner, alternating between intersections with co-NP
languages and unions with NP languages, we can construct the levels of the Boolean

Hierarchy.

Definition: We write BH;, and co-BH, for the k" levels of the Boolean Hierarchy,
defined as follows [CGH™88]:
BH, = NP,
BHy, = { LiNLy | L; € BHy_; and Ly € NP },
BHory1 = { L1 ULy | Ly € BHy, and Ly € NP },
co-BH, = {L|L € BH, }.

The Boolean Hierarchy thus formed is an interlacing hierarchy of complemen-
tary languages and has the upward collapse property, much like the more familiar

Kleene and Polynomial Hierarchies. That is,
BH; U co-BH;, € BH; 1 Nco-BH;

and
BHy, = co-BH;, = Vj > 1, BH;, = BH;;.

Also, the Boolean Hierarchy as a single complexity class is simply the union of
BHy, (i.e., BH = U>; BHy). Finally, we note that the structure of the Boolean
Hierarchy can be mimicked to produce the canonical complete languages for each
level of the hierarchy [CGHT88].

Definition: We write BLj, for the canonical complete language for BH; and co-BLy,

for the complete language for co-BHy:
BL; = SAT,
Blor = {{x1,...,29) | {x1,...,000_1) € BLox_1 and a9, € SATY},
BLogr1 = {{x1, ..., Tops1) | (x1, ..., Top) € BLog or xopy1 € SATY,



co-BL; = SAT,
co-BLy, = {<l’1, ,l’2k> | <£L’1, ,l’gk_1> € co-BLy,_1 or a9, € SAT},

CO-BLgk_H = {<LL’1, 7$2k+1> | <SL’1, 7$2k> € co-BLy, and Top4+1 € SAT}

Of course, BH; = D and BL, = SATASAT. We will use these terms inter-
changeably. An alternative way to generalize the class DY is to consider DY as the

class of differences of NP languages. That is,
DPE{Ll—LQ | Ll,LQGNP}

Then, we can generalize DY by continuing with nested differences. The hierarchy

constructed this way is called the Difference Hierarchy.

Definition: We write DIFF}, for the k" level of the Difference Hierarchy:
DIFF; = NP,
DIFFk_H = { Ly — Ly | L, € NP and L, € DIFF,, }

The language ODDy(SAT) is <P -complete for level k of the Difference Hier-
archy. ODDg(SAT) consists of all k-tuples of Boolean formulas of which an odd
number are satisfiable (see Chapter 3). It turns out that [CGH™8§]

That is, DIFF, = BH,. This equivalence is important because the proofs for some
theorems require the structure of BLy, and for others, the structure of ODDy(SAT).
Since BL; and ODDg(SAT) are both sets of tuples, we will need the following

notational devices to specify the portions of a k-tuple.

Notation: We will write 7; for the j™ projection function, and ; ;) for the func-
tion that selects the 7" through j* elements of a k-tuple. For example,
7Tj([L’1, ,[L’k) =Ty

7T(17j)<.§(71, ,Jj‘k) = <:L‘1’ 7'rj>-

2.2 Bounded Query Classes Defined

The hierarchy of bounded query classes is inextricably tied to the Boolean Hierar-

chy. We start by defining what we mean by bounded queries.



Notation: For any language A and function f(n), we write PAY™)! for the set of
languages recognized by polynomial time Turing machines that ask at most f(n)
queries to the oracle A on inputs of length n. Also, we write PFAY™! for the

corresponding class of functions.

PSATIE  where k is

The bounded query classes of interest to us are the classes
a constant, and PSATOUegn)] At this point, we should make it very clear that we
will be working exclusively with bounded query language classes. In the literature,
there is a related line of research on the bounded query function classes. However,
these classes are only tangentially related to the Boolean Hierarchy. For example,
it is known that PFSATIOMsn)] £ ppSATIol] ypjess P = NP [Kre88], but no such
conditional separation is known for the corresponding language classes. In fact,
the PSATIOUgn)] yergus PSAT question is perhaps the most obvious and persistent
open question in this area.

In general, we would like to know whether queries, as resource bounds, behave
like the resource bounds space and time. In particular, when the number of queries
is bounded by a constant, we would like to know if each additional query gives

Turing machines enough computational power to recognize more languages:

PSAT[l} C PSAT[Z] cC ... C PSAT[k} C PSAT[k-i—l} o

In other words, we ask: is the Query Hierarchy, QH = Uj>; PSATIF an infinite
hierarchy?

To answer this question, we turn to the parallel query classes. Even though
a PSATIE machine is restricted to asking only k queries, the queries asked by the
machine may depend on the answers to previous queries. So, the entire oracle
computation tree may have as many as 2 — 1 distinct queries. These queries are
called adaptive or serial queries. In the non-adaptive or parallel query model, the
machine is allowed to look at the input string, do some computation and ask the
oracle all the queries at once. The oracle then gives the machine the answers to
all the queries in one step, say as a bit vector. After this query phase, no more

queries are allowed.

Notation: For any language A and function f(n), we write PAIlF(™)] for the set of
languages recognized by polynomial time Turing machines which ask at most f(n)

queries in parallel on inputs of length n.
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The parallel Query Hierarchy, QH; = Uy, PSATIE - is simply a finer division
of the serial Query Hierarchy, because PSATIH — PSAT[[2"~1] [Bei87]. So, QH is
infinite if and only if QH; is infinite. Moreover, QH; was shown to be intertwined
with the Boolean Hierarchy [Bei87,KSW8T]:

Vk >0, PSATIF C BH,,,, C PSATIE+L,

Thus, all three hierarchies, QH, QH; and BH, rise or fall together. It has been
shown that these hierarchies do not collapse unless the Polynomial Hierarchy col-
lapses [Kad88]. The proof uses the hard/easy argument which we review in the next

section. Before we go on, we summarize the basic properties of these hierarchies.
e BL; is <P -complete for BH; [CGHTS8S|.
e DIFF; = BH;, and ODD,(SAT)=F BL, [CGH'S8S].
e BH; Uco-BH, C BHy 3 Nco-BHgy; [CGHT8S|.
e EVEN,(SAT)®ODD,(SAT) is <P -complete for PSATIE [WWS85 Bei87].
e BH; Uco-BH,, C PSATIE € BH,,, N co-BHy,; [KSW87,Bei87).
e For all k > 0, PSATH — pSATI*~1] [Beig7).
e BH; = co-BH;, = Vj > 1, BH, = BH;,; [CGH"8g|.
o PSATI — PSATIR+ — v > 1, PSATIIK — pSATIk+j],
o PSATIH — PSATI+1] /5 > | PSATIK — PSATIk+j],

o PSATIOW] — pSATIO(ozn)] [Hem87].

2.3 The Hard/Easy Argument

In this section, we present the hard/easy argument in the simplest setting. The
argument is used throughout this thesis, so it would be helpful for the reader to
be familiar with the proof technique.

The hard/easy argument was first used by Kadin to show that D = co-D”
implies the Polynomial Hierarchy collapses [Kad87,Kad88]|, although some hints at

this technique can be found in recursive function theory [Soa87, p. 58].
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m
PSAT[log n] _ PSATH

BH

BH4 CO—BH4

PSAT|[3] _ PSAT(2]

PSAT|[2

co-DY = co-BH,

m

Figure 2.1: The Boolean Hierarchy and the Query Hierarchies.



12

Theorem 2.1. [Kadin]
If DP = co-D¥ then NP/poly = co-NP/poly and PH C AY.

Proof: Suppose that DY = co-DY. Then, there must be a <F -reduction from
SATASAT to SATVSAT, since SATASAT € DY and SATVSAT is <P -complete
for co-D. Call this <P -reduction h. Then, for all z,

x € SATASAT <= h(z) € SATVSAT.

However, both SATASAT and SATVSAT are sets of tuples. So, we can restate

this condition as: for all x; and x5,
21 € SAT and x4 € SAT <= wu; € SAT or uy € SAT, (2.1)

where u; = my(h(x1,22)) and us = mo(h(z1, 22)).

At this point, Kadin made the critical observation that the structure of the right
side of Equation 2.1 is drastically different from the structure of the left side. To
satisfy the right side, we only need to determine if either u; € SAT or uy € SAT.
To satisfy the left side, we need to check both conditions. This observation is
critical because a proof that u, € SAT is sufficient to show that zo € SAT. If the
unsatisfiability of all formulas can be proven this way, then an NP machine could
recognize SAT and NP would equal co-NP. So, let us suspend our disbelief for the
moment and assume that unsatisfiability can be checked this easily.

First, let us define our assumption rigorously. We call a string = easy if
x € SAT and Jy, |y| = |z|, such that uy € SAT where uy = my(h(y, z)).

If a string x is easy, then there is a polynomial length witness to the unsatisfiability
of x. The witness consists of y and the satisfying assignment for u,. If all the strings
in SAT are easy, then the NP machine Neqsy described below can recognize SAT.
On input @, N, does the following:

1. Guess y with |y| = |z|.
2. Compute uy = my(h(y, x)).
3. Guess an assignment string a.

4. Accept if a is a satisfying assignment of us.
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We claim that N, () accepts if and only if x € SAT. To see this, observe
that if Ne.sy(2) accepts then us € SAT. Then, by the definition of the reduction
h, x must be in SAT. On the other hand, if x € SAT, then by assumption x is
also easy. So, there must be some y which satisfies the definition of easy. Thus,
Neasy () will find such a y and accept.

What if our outrageous assumption does not hold and some string in SAT is
not easy? Let H be such a hard string and let n = |H|. Then, by definition

H € SAT and Vz, |z| = n, uy & SAT where uy = mo(h(x, H)).

Now, the conditions of equation 2.1 can be simplified. Using only the equation, we

know that for all z, |z| = n,
x € SAT and H € SAT <= wu; € SAT or us € SAT,

where u; = m(h(z, H)) and uy = mo(h(z, H)). However, we already know that
H € SAT and that us ¢ SAT, so for all z, |z| = n,

r € SAT <= u; € SAT. (2.2)
By negating both sides of Equation 2.2, we can conclude that
x € SAT <— wu; € SAT.

Now, we can construct an NP machine to recognize unsatisfiable formulas of length

n. On input (z, H), Npeq does the following
1. If |x| # |H], reject.
2. Compute uy; = m(h(z, H)).
3. Guess an assignment string a.
4. Accept if a is a satisfying assingment of .

Assuming that H is indeed a hard string, we claim that Nyq.q(x, H) accepts
if and only if |z| = |H| and x € SAT. Clearly, if z ¢ SAT, (z, H) ¢ SATASAT.
So, u; € SAT by definition of h and Njgq(x, H) accepts. On the other hand, if
x € SAT, then (z, H) € SATASAT. So, either u; € SAT or uy € SAT. However,
H is a hard string, so us € SAT. Thus, u; € SAT and Njq(z, H) rejects.
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The construction of N, and Npeyq puts us in a win-win situation. If all the
strings in SAT of length n are easy, then we can use N4, to recognize SAT. On
the other hand, if there is a hard string of length n in SAT, then we use Npgq.
There are only two obstacles in our way. First, we need to know which of the two
conditions hold for each length. Second, we need to get hold of a hard string if one
exists. Unfortunately, checking whether there is a hard string is inherently a two-
quantifier (3V) question, so an NP machine cannot answer the question directly—it

needs the help of an advice function.

Definition: [KL80,KL82]
Let f be a polynomially bounded function (i.e., 3k, Vz, |f(x)| < |z|*+ k), and
let C be any class of languages, then a language L is an element of C/f if there

exists a language A € C such that
r €L < (x, f(1°N) € A.

Here, f is called the advice function and f(]z|) the advice string. Note that the
advice string depends only on the length of x and not on z itself. We say that a
language L is in C/poly if L € C/f for some polynomially bounded function f. In
general, for any class F of polynomially bounded functions, L € C/F if L € C/f
for some f € F.

Now let f be an advice function which provides a hard string of length n on
input 1" or says that all strings in SAT of length n are easy. (For each length n,
there may be several hard strings. In this case, f provides the lexicographically
largest one.) From the preceding argument, it is clear that SAT € NP/ f, because
an NP machine can run either N.s, or Njeq depending on the advice. Therefore,
co-NP C NP/poly and NP/poly = co-NP/poly. Then, by a theorem due to Yap
[Yap83], PH C X', Moreover, f is computable in AY, so PH C A?. O

The hard/easy argument generalizes to higher levels of the Boolean Hierarchy
in a straightforward manner. Since the Boolean Hierarchy is intertwined with QH

and QH”, we have immediate corollaries about the Query Hierarchies as well.

Theorem 2.2. [Kadin]
If BH = co-BHy, then NP/poly = co-NP/poly and PH C A?.
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Corollary 2.3.
If PSATIIF = pSATIIE+1] then NP /poly = co-NP/poly and PH C AF.

Corollary 2.4.
[f PSATIM — PSATIE+] then NP/poly = co-NP/poly and PH C AL,

These theorems illustrate two important features of the Boolean Hierarchy.
First, recall that in 1987, when these theorems were proven, complexity theorists
were busy collapsing hierarchies [Har87al. Although hierarchies such as the Strong
Exponential Hierarchy and the alternating hierarchy over logspace were believed to
be infinite, they were shown to collapse using a common census technique [Hem87,
Imm88, Kad89,LJK87,SW87,Sze88]. So, there was a strong suspicion that the
Boolean Hierarchy would also collapse; that is, until Kadin showed that if the
Boolean Hierarchy were to collapse then PH would collapse as well — and nobody
knows how to collapse the Polynomial Hierarchy. This theorem lent much respect
to the fledgling hierarchy.

Second, these theorems show that the Boolean Hierarchy have a downward
collapse property with the help of an advice function. That is, if we assume that
BHj = co-BHy, then we know that

BH; /poly = co-BH; /poly.

In contrast, not much is known about 3! versus IIY under the assumption that
¥5 =11}, (Note that NP = BH; = X! by definition.) This downward collapse
property is a consequence of our ability to use the hard/easy argument to decom-
pose the reduction from BLj to co-BLj into a reduction from BL;_; to co-BL,_;.
As a result, whether the Boolean Hierarchy is infinite depends only on what hap-
pens at the first level — whether NP = co-NP — and on the power of polynomial
advice functions.

Technical properties and and historical prespectives aside, what do these theo-
rems really mean? Intuitively, we do not believe that PH collapses or that NP /poly
would be equal to co-NP/poly. Hence, we do not believe that the Boolean Hierar-
chy collapses. However, many “beliefs” once held with high esteem by complexity
theorists have turned out to be false. For example, the relativization principle
stated that theorems which have contradictory relativizations cannot be solved by

standard techniques like diagonalization and simulation [BGS75]. This principle
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has been attacked from several directions [Koz80,Har85,Cha90]. Also, the recent
work on the complexity of IP suggests that “non-standard” techniques are not
beyond our reach [LFKN90,Shad0]. Another example is the Random Oracle Hy-
pothesis [BG81] which states that theorems which hold for almost all oracle worlds
would also hold in the real world. This hypothesis has also been refuted [Kur82,
Har85,HCRR90,CGH90].

The relativization principle and the Random Oracle Hypothesis were notorious
because of the vagueness of their statements. Many writers have found it diffi-
cult to state the conjectures succinctly, even though the conjectures reflect their
own opinions. As a result, these conjectures were difficult to support, and even
more difficult to refute. In contrast, when we use the working hypothesis that
NP /poly # co-NP /poly, our assumptions can be expressed succinctly and exactly.
In the next section, we explain why we believe that NP /poly would be different
from co-NP/poly and we examine the consequences should NP /poly be equal to
co-NP/poly.

2.4 Nonuniformity, Polynomial Advice and
Sparse Sets

In Chapter 1, we examined the structural differences between NP and co-NP and
we mentioned that NP/poly and co-NP/poly are the nonuniform analogues of NP
and co-NP. However, we have not explained what we mean by “nonuniform”.

A language L in a nonuniform complexity class is not recognized by a single
(i.e., uniform) Turing machine. Instead, a sequence of machines Dy, Do, D3, . ..

accepts L in the following sense:
Vn, YV, |z| =n, D,(x) accepts <= x € L.

That is, the n'” machine in the sequence is only responsible for recognizing the
strings of length n. We make no assumptions about the complexity of generating
the sequence Dy, Dy, D3, .. ., so the sequence may even be uncomputable. However,
we do insist that the machines do not grow too large. That is, there must exist a
constant k such that |D,| < nF + k.

The obvious question to ask about these nonuniform classes is whether they

are more powerful than their uniform counterparts. For example, can nonuni-
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form polynomial time Turing machines recognize NP-complete languages? We do
not have an absolute answer to this question, but the result of many years of re-
search suggest that nonuniformity does not provide much additional computational
power. To explain this statement we need to establish some equivalences between
nonuniformity, polynomial advice and sparse sets.

When universal machines exist, the nonuniform complexity classes correspond
exactly to the languages recognized by machines with polynomial advice. For ex-
ample, the languages recognized by nonuniform polynomial time Turing machines
is exactly P/poly. To see this equivalence, simply note that the polynomial advice
provided to a P/poly computation on an input of length n is simply the machine
D,,. The P/poly machine can then simulate D, using the universal Turing ma-
chine. Conversely, a P/poly language can be recognized nonuniformly, because the
nonuniform machine D,, can have the advice encoded in its transition table with-
out increasing the size of the machine by more than a polynomial. This argument
holds for all of the familiar classes like NP, co-NP, XF TIF and PSPACE. So, in-
stead of asking about the power of nonuniformity, we ask how much information a
polynomial advice function can provide.

In a separate development, the complexity of sparse sets was studied.

Definition: For any language L, L=" is the set of strings in L of length less than
or equal to n. Similarly, we write L=" for the set of strings in L of length n. A set

L is sparse if there exists a constant k such that |L="|| < n* + k.

The complexity of sparse sets was first studied in the context of the Berman-
Hartmanis Conjecture [BH77] which claimed that all languages <P -complete for
NP are polynomially isomorphic?. If the conjecture holds, then sparse sets cannot
be <P -complete for NP. So, when Mahaney showed that sparse sets cannot be
NP-hard unless P = NP [Mah82], he lent much support to the belief that there is
simply not enough room in a sparse set to encode NP-hard information. Similar
theorems have been shown for Turing reductions and truth-table reductions as well
[Mah82 Lon82,Har87b,BK88,Kad89,0W90,HL.91].

The concepts of sparse sets and polynomial advice are equivalent in the follow-

2A and B are polynomially isomorphic if there exists a bijective deterministic polynomial time
reduction from A to B whose inverse is also computable in deterministic polynomial time.
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ing way:
L € P/poly <= 35, a sparse set, s.t. L € P°

Similar relationships hold for NP, co-NP, ¥F  IIF', PSPACE, etc. We briefly sum-

marize some results concerning NP /poly.
e SAT € NP < NP/poly = co-NP/poly [Yap83].
e NP/poly = co-NP/poly = PH C X} [Yap83].
e 3} /poly =11}, /poly = PH C &}, /poly [Yap83].
e BP-NP C NP/poly [Sch89].

The main thrust of this considerable body of research show that polynomial ad-
vice (and sparse oracles) provide only a meager amount of information. Moreover,
these bits of information are not enough to bridge the structural gaps between
determinism and nondeterminism or between nondeterminism and co-nondetermi-
nism. Most of the theorems in this thesis can be interpreted as conditional separa-
tions. That is, assuming that there is no polynomially long proof for unsatisfiability
— not even in a nonuniform setting — then we can show that certain complexity
classes are distinct.

Whether NP /poly # co-NP/poly is a reasonable assumption is another point
to consider. Yap’s theorem tells us that if NP /poly were equal to co-NP/poly, then
the Polynomial Hierarchy would collapse. It is the prevailing opinion at this time
that PH does not collapse. So, if one subscribes to this view, one would also believe
that NP /poly # co-NP/poly. However, if one does not, then we would argue that
the connections between the Boolean Hierarchy and the Polynomial Hierarchy are

interesting on their own.

2.5 Summary

We have reviewed the basic properties of the Boolean Hierarchy and the serial and
parallel Query Hierarchies. We reviewed the hard/easy argument and showed how a
collapse at the second level of the Boolean Hierarchy would collapse the Polynomial
Hierarchy. We gave some motivation for what collapsing the Polynomial Hierarchy

means. The following chapters build on these basic results. We will show that the
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hard/easy argument is quite robust and can be modified in many ways to prove

interesting properties about the Boolean Hierarchy.



Chapter 3
Building Boolean Hierarchies!

In this chapter we consider the existence of polynomial time Boolean combining
functions for languages. We say that a language L has a binary AND function,
i.,e. an AND, function, if there is a polynomial time function f such that for
all strings = and y, f(x,y) € L if and only if z € L and y € L. Similarly, we
say that a language L has a binary OR function, an ORy function, if there is a
polynomial time function g such that for all strings x and y, g(x,y) € L if and
only if z € L or y € L. In addition, a language may have “any-ary” Boolean
functions (AND,, and OR,) — polynomial time functions f and g such that for
all n and strings xq,- -+, x,, f(x1, -+, x,) € L if and only if 1, -+, z, are all in L,
and g(z1,---,x,) € L if and only if at least one of z1,- -, x, is in L.

The existence of these functions is intimately tied to questions about polynomial
time reducibilities and structural properties of languages and complexity classes.
Also, we will need these characterizations in the succeeding chapters. Our initial
motivation for considering these functions was the observation that all NP-complete
languages have AND,, and OR, functions. In fact any language that is <F -
complete for even relativized versions of complexity classes such as P, NP, PSPACE
have any-ary Boolean functions by virtue of the fact that such robust complexity
classes are represented by machine models that can be run on the different strings
in the input tuple. We will show that languages that are < -complete for D' have
AND,, but do not have OR5 unless the Polynomial Hierarchy collapses. Complete
languages for the higher levels of the Boolean Hierarchy do not have either AND,

IThe results presented in this chapter were discovered jointly with J. Kadin and have appeared
in [CK90D).

20
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or ORy unless the Polynomial Hierarchy collapses.

These Boolean functions are related to polynomial time conjunctive and dis-
junctive reducibilities (defined by Ladner, Lynch, and Selman [LLS75]) and to
closure of complexity classes under union and intersection. Let m-1(L) be the

class of languages <P - reducible to a language L. It is easy to show that:

L has ANDy; <= m-1(L) is closed under intersection

<= m-1(L) is closed under <}

—2—c»

L has AND, <= m-1(L) is closed under <!

C

(the conjunctive reductions, < _and <, are defined in [LLS75]). Similarly, OR is
related to disjunctive reducibilities and union. Hence by looking at these concepts
in terms of Boolean functions for languages, we are simply thinking of them more
as structural properties of languages than as structural properties of complexity
classes. An advantage of this approach is that it becomes convenient to study
interesting languages such as Graph Isomorphism and USAT (the set of Boolean
formulas that have exactly one satisfying assignment) that are not known to be
<P _complete for any standard classes.

This chapter is organized in the following manner. Section 3.1 presents defi-
nitions and preliminary concepts. In Section 3.2 we discuss some languages that
have AND and OR functions. Most notably, we show that Graph Isomorphism
does have any-ary AND and OR functions even though it is not known to be NP-
complete. In Section 3.3 we characterize the <P -complete languages of D¥ and
PNPIOUogn)] iny terms of AND and OR functions. In Section 3.4 we use the above
characterizations to show that the complete languages of the different levels of the
Boolean Hierarchy and the Query Hierarchies do not have AND and OR functions
unless the Boolean Hierarchy collapses (which in turn implies that the Polynomial
Hierarchy collapses).

Finally, in Section 3.5, we observe that the existence of AND and OR functions
for languages is a condition that makes many proof techniques work. For instance
the mind-change technique used by Beigel to show that PSATIR"~1] — PSATI] [Beig7]
works for any set A that has binary AND and OR functions. Similarly, most of
the theorems concerning the basic structure and normal forms of the Boolean

Hierarchy and the intertwining of the Boolean and Query Hierarchies depend only
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on the fact that SAT has AND, and OR,. The results of this section have been
proven independently by Bertoni, Bruschi, Joseph, Sitharam, and Young [BBJ*89].

3.1 Some Building Blocks

Although our intuitive notion of AND and OR consists of polynomial time functions
that operate on strings, it is convenient to define AND,, AND,,, OR,, OR,, as sets:

Definition: For any set A, we define the sets

ANDy(A) = {(r,y) |z € Aandyec A}
ORy(A) = {(z,y)[z€cAorycA}
ANDi(A) = {(z1,...,xp) | Vi, 1 <i<k,x;€ A}
ORk(A) = { (ry, . mp) | W, 1<i<kaz, €A}
AND,(A) = U AND;(A)

i=1

OR,(A) = DOR,-(A)

If ANDy(A) <P A or AND,(A) <P A, then we say that A has AND, or AND,,
respectively. If ORy(A) <P A or OR,(A) <P A, then we say that A has OR; or
OR,, respectively. Some obvious facts about ANDy(A) and ORy(A) are:

o if A=F B then ANDy(A) <P A «— ANDy(B) <P B.

m

o if A=" B then OR,(A)<P A < OR,(B) <F B.

m

These facts hold for AND,(A) and OR,,(A) as well.

Note that if ANDy(A) <P A then for all k, AND,(A) <P A. It is possible that
AND,(A) <P A, but AND,,(A) £F A. However if ANDy(A) <P A by a linear time
reduction, then AND,(A4) <P A.

Lemma 3.1. If ANDy(A) <P A by a linear time reduction, then AND,,(A) <P A.
Similarly, if ORy(A) <P A by a linear time reduction, then OR,,(A) <P A.

Proof: Let f be a linear time reduction from ANDy(A) to A. For any r, we can take
a tuple (1, ..., z,) and apply f pairwise to f(x1,z2) f(x3,24) -+ f(x,—1,2,). Then
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we can apply f pairwise to the outputs of the first applications of f. Repeating
this process until we have a single string gives us a tree of applications of f. The

height of the tree is logr. If n is the total length of the tuple, » < n, and so the

logn

total running time is bounded by ¢°¢"n for some constant c. This is polynomial

mn. O

3.2 Languages Which Do

In this section, we present some familiar languages which are known to have AND,,
and OR,,.

Lemma 3.2.

1. SAT has AND,, and OR,,.
2. SATASAT has AND,,.

Proof:

1. Given n formulas (fy, ..., fn),

(fi,..., fr) € AND,(SAT) <= fiA...A f, € SAT
(fi, .\ fa) € ORL(SAT) < f1 V...V f, € SAT.

2. Given n tuples <(f17g1>7 R (fnagn)>7

((f191), -+ (fnrgn)) € AND,(SAT A SAT)
— (iN...Afo, 1 V...V g,) € SATASAT.

Lemma 3.2 also implies that all NP-complete languages have AND,, and OR,,.
In fact any language that is <P -complete for any relativized version of NP, P, or
PSPACE has AND, and OR,,. In addition, all languages in P also have AND,
and OR,. One question we ask is whether any of the incomplete languages in
NP — P have these Boolean functions. In our next theorem, we show that Graph
Isomorphism, a natural language that is probably not <! -complete for NP [GSS86,
GMW86,BHZ87,5ch88|, does have AND,, and OR,,. At this time, Primes is the
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only other candidate for a natural incomplete language in NP — P, and whether

Primes has AND, or OR; remains an open question.
Definition: GI% {(G, H) | G and H are isomorphic graphs}.

The Labelled Graph Isomorphism problem is the problem of recognizing wheth-
er two graphs with labelled vertices are isomorphic by an isomorphism that pre-

serves the labels.

Definition:

LGI Y { (G, H) | G and H are isomorphic graphs with labelled nodes,

and the isomorphism preserves labels }.

We will show that LGI has AND,, and OR,, functions. The existence of AND,,
and OR,, functions for GI follows from the fact that LGI =F GI [Hof79].

Lemma 3.3. LGI has AND, and OR,,.

Proof: Without loss of generality we can assume that graphs are represented as
adjacency matrices paired with a table mapping vertices to integer labels.

We define an AND,, function for LGI as follows. Given r pairs of graphs
(G, Hy), ..., (G, H,)), we preprocess each G; and H; by:

1. for each G; and H;, add a new vertex and make it adjacent to every old

vertex of the original graph.

2. define r new labels. For each i, label the new vertex of GG; and H; with new
label 3.

Then let G be the disjoint union of all the altered G;’s (i.e. put them all together
in one graph with no extra edges), and let H be the disjoint union of all the altered
H;’s.

If for all 7, the original G; is isomorphic to the original H; by a label preserving
mapping, then G is isomorphic to H by mapping each G; to H; and the new
vertex of GG; to the new vertex of H;. Clearly, this is an isomorphism from G to H
that preserves the labelling. If G is isomorphic (label preserving) to H, then the

isomorphism must map the unique vertex in G with new label ¢ (the new vertex
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added to G;) to the unique vertex in H with new label i (the new vertex added to
H;). This induces an isomorphism between G; and H; (for all 7).

To show that LGI has OR,,, we first show that LGI has ORsy. Then, we note
that the reduction can be done in linear time, which implies that LGI has OR,,.

Given two pairs of labelled graphs, (G1, H;) and (G, Hy), we preprocess the
graphs as described above (adding 2 new labels). Define a new labelled graph A
containing all four graphs G, Hy, G5, and Hs as subgraphs with 2 new edges
added connecting the new vertices of G; and GGy and the new vertices of H; and
Hs. A new graph B is constructed similarly except the new edges connect GG; with
Hy and H; with G5 (see Figure 3.1).

G1 H1 Gl Hl

G2 Hg G2 H2

Figure 3.1: New labelled graphs A and B.

Suppose G and H; are isomorphic by a label preserving mapping. Then, A
and B are isomorphic by mapping G; in A to H; in B, H; to Gy, G5 to G5 and
Hs to Hy. Symmetrically, if Gy and Hs are isomorphic, then A and B are also
isomorphic.

If A and B are isomorphic and (; is not isomorphic to H;, then the new
vertex of (G; in A must be mapped to the new vertex of G; in B. Thus, the new
vertex of G5 in A must be mapped to the new vertex of Hy in B. This induces an
isomorphism between G5 and Hs.

To see that the reduction from ORy(LGI) to LGI is linear time, note that we
only doubled the size of the input and added only 2 new labels. Lemma 3.1 then
implies that LGI has OR,,. O

Corollary 3.4. GI has AND,_, and OR,,.
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3.3 Characterizations of Complete Languages

In this section, we show that the complete languages for DY and PNPIOUegn)] can be
characterized using AND, and OR,,. These two characterizations are very similar.
The only difference is that PNPIOUeen)] complete sets have OR,, and D complete
sets do not. Since DY # PNPIOUogn)] ynless PH collapses, DY complete sets probably
do not have OR,,.

Lemma 3.5. If SAT <P A, SAT <P A and A has AND,, then A is D hard under

<P reductions.

Proof: SATASAT is <P -complete for D. Clearly, SATASAT <P A. So, A must
be DF hard. O

Theorem 3.6. Any language A is < -complete for D if and only if

1. Ae Db
2. SAT,SAT <P A.
3. A has AND,.

Now, we show that if a DP-hard set has OR, or OR,, then it is also hard for
higher levels of the parallel Query Hierarchy.

Theorem 3.7. Let A be any set that is <P -hard for DP.

1. If A has ORg, then for all k, A is <P -hard for PSATIH,
2. If A has OR,,, then A is <P -hard for PNPIOUegn)],

PSATIEl To determine if 2 € C, consider the query tree

Proof: Let C be any set in
of the PSATIH computation. (The query tree is a full binary tree where the internal
nodes are labelled by the oracle queries. The two subtrees below the node represent
the computations that follow oracle reply. One branch assumes the oracle replied
“yes”, the other “no”.) The query tree has height k and 2* leaves. Only one path
in the tree (from root to leaf) is the correct path, and z € C if and only if this
path ends in an accepting configuration.

Now we show that a DY computation can determine if a given path is the correct

path. Let pq, ..., p; be the queries on the path assumed to be answered “yes”, and
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q1,-.-,q; be the queries assumed to be answered “no”. Then, the path is correct
if and only if py A ... Ap; € SAT and ¢; V...V ¢; € SAT. This is exactly a D¥
computation.

Since the query tree is of constant depth, it is possible to generate the entire
tree in polynomial time and write down all the paths that end in an accepting
configuration. Note that x € C if and only if one of these accepting paths is the
correct path. Let r be the number of accepting paths. We can use r separate
DP computations to check if any of the accepting paths is the correct path; and
since we assume that A is DP-hard and has OR,, we can use one computation of
A instead of the » D computations.

The proof of the second case is similar. The only difference is that the query

tree has logarithmic depth and polynomial size. O

Corollary 3.8. If SAT <P A, SAT <P A and A has AND, and OR,,, then A is

pNPIOUogn)] hard under <P -reductions.

Proof: By Lemma 3.5 A is a DP-hard set. By the preceding theorem, A is also
hard for PNPO(ogn)], O
Theorem 3.9. A set A is <P -complete for PNPIOUen)] if and only if

1. A€ PNP[O(logn)].

2. SAT,SAT <P A.

3. A has AND,.

4. A has OR,,.

Notice that the only difference in the characterizations of DY complete sets and

PNPOUogn)] complete sets (Theorems 3.6 and 3.9) is that PNPIOUeen)] complete sets

have OR,,. So, we have the following corollary.
Corollary 3.10. If SATASAT has OR,,, then PNPIOUcgn)] C DP,

Since PNPIOUegn)] € DP jmplies that PH collapses, Corollary 3.10 is evidence
that SATASAT does not have OR,,. In fact, SATASAT probably does not have
ORy, either.

Corollary 3.11. If SATASAT has ORs, then PNPIOUoen)] C DP,
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Proof: If SAT ASAT has OR,, then by Theorem 3.7, SAT ASAT is hard for PSAT[Z,
However, the complement of SATASAT is SATVSAT which is in PSATI So,
SATASAT =P SATVSAT. Since SATASAT has AND,, by Lemma 3.2, we know
that SATVSAT has OR,, by DeMorgan’s Law. Thus, SATASAT must also have
OR,, since the two sets are <P -equivalent. Then, by Corollary 3.10 PNPIOUesn)] C
DF. 0

Corollary 3.12. If D’= co-DPthen PH collapses and PNPIOUeen)] € DP,

Proof: If DP= co-DY, then SATVSAT is <P -complete for D¥. So, SATVSAT
has AND, by Theorem 3.6. Then, by DeMorgan’s Law, SATASAT has OR; which
implies PNPIOUogn)] € DP by Theorem 3.11. The Polynomial Hierarchy collapses
by Theorem 2.1 due to Kadin. O

It was observed by Kadin [Kad89] that the collapse of the Boolean Hierarchy at
level 2 (DY = co-DF) immediately implies PNPIOUem)] € DP. However, we cannot
push the same theorem through for the collapse of the Boolean Hierarchy at levels
3 or higher. We can explain this phenomenon using AND, and ORy. Observe
that in the proof above we relied on the fact that SATASAT has AND,. We will
show in the next section that the complete languages for the levels of the Boolean

Hierarchy cannot have ANDy or ORg, unless PH collapses.

3.4 Languages Which Don’t

In this section, we show that the complete languages for the levels of the Boolean
Hierarchy and Query Hierarchies probably do not have ANDy or OR;. In the
following theorems, keep in mind that BH, C BH C PNPIOUogn)] = Also, recall that
if BH C BH, QHj C PSATIF QH C PSATIE or PNPIOUosn)] C BHy, then the
Polynomial Hierarchy collapses. Of course, Theorems 3.13 and 3.14 apply to any

set Sg -complete for some level of the Boolean Hierarchy.

Theorem 3.13. For k > 2,

1. BL; has OR, <= BH C BH,.
2. BL, has OR,, <= PNPOUogn)] C BH,.
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Proof:

1. (=) For k > 2, BL; is DP-hard, so by Theorem 3.7, BL;, has ORy implies
that it is hard for PSAT¥] However, co-BL;, € PSATIE so co-BL; <P BL.
Thus, BHy, is closed under complementation and BH C BH,,.

(<) If BH C BH,, then PSATIZEL C BH, since PSATIZE C BHy;, . Clearly,
ORy(BLy) € PSATIEE 5o BL, has ORs.

2. (=) As above, BL;, is DP-hard. By Theorem 3.9, BL; has OR,, implies that
BL; is SHP] -complete for PNPIOUegn)] o PNPO(ogn)] C BH, .

(<) OR,(BL;) € PSATI = pNPIOQegn)] - g, = pNPIO(ogn)]l € BH,, implies that
BLj has OR,,. O

Theorem 3.14. For k > 3,

1. BLj has AND, < BH C BH;.
2. BL; has AND,, <= PNPIOUeen)] C BH,.

Proof: Under these assumptions, DeMorgan’s Law implies that co-BL; has OR»
or OR,,. Then, the proof proceeds as above, because for k > 3, co-BL;, is DP-hard.
O

If we believe that the Polynomial Hierarchy does not collapse, then the pre-
ceding theorems tell us that as we go up the Boolean Hierarchy, the complete
languages lose the Boolean connective functions. At the first level, BL,; = SAT, so
BL; has both AND,, and OR,,. At the second level, BL, is DPcomplete, so BL; has
AND,, but does not have OR5. From the third level up, BL; has neither AND, nor
ORs5. Thus, when we walk up the Boolean Hierarchy from level one, the complete
languages lose “pieces” of robustness.

The <P -complete languages for the different levels of the Query Hierarchy
and the parallel Query Hierarchy (relative to SAT) also do not have AND, or OR,

unless PH collapses.

Theorem 3.15. For any k > 1, if C'is <P -complete for PSATIF  then

C has AND, or ORy = BH C PSATI[K,
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Proof: First, note that since PSATI is closed under complementation, C' =P C.
Therefore C' has AND, if and only if C' has ORy. We will show that if C' has either
Boolean function, then BH;,; € PSATI¥ which implies the collapse of BH (and of
PH). If k is odd, then the <P -complete language for BHy; is

BLyy1 ={ (x1, ..., k1) | {21, ..., x) € Bl and x4 € SAT }.

Since BL;, € PSATIE BL, <P C. Also, SAT <P C. So, using the AND, function
for C', we can combine these two reductions and obtain a reduction from BLj.; to
C. Hence, BH , C PSATII,

If k is even, then the < -complete language for BH,,; is
BLk+1 = { <SL’1, ,$k+1> ‘ <LL’1, ,LL’k> S BLk or Tp41 € SAT }

In this case, we use the ORjy function to combine the reductions from BL, to C
and from SAT to C into a reduction from BLg,; to C. Again, we conclude that
BH;,,; C PSATIIK, 0

For another example, in Chapter 6 we will show that USAT, the set of uniquely
satisfiable formulas, has AND,, but does not have OR,, unless PH collapses.

3.5 AND, and OR;, and Hierarchies?

In Chapter 2, we discussed the following basic structural properties of the Boolean

and Query Hierarchies:

1. Normal forms for BHy: there are many different but equivalent ways to define
the levels of the Boolean Hierarchy [CGH™88|.

2. Complete languages:

(a) BLy is <P -complete for BHj,.

(b) ODDy(SAT) is < -complete for BH}, [Bei87,WW85].
(ODDg(SAT) is defined below.)

(c) EVEN(SAT)@ODD,(SAT) is <P -complete for PSATII]
(Bei87,WWS5].

2The results of this section have been proven independently by Bertoni, Bruschi, Joseph,
Sitharam, and Young [BBJ*89].
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3. Basic containments and intertwining [Bei87, KSW8T7]:
BH, U co-BH,, C PSATIE € BH,, 4 N co-BHyy4.

4. Intertwining of the Query Hierarchies [Bei87]:

PSATIIK] — PSAT[2k -1]

5. Upward collapse:

BH, = co-BH, — BH C BH,
PSATH[k] — PSATH[k—i—l] — QH” C PSATH[k}

PSAT[k] — PSAT[k-H] — QH C PSAT[k}.

Definition: For any language A, ODDy(A) and EVEN,(A) are sets:

ODDi(A) ¥ {2y, ..,2) | | {z1, ..., zx} NA| is odd }
EVEN.(A) % {(z1, ..., z) | | {z1,... 2} N A is even }.
In this section, we show that all the above properties follow simply from the
fact that SAT (or any NP-complete set) has AND, and OR,. That is, they do not
depend on the fact that SAT is NP-complete or even in NP. To talk about these

properties, we need to define the Boolean hierarchy relative to A.

Definition:
(A) = {L|L=<zA},
(A) = { LiNLy | Ly € BHy_1(A) and Ly <P A},
BHop1(A) = { LiULy | Ly € BHy(A) and Ly <P A},
(A) = { L| L €BHi(A) },

(4)

— |JBH,(A).

k=1
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Definition: The <P -complete languages for BH,(A) and co-BH(A) are:

BLl(A) == A,
BLgk(A) = { <fl,£(72> ‘ fl € BLgk_l(A) and To € A },
BL2k+1(A) = { <f1,113'2> | fl € BL2k(A) or Iy € A },

co-BL,(A) = A4,
co-BLop(A) = { (¥1,29) | 1 € co-BLog_1(A) or 25 € A },
co-BLopi1(A) = { (#1,22) | 1 € co-BLgg(A) and x5 € A }.

Note that BLy(SAT) = SATASAT and BL3(SAT) = (SATASAT)VSAT. In the
general case, BLy(A) is <P -complete for BH,(A) and co-BLi(A) is <F -complete
for co-BHy(A). However, in the general case, the Boolean hierarchy over A may
not be intertwined with the parallel query hierarchy over A. We only know that
BHy(A) U co-BH,(A) C PAIIK,

First, we will leave it to the reader to show that if A has AND, and OR,, then
the various normal forms for BHy, hold for the different levels of BH(A) (see [CH86]).
For example, a language L is in BHy(A) iff there exist languages Lq,..., Ly €
m-1(A) such that

L=D(Ly, ..., L) ¥ Ly — (Ly — (Ly — (--- — Ly))).

Theorem 3.16.
If A has AND, and ORy, then ODDy(A) is <P -complete for BH;(A).

Proof: First, we show that ODDy(A) is <! -hard for BH(A). If L € BH(A),
then L = D(Ly, ..., Ly) for Ly, ..., Ly € m-1(A). Let L; © N,_; L;. Then, each
L, € m-1(A), since m-1(A) is closed under intersection. Also, L} D Ly, D --- D L.
One can prove by induction that D(Ly,...,Ly) = D(L},...,L}). Clearly then,

x € L iff the number of sets L, ..., L} that contains x is odd. Since each L; is
in m-1(A), given a string x, we can reduce = to (qi,...,q) such that z € L} iff
q; € A. Then, z € L iff {q1,...,q.) € ODDg(A). Therefore, ODD.(A) is < -hard
for BH,(A).

To see that ODDy(A) € BHi(A), for each ¢ < k, consider the set

LEL (wn, o) | {or, o ad N Al >},
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L; € m-1(A) since given (1, ..., ), we can generate all s = (’:) subsets of i strings
and use the reduction from OR;(AND;(A)) to A to generate a string that is in A
iff all 4 strings in one of the subsets are in A. Then, ODDy(A) = D(Ly, ..., L) and
ODDy(A) € BHy(A). O

The most difficult proof in this section is the argument that the language
EVEN,(A)®0ODD,(A) is <P -complete for PAIK). The argument shows that the
mind-change technique [Bei87] works whenever A has AND,y and ORj.

Theorem 3.17. If A has AND, and ORy, then EVEN(A)©®ODDy(A) is complete

for PAIF yunder <P -reductions.

Proof: Both EVEN,(A) and ODDj,(A) are obviously in P4 so we need to show
that every set in P4 can be reduced to EVEN,(A)@ODD,(A).

Let L be a language in PAI¥ computed by a polynomial time oracle Turing
machine M which asks at most k parallel queries. With each M4 (x) computation,

we associate truth tables that have the following syntax:

¢ Q2 ... @ | result
0 acc

rej

1 1 ... 1 rej

The idea is that qi, ..., g are the strings queried by M“(z). Each row of the truth
table records whether the computation accepts or rejects assuming that the answer
to the queries are as listed in the row. (A “1” in column ¢; means we are assuming
that ¢; € A and a “0”, ¢; € A). The full truth table has 2* lines, but we consider

truth tables with fewer lines, as well. In particular, we call a truth table valid if

1. The first row of the truth table is all 0’s.

2. If a “1” appears in column ¢; of row j, then for all rows below row j a “1”
appears in column ¢;. (Think of each row as the set of ¢;’s assumed to be
in A represented as a bit vector. This condition implies that the rows are

monotonic under the set containment relation.)

3. If a “1” appears in column ¢; of any row, then ¢; is in fact an element of A.
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N.B. valid truth tables have between 1 and k+1 rows. The following is an example
of a valid truth table.

@ G 93 @ g5 Qs qr | result
O 0 0 0 0 0 0 rej
o 0 1 0 0 0 O acc
O 0 1 0 1 0 0| acc
0O 0 1 0 1 1 0 rej
O 0 1 0 1 1 O acc
1 0 1 0 1 1 O rej

For each valid truth table T, we associate a number mp—the mind changes of
T—which is the number of times the result column changes from accept to reject
or from reject to acc. In the example above, mr is 4. Since valid truth tables have
between 1 and k+ 1 rows, 0 < my < k. Now we define the set of valid truth tables

labelled with the number of mind changes.
T ={ (T,z,s) | T is a valid truth table for M4 (z) and mr = s }.

Claim: 7 <P A. Oninput (T, z, s), a polynomial time machine can simulate M4 (z)
to determine which strings, ¢, ..., qx, will be queried. Then, the machine can easily
check the syntax of T" to see if it meets conditions 1 and 2 in the definition of a
valid truth table and to see if the number of mind changes is indeed equal to s.
If any of these conditions is not met, (T, x, s) is reduced to a known string in A.
Otherwise, T is a valid truth table if and only if all the ¢;’s with a 1 in the last
row are actually in A. This last condition can be reduced to A via the reduction
from AND(A) to A.
Now define

ET, ={ x| 3T, s such that s > r and (T, z,s) € T }.

Claim: £7, <P A. Since k is constant, for fixed queries qi, ..., qx, there is only a
constant number of truth tables with k£ columns. So simply generate all truth tables
T and all values of s between r and k. Since x € €7, if and only if (T, z,s) € T
for one of the (7 s) pairs generated and since 7 <I' A, €7, can be reduced to A
using the OR; function for A to combine all the reductions from 7 to A into one
reduction.

We use the reduction from E7, to A to produce a reduction from L to
EVENg(A)®ODDy(A). This reduction will simply print out a k-tuple (zy, ..., zx)
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and an extra bit to indicate if the reduction is to EVEN,(A) or ODDy(A). Each
z; has the property that z; € A iff x € £7; iff there exists a valid truth table that
makes ¢ mind changes. Let ¢ be the maximum number of mind changes. Then,
21, ...,z € Aand z4q,...,2, € A. So, the parity of the number of z;’s in A is the
same as the parity of ¢.

Now, we claim that the parity of the maximum number of mind changes is
enough to determine if M (z) accepted. First, note that there must exist a valid
truth table with the maximum number of mind changes which has, in its last row,
the actual oracle replies. (L.e., there is a 1 in column ¢; of the last row if and only
if ¢; € A.) To see this, simply confirm that adding the row of actual oracle replies
to the bottom of a valid truth table results in another valid truth table. Thus,
M4 (x) accepts iff the result in the last row of this truth table is “accept”.

Second, consider this valid truth table that makes ¢ mind changes. Note that if
t is odd (even) then the result in the last row is the opposite of (the same as) the
result in the first row. Suppose the result in the first row is “accept”, then x € L
iff ¢ is even iff (21, ..., 2zx) € EVENg(A). Similarly, if the result in the first row is
“reject”, then = € L iff (z1,...,2;) € ODDg(A). Since the result in the first row
can be computed in polynomial time, a polynomial time function can reduce L to
EVEN(A)®ODD(A). 0

Theorem 3.18. If A has AND, and ORs, then

BHk(A) UCO—BHk(A) Q PA”W Q BHk_H(A) ﬂCO—BHk_H(A).

Proof: The first containment follows from the definitions of the various classes.
The second containment holds because EVEN(A)®ODDy(A) many-one reduces
tO ODDk+1(A) D

Theorem 3.19. If a set A has AND, and OR,, then P4 = pAlRt-1],

Proof: Since PAM C PAIR"1 for any A, we only need to show PAIR*~1 C pAlK,
By Theorem 3.17, it suffices to show that ODDyx_;(A), the complete language for
PAIR" =11 is contained in PAM.

The main idea of this proof is to use k serial queries to do binary search over
2% — 1 strings to determine how many are elements of A. To determine if at least

r strings are in A, generate all s = (2’1—1) subsets of the queries with r elements.
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Then, use the reduction from ORs(AND,.(A)) to A to determine if one of the subsets
contains only strings in A. If so, at least r of the query strings are elements of

A. Since it takes exactly k steps of binary search to search over 2¥ — 1 elements,
pAlk] — pAll[2~F-1], O

With Theorem 3.19 in place, we can prove the upward collapse property for the

parallel query hierarchy over A.

Theorem 3.20. If A has AND, and OR, and PAIKl = pAlk+1] then for all j > &,
pAIK — pAIli]

Proof: It suffices to show that under these assumptions, PAIF+1] = pAlllk+2]
Since A has AND, and ORj,, by Theorem 3.17, EVEN;.;(A)®ODDy1(A) is
<P _complete for PAIF " However, PAI = pAlk+1 g5 there is some PAI
computation for EVEN,;(A)®0DDy;(A). Thus, we can construct a PAlk+1]
computation to accept EVENy 5(A)®ODDy 2(A). We use k queries to compute
the parity of the first k41 strings and one more query to determine if the last string

is in A. Since EVEN,2(A)@0DDy,5(A) is <P -complete for PAIk+2l pAlllk+1] —
pAlk+2]. O

The upward collapse properties of the BH(A) and QH(A) follow from Theo-
rem 3.20.

3.6 Summary

We have seen how the ANDy and OR5 functions interact with the Boolean and
Query Hierarchies. These interactions will be useful in the succeeding chapters
of this thesis. For example, we have shown that the AND,; and ORs functions
can be used to characterize the complete languages for DY and for PNPIOUogn)],
These characterizations are used in Chapter 6 when we determine the structural
complexity of the unique satisfiability problem. We have also shown that when
we build Boolean hierarchies over languages which have AND, and OR», all of the
basic structural properties of the Boolean Hierarchy still hold. In Chapter 4, we
will use this fact when we work with the Boolean hierarchy over NPNY. Moreover,
in Chapter 5, we will examine the difficulties encountered when we work with

Boolean hierarchies built over languages not known to have ANDy and ORs.



Chapter 4
Collapsing the Boolean Hierarchy

In this chapter, we present a closer analysis of the relationship between the Boolean
Hierarchy and the Polynomial Hierarchy. In Section 2.3, we showed that the col-
lapse of the Boolean Hierarchy implies a collapse of the Polynomial Hierarchy. In
this chapter, we show how the hard/easy argument can be refined to give a deeper
collapse of the Polynomial Hierarchy. The theorems also demonstrate a linkage

between the Boolean Hierarchy over NP and the Boolean hierarchy over NPNY:
BHj, = co-BH; = PH C BH,(NP").

Recall that in the original hard/easy argument we constructed an NP machine
to recognize SAT using an advice function which provided the lexically largest
hard string. Then, we argued that since the advice function can be computed in
AP, PH collapses to AL. In the refinement of the hard/easy argument we do not
need all of the information provided by this advice function — a smaller amount
of information allows an NP™ machine to recognize the complete language for X% .
Moreover, since the smaller amount of information is easier to compute, we can
obtain a deeper collapse of PH.

For example, for the case where BHy, = co-BHs,, this information is essentially

tally set

T { 1™ | 3 a hard string of length m }.

First, we show that X5 C NPT®N'_ Since the set of hard strings is in co-NP, if

PNP

we tell an N machine that there is a hard string of length m, it can guess a

hard string and verify with one query that it is hard. With that hard string, the

37
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NP™ machine can produce an NP algorithm that recognizes SAT . If we tell an
NPNP machine that there are no hard strings of length m, then it knows that the
“easy” NP algorithm recognizes all of SAT . In either case, the NPNY machine
can use an NP algorithm for SAT " to remove one level of oracle queries from a
¥¥ machine, and therefore recognize any ¥ language.

Using this refinement, we can demonstrate a collapse of PH down to PNP™ (2],
Since an NPN machine can guess and verify hard strings, 7€ NPNY. This implies
that a PNP"" machine can tell with one query if there are any hard strings of

PNP machine needs to recognize

PNP

a given length. Since this is exactly what an N
a MY language, the PNY ™ machine can pass the information in one more N
query and therefore recognize a X language with only two queries. Hence BHy =
co-BH, implies $F € PNPYE2l the class of languages recognizable in deterministic
polynomial time with two queries to NPNP.

With more work, we can show that Y} is actually contained in the second level

of Boolean hierarchy over NP,

4.1 If the Boolean Hierarchy Collapses'

We can generalize the analysis presented above to higher levels of the BH by
replacing the concept of hard strings with the concept of hard sequences of strings.
Just as an individual hard string could be used with the reduction from BH; to
co-BH, to induce a reduction from SAT to SAT, a hard sequence is a j-tuple that
can be used with a <P -reduction from BH}, to co-BH, to define a <P -reduction
from BHj_; to co-BHj_;.

Before we go on to give the complete definition of a hard sequence, we need
some notational devices to handle parts of tuples, reversals of tuples, and sets of
tuples. These devices greatly simplify the presentation of the proofs, so we ask the

reader to bear with us.

IThe results presented in this chapter were discovered jointly with J. Kadin and have appeared
in [CK90a].
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Notation: We will write 7; for the j™ projection function, and 7 ;) for the func-

tion that selects the i through j* elements of any tuple. For example,
(X1, ., Tp) =

T (@1, @) = (T1, .., 25).

Notation: Let (zq,...,x,) be any r-tuple. When the individual strings in the
tuple are not significant, we will substitute & for (x1, ..., x,). Also, we write " for

(xy, ..., 1), the reversal of the tuple.

Notation: We abuse the standard notation and use {0, 1}="*" to denote the set
of r-tuples of strings with length less than or equal to m. That is, 5 € {0, 1}=m™%",
if ¥ = (y1,...,y,y and for 1 < i <r, |y;| < m.

Now we are ready to give the definition of hard sequences. This definition
may seem clumsy at first, but actually sharpens our proofs. We will give some

motivation for the definition below.

Definition: Suppose BL; <F co-BL; via some polynomial time function h. Then,

—

we call (1" 7
of the following hold:

) = (1", 21, ..., x;) a hard sequence with respect to h if j = 0 or if all

L1<j<k-1.

2. |zj| <m.

3. z; € SAT.

4. (1™, x1,...,xj_1) is a hard sequence with respect to h.

5. V7 = (y1, ..., y0) € {0,1}=™%¢ 7, 1°h(7, &%) € SAT, where { = k — j.

If (1™, @1, ..., x;) is a hard sequence, then we refer to j as the order of the sequence
and say that it is a hard sequence for length m. Also, we will call a hard sequence
maximal if it cannot be extended to a hard sequence of higher order. Finally, we
say that 7 is the maximum order for length m, if there is a hard sequence of order

j for length m and there is no hard sequence of order j + 1 for length m.

To understand the definition of hard sequences one must recall the role of hard

strings in Section 2.3. Hard strings, as advice, allow an NP machine to recognize
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SAT. In Section 2.3, a hard string of length m allows an NP machine to recognize
strings in SAT of length exactly m. In this chapter, we want a single advice
string to help an NP machine to recognize strings in SAT of length less than or
equal to m. Thus, a hard sequence for length m consists of strings in {0, 1}=™.
An additional 1™ is placed before the tuple, so it is easy to determine that the
sequence is for length m. Moreover, we need the 1™ to enforce a lower bound on
the length of a hard sequence. (Otherwise, m may be exponential in the size of
the hard sequence.) Conditions 3 and 5 simply mimic the original definition of a
hard string (q.v. Section 2.3). Finally, Condition 4 in the definition allows us to

prove theorems inductively.

Definition: L,, and L, are the canonical <! -complete languages for 5 and %¥

respectively:
L, %« (Nj,z,1%) | N]-SAT(ZIZ) accepts in < |z| + 7 steps },
def i L,, . .
Ly, = { (Nj,z,1") | N;7*(x) accepts in < |z| + i steps }.

Our proof that BH C BHy, implies PH C BH,(NP?) is rather involved. All
of our lemmas and theorems start with the assumption that BH; = co-BHy, or in
other words, that there exists a function h that is a §§1 -reduction from BLj to
co-BL. First we show that a hard sequence of order j for length m does indeed
induce a reduction from BL,_; to co-BL;_; (Lemma 4.1). Then we show that a
maximal hard sequence for length m induces a polynomial time reduction from
SAT=" to SAT (Lemma 4.2). In Lemma 4.3 we argue that given a maximal hard
sequence, an NP machine can recognize an initial segment of L,,, the canonical
complete language for ¥5. Lemma 4.4 takes this a step further by showing that
given the maximum order of hard sequences for a length, an NPN' machine can
recognize an initial segment of L,,, the canonical complete language for 3Y. We
then define the set T which encodes the orders of hard sequences for each length,
and we show that 7€ NP (Lemma 4.5). We put all this analysis together in
Theorem 4.6 and show that BHj, = co-BH;, implies PH C PNPY I,

Moving toward the AL Boolean hierarchy, we prove that an NP machine can
recognize if there is a hard sequence of order j for length m if it is given a hard
sequence for a polynomially longer length (Lemma 4.7). In Lemma 4.8 we show

that the maximum order of hard sequences for a length is enough information to
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permit an NPY" machine to recognize when a string is not in L,,; that is, the
NP™ machine can recognize an initial segment of a complete language for II.
Finally, this gives us the machinery to prove our main theorem.

We start by showing that a hard sequence of order j for length m induces a

reduction from BLj_; to co-BLj_; for tuples of strings up to length m.

Lemma 4.1. Suppose BL;, <P co-BL; via some polynomial time function h
and (1", %) = (1™, x4, ..., 2;) is a hard sequence with respect to h. Then for all
7= (y1, ..., ) € {0,1}=™% (where { = k — j)

y € BLy < 70 °h(y, L") € co-BL,.
Proof: (by induction on j)

Induction Hypothesis P(j): If (1™, Z) = (1™, 21, ..., x;) is a hard sequence, then
for all 7 = (y, ..., yx_;) € {0, 1}=mx(k=)

v e BLk_j <~ W(17k_j)°h(g, fR) S CO—BLk_j.

Base Case P(0): In this case, Z is the empty sequence, so ¢ = k. By the hypothesis

of the lemma, h reduces BL; to co-BLy, so

7 € BLy <= h(¥) € co-Bly.

—

However, 7 1)°h(i) = h(¥), so

?je BL, «— w(l,k)Oh(y“) € co-BL,..

Induction Case P(j 4+ 1):  Suppose that the induction hypothesis P(j) holds.
Let ¢ = k —j. Let (1™, %) = (1™, z1,...,x,41) be a hard sequence. Then, by
definition, (1™,Z') = (1™, x1,...,x;) is also a hard sequence. By P(j), for all
7= Y1, ye1) € {0,135

(U, 2j11) € BLy <= 7a,0°MY, xj41,7'") € co-BLy.
If ¢ is even, then by the definitions of BL, and co-BL,

y_’e BLg_l and Tjt+1 S SAT

4.1
> a1y, &) € co-BLy_y or meh(y, %) € SAT. (4.1)
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If 7 is odd, then by the definitions of BL, and co-BL,

?76 BLg_l or Tjt1 € SAT

= ma—1°h(y,2%) € co-BL,_; and meeh(y, 2%) € SAT, (42)
or (by negating both sides of the iff),
¥y ¢ BL,; and x4 € SAT (4.3)
= Ty, Z") & co-BL_y or meeh(y, ) € SAT.
Since (1,1, ...,xj41) is a hard sequence, from parts 3 and 5 of the definition of

a hard sequence we know that z,;,1 € SAT and mpoh(y, 2") € SAT. Therefore
in equations (4.1) and (4.3), the second conjunct on the left side is true and the

second disjunct on the right side is false. Hence
?] € BL,., — W(17g_1)°h(g, fR) € co-BL,_;.
Then replacing k — j for ¢, we have

<y17 7yk—(j+1)> S BLk—(j"‘D
= -+ °PY1s - Yr— (1) Tjir1s - T1)) € co-BLyg— (1)

So, we have established the induction hypothesis P(j + 1). O

Lemma 4.2 shows that a maximal hard sequence for length m induces a poly-
nomial time reduction from SAT-" to SAT, or in other words, given a maximal

hard sequence for length m, an NP machine can recognize SAT™",

Lemma 4.2. Suppose BL, <P co-BL; via some polynomial time function h and
(1™, ) = (1™, xq, ..., x;) is a maximal hard sequence with respect to h. Then for
all v € {0,1}=™

v E€SAT <= I 5= (y1,...,5—1) € {0,1}=E=N " moh(if, v, %) € SAT
(where ¢ =k — j).

Proof:
If j = k—1 (¢ is the empty sequence ), then by Lemma 4.1 for all v € {0,1}>™

v € BLy <= m°h(y, ") € co-BL;.
However, BL; = SAT and co-BL; = SAT. So, we have

v € SAT <= m°h(v, Z") € SAT.
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or (by negating both sides of the iff)
v € SAT < m°h(v, ") € SAT.
Thus, the lemma holds when j = k£ — 1 (i.e. when 7 is the empty sequence).

Consider the case when 7 < k — 1.

(=) Suppose v € SAT. Since (1™, x1, ..., x;) is maximal, (1™, x1, ..., 2;,v) is not
a hard sequence. However, j+1 <k —1, [v| <m, v € SAT, and (1™, 21, ..., x;)
is a hard sequence. So, (1™, x4, ..., x;,v) must fail to be a hard sequence by failing

to satisfy condition 5 of the definition of hard sequences. Thus,
37 = (y1,...,ye—1) € {0, 13D mpon (7, v, #7) € SAT.

(<) Suppose that for some i = (y1, ..., ye_1) € {0, 1}=m*(=1D
meeh(y, v, 2%) € SAT.

Since (1™ Z) is a hard sequence for length m, by Lemma 4.1
(7,v) € BLy <= 7 0°h(¥,v, ") € co-BL,.

If ¢ is even, then by the definitions of BL, and co-BL,
7 € BL,_; and v € SAT

= ma-1)°h(7, v, T%) € co-BLe_1 or meh(if,v, %) € SAT. (4.4)
If ¢ is odd, then by the definitions of BL, and co-BL,
€ BL,_; or ve SAT - (4.5)
= mae-1°h(Y, v, Z") € co-BL,_y and meh(y, v, %) € SAT,
or (by negating both sides of the iff)
7 ¢ BL,_; and v & SAT (4.6)

= a1y, v, %) & co-BL,_y or meh(y, v, 2%) € SAT.
In either case, we already know by hypothesis that m°h(¥, v, #") € SAT, so the

right sides of the iff in equations (4.4) and (4.6) are satisfied. Therefore, the left

sides of equations (4.4) and (4.6) must also be satisfied, and we have v € SAT.
O

Lemma 4.2 essentially states that a maximal hard sequence produces a way to

witness that a formula is unsatisfiable. Hence, given a maximal hard sequence,
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an NP machine can guess these witnesses and verify that formulas up to a certain
length are unsatisfiable. But if an NP machine can verify that formulas are unsat-

isfiable, it can simulate an NP

computation by guessing the answer to each NP
query and verifying that its guess is correct. We use this idea to prove Lemma 4.3
which states that given a maximal hard sequence, an NP machine can recognize

an initial segment of L,,, the canonical complete language for 3.

Lemma 4.3. Suppose h is a gg -reduction from BL, to co-BL,. Then, there
exists an NP machine N,, and a polynomial p,, such that if m > p,,(|w|) and

(1™, Z) = (1", 21, ..., x;) is a maximal hard sequence w.r.t. h, then
w € L, <= Ny, (w, (1™ T)) accepts.

Proof:
Let L,, = L(NSAT). Define p,,(n) to be the upper bound on the running time
of N,, on inputs of length n. Obviously, N,,(w) queries only strings of length < m,

—

since m > py,(|w]). On input (w, (1™, %)), N,, does the following:
1. Simulate N,, step by step until N,, makes an oracle query to SAT.

2. When N,, queries “v € SAT?”, branch into two computations. One guesses
that v € SAT, the other guesses that v € SAT.

3. The branch that guesses v € SAT, will guess a satisfying assignment for
v. If none are found, all computations along this branch terminate. If a
satisfying assignment is found, then the guess that v € SAT is correct and

the simulation continues.

4. The branch that guesses v € SAT will use the maximal hard sequence to
find a witness for v € SAT. Le., it guesses a sequence § = (y1,...,yr_1) €
{0, 1}=m*=0) " computes F' = m0h(if, v, £%), and guesses a satisfying assign-
ment for F'. If none are found, all computations along this branch terminate.

Otherwise, the guess that v € SAT is correct and the simulation continues.
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By Lemma 4.2, if (1™ ) is a maximal hard sequence, then for each query v,
v € SAT if and only if some computation in step 4 finds a satisfiable . So, in the
simulation of the oracle query, all the computations along one branch will terminate
and some computations in the other branch will continue. Thus, the simulation
continues if and only if the guesses for the oracle answers (either v € SAT or

v € SAT) are verified, and hence
w € L(NJAT) <= N,,(w, (1™, &) accepts.

O

Taking the spirit of Lemma 4.3 one step further, we show that, with the help
of a maximal hard sequence, an NPNY machine can simulate a ¥ machine. In
addition, an NP™ machine can guess and verify hard sequences, so it does not
need to be given a maximal hard sequence, all it really needs is the mazimum
order. Therefore there exists an NP™ machine which, given the maximum order
of hard sequences for a length, can recognize initial segments of L,,, the complete

language for Y5

Lemma 4.4. Suppose h is a < -reduction from BLj to co-BLj. There exists an
NPSAT machine N,, and a polynomial p,, such that for any m > p, (Jw|), if j is

the maximum order for length m w.r.t. h, then
w € Ly, <= N3 (w,j,1™) accepts.
Furthermore, if j is greater than the maximum order for length m w.r.t. h,

Vw NS (w,j,1™) rejects.

Proof:

Let Ly, = L(MLL;?), where L,, = L(NJ*T) is the canonical complete language
for X', Let r(n) be a polynomial upper bound on the running time of N,, on inputs
of length n. Clearly, N,,(w) will only query strings of length < r(n), where n = |w|.
Apply Lemma 4.3 to obtain N, and the polynomial py,. Let py, (n)p,, (r(n)).

The critical observation to make here is that the set of hard sequences is in
co-NP. (This is obvious from the definition of hard sequences.) So, given j, the
maximum order for length m > p,,(n), an NP™" machine can guess a sequence
of j strings & = (@1, ...,2;) € {0,1}=™% and ask the NP oracle if (1™, Z) forms
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a hard sequence. If (1™, %) does form a hard sequence, then it must also be a
maximal sequence since it is of maximum order. Now, IV E?T(w, J, 1'™) can simulate
Nigy (w) step by step, and when N,,, queries “y € L,,?”, N,, will ask “(y, (1™, )) €

L(N,,)”. By Lemma 4.3, the two queries will return with the same answers, so
w € L(NL») <= NM(w,j,1™) accepts.

Note that when N,, guesses the hard sequence (1™, Z), several computation
paths of the NP machine may survive, because there may be many hard sequences
of maximum order. However, uniqueness is not important here because any max-
imal hard sequence will work for N,,. So, all the computation branches that
manage to guess a hard sequence of maximum order will have the same accep-
tance behavior. Furthermore, if j is greater than the maximum order, then none
of the computation paths survive because there are no hard sequences of order j

for length m. Thus, in this case, N,,(w, j,1™) will reject. O

We have shown that maximal hard sequences and maximum orders expand the
computational power of nondeterministic machines. We define the set T" to be the

set of strings encoding the orders of hard sequences for each length.

Definition: Suppose h is a §§1 -reduction from BL; to co-BL;. We define an
associated set T' by

T @A™ ) | 3ay, ..., z; € {0,1}=m,

s.t. (1™, 2q,...,x;) is a hard sequence. }

Note that since the set of hard sequences is in co-NP, T itself is in NPNY. This

gives us the following lemma.

Lemma 4.5. Suppose h is a < -reduction from BL;, to co-BLy, then the set T

defined above is in NPNF,

Since T € NP a PNP™ machine can compute the order of the maximum hard
sequence for length m with k£ — 1 queries. The PNP™ machine can then pass this
number to the NPN" machine NE?T of Lemma 4.4 to recognize L,,, the complete
language for ¥:¥'. Therefore if the BH collapses to its k' level, Lemmas 4.4 and
4.5 imply that the PH collapses to PNP"" ! This collapse of the polynomial time
hierarchy implied by the collapse of the BH is lower than previously known.



47

Theorem 4.6. Suppose h is a §§1 -reduction from BLj; to co-BLj;. Then there
exists a PNP"" machine which accepts L,, with only k queries to the NP oracle.

That is, the polynomial hierarchy collapses to PNP I,

Proof:
By Lemma 4.4, there exists IV,, and p,, such that if j is the maximum order

for length m and m > p,, (Jw|), then
w € Ly, <= N3 (w,j,1™) accepts.

Using the fact that 7" is in NP (Lemma 4.5), a PN?"" machine can determine if
(1™, ¢) is in T by asking the oracle. Doing this for all values of ¢ between 1 and
k —1, it can determine the maximum ¢ such that (1™, ¢) is in 7". This maximum ¢,

call it j, is of course the maximum order for length m. Then with one final query,

the PNP™ machine asks if
NfﬁT(w,j, 1™) accepts.

If the oracle answers “yes”, the machine accepts. Otherwise, it rejects. O

Note that we could make Theorem 4.6 stronger by using binary search instead
of linear search to find the maximum order. However, we will push the collapse
even further in Theorem 4.9, so our inquiry will follow a new direction.

The following lemma states that an NP machine can recognize whether there
is a hard sequence of order j for length m if it is given a maximal hard sequence

for a longer length.

Lemma 4.7. Suppose h is a gg -reduction from BL; to co-BLj. There exists
an NP machine N; and a polynomial p, such that if (1™2, %) is a maximal hard

sequence w.r.t. h and mq > py(my + k), then
(1™, 51) €T <= Ne((1™, j1),(1"*,Z)) accepts.

Proof:
Use Lemmas 4.3 and 4.5. O

In Lemma 4.4, we showed that, with the help of the maximum order, an NPNY

machine can recognize a complete language for ¥¥. In the next lemma we show

PNP

that with the help of the maximum order, an N machine can also recognize a

complete language for I} (i.e. recognize when a string is not in L,;).
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Lemma 4.8. Suppose h is a §§1 -reduction from BLj to co-BLj. Let L,, be

the canonical complete language for ¥¥. There exists an NPSAT

machine N, and
a polynomial p,, such that for any m > pr,(|wl), if j is the maximum order for

length m w.r.t. h, then
w € L,, < foT(w,j, 1™) accepts.

Furthermore, if j is greater than the maximum order for length m w.r.t. h,
Vw NEM(w,§,1™) rejects.

Proof:
Let L,, = L(NULS“Z) where L,, is the canonical complete language for 3. By
Lemma 4.4, there exist N,, and p,, such that if j; is the maximum order for length

my, and my > p,,(Jw|), then
we L, < NfﬁT(w,jl, 1™1) accepts.

The language accepted by NSBAT is in ¥¥, so we can reduce it to L,, via some
polynomial time function g. Let r(n) be an upper bound on the running time of
g. Using Lemma 4.3, there exist N,, and p,,, such that if (1™, ¢) is a maximal

hard sequence and mg > p,, (r(|w| + k + my)), then
NE?T(w,jl, 1™) accepts <= N,,(g(w, j1,1™), (1™2,4)) accepts.
Let N be the NP machine that runs the reduction g and then simulates N,,, i.e.,

Ny(w, ji, 1™, (172, §7)) accepts. <= No,(g(w, 1, 1™), (1,4 )) accepts.

Let p,&p,.or. Now, if my > po,(|w]), mo > ps(|w| + k + my), ji is the maximum

order for length m; and (1™2,7) is a maximal hard sequence, then
w € Ly, <= N (w,j,1™) accepts wn
< Ny(w,ji, 1™, (1™ 1)) accepts. '

We are trying to show that there exists a machine NE?T that accepts (w, j,1™)
if w & L,, when m is big enough in relation to |w| and j is the maximum order of

the hard sequences for length m. The N34T that we have in mind will map
(waja ]-m) — (wajla ]-mla <1m2’ ?j>)

and accept iff Ny(w,ji, 1™, (1™,7)) rejects (iff w & L,,). N3 can tell if
Ng(w, j1, 1™ (1™2 7)) rejects with one query to SAT.
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The difficulty in mapping (w, j,1™) —— (w, ji, 1™, (12 7)) lies in the fact

that foT is given j, the maximum order of hard sequences for one length m, and

it must compute the maximum orders of two other lengths, m; and my. We will

define p., so that if m > p,,(Jw|), then m will be bigger enough than both m; and

ms so that we can apply Lemma 4.7 to compute j; and j5.
Let py, (n)défpt(ps(n + k+ poy(n)) + k), ie. pry(n) = py(mg + k) where my =
ps(n+k+my) and my = p,,(n) (p: is the polynomial bound from Lemma 4.7).

NEAT(w, j,1™) will do the following. (We will annotate the program with a de-

scription of what NS?T(w, J, 1™) accomplishes when j is the maximum order.)

1.

Reject if m < pa,(Jw|).

Guess j strings z1,...,2; € {0,1}™ and confirm that (1™, 21, ...,z;) is a
hard sequence by asking the SAT oracle. (Recall that checking if a given
tuple forms a hard sequence is a co-NP question.) If j is the maximum order
and (1™, 7) is a hard sequence, then (1™ Z) is a maximal hard sequence,

too.

. Let n = |w|. Compute m; = py,(n) and me = ps(n + k + my).

. For £ =0 to k — 1 ask SAT if N, ((1™,¢), (1™, 7)) accepts. Let j; be the

maximum ¢ where N;((1™,£), (1™, Z)) does accept. Note that m = p,(mq +
k) > pi(my + k) so ji is the maximum order for length m; (by Lemma 4.7)

if 7 is the maximum order for length m.

For ¢ = 0 to k — 1 ask SAT if N,((1™2,¢), (1™, %)) accepts. Let j, be the
maximum ¢ where Ny((1™2 /¢), (1™, Z)) does accept. As in step 4, js is the

maximum order for length my if j is the maximum order for length m.

Guess jp strings yi,...,y;, € {0,1}=™2 and confirm that (172, y, ..., y;,) is
a hard sequence (using one query to SAT). Note that if (1™2,¢) is a hard
sequence and j is the maximum order, then (1”2, ) is also a maximal hard

sequence.

. Ask SAT if Ny(w, gy, 1™, (12, 7)) accepts. If SAT returns “no”, then NE?T

accepts. Note that by the preceding discussion, if j is the maximum order

for length m, then j; is the maximum order for length m4, and (12, %) is a
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maximal hard sequence. Also, m; = py,(Jw|) and my = ps(|w| + k + my), so

by equation 4.7
w € Ly, <= Ns(w,ji, 1™, (1™ 7)) accepts.

Note that if j is the maximum order for length m and m > p,,(|w]|), then
w € L,, < foT(w,j, 1™) accepts.

First of all, NE?T accepts in step 7 only. So, if w € L,,, all computation paths

of NE?T reject—even those that reach step 7, because SAT would answer “yes” in

step 7. On the other hand, if w € L,, then some computation path will reach step
7, get “no” from the SAT oracle and accept.

Finally, we note that if j is greater than the maximum order for length m, then

no computation path will survive step 2. Thus, in this case NE?T(’LU, J, 1) rejects.

O

Now we are ready to prove our main theorem. This theorem demonstrates a
close linkage between the collapse of the Boolean Hierarchy and the polynomial

time hierarchy.

Theorem 4.9. Suppose h is a <P -reduction from BL; to co-BL;. Let L,, be the
canonical complete language for ¥%. Then there exist languages By, ..., By, € NPN
such that

Lyy = By — (B2 — (B3 — (- -+ — By))).
That is, 3§ C BH,(NP™), and therefore PH C BH(NPNP).

Proof:

First, recall that in Lemmas 4.4 and 4.8 it was shown that N34T and NZAT
accepted L,, and L,, (respectively) with the help of the maximum order for a
large enough length (and they reject if the number given for the maximum order is
too large). Let w be any string. Let m = max(py,(|w|), prs(|w])); then m is large

enough so that if 7 is the maximum order for length m,
NS (w, j,1™) accepts <= w € Ly,,

A s qm
NEM (w, §,1™) accepts <= w & Ly,.
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We will define the NP™ languages By, ..., By, to be the strings accepted by NP
machines that try to guess j, the maximum order for length m, and then run N,,
and N,,. These NP machines cannot verify when they have guessed the true
maximum order, instead they will base their acceptance behavior on whether they
can determine that an earlier machine in the sequence may have been fooled by
an incorrect guess for j. This successive approximation scheme converges to the

language L,,, within k steps.

Definition: For 1 < ¢ < k the language By is the set of strings w with the property
that there exist ji, ..., js such that

1.0<ji<jpo<...<p3p<k-—1.
2. forall odd d, 1 < d < ¢, NJ* (w, jq, 1™) accepts.

3. forallevend, 1 <d </, foT(w,jd, 1™) accepts.

Clearly, By is in NPN?| since an NP™Y machine can guess ji, ..., j;, verify the
first property, then simulate N34T and N3 for the different values of js. Also,

observe that the B,’s form a nested sequence
By, € By1 €...C By C By.
Finally, note that if » = max{ ¢ | w € By }, then
w€ By —(By— (Bs— (+++— By))) < ris odd.
Example: Here we give an example which demonstrates that
we L, < r=max{ (| we By }is odd.

Let k = 8, the maximum order for length m be 5, and N3 and NEAT behave as
shown below for the different values of s plugged in as the guess for the maximum

order.

s=10 1 2 13| 4 5 |16 |7

N3AT(w, s,1™) | 1ej | acc | acc | rej | rej | acc | rej | rej

NSfT(w>S,1m) acc | rej | acc | rej | acc | rej | rej | rej

Note that since the maximum order is 5, both N34T and NSAT reject for s = 6, 7.

Also, one of N3 (w,5,1™) and N3*T(w,5,1™) must accept and the other reject.
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For smaller s, both may accept or reject, since their behavior is unpredictable.
Finally, w € L,,, so we want show that r is odd.

To determine if w € By, look for an alternating (between the top and bottom
row) sequence of accepts starting from the top row moving left to right. If there is

such a sequence of ¢ accepts, then w € By. In this example, r = 3.

e w € By, because j; can be 1, 2 or 5.
e w € By, because both N34T (w,1,1™) and NEAT(w,4,1™) accept.
o W E Bg with jl = ]_,jg = 2,j3 =35.

e w & By, Bs,...,Bg, because there is no alternating sequence longer than
3. The sequence j; = 0,j2 = 1,73 = 2,74 = 5 does not count because the

sequence must start from the top row.

Claim 1: If w € Ly, then r = max{ ¢ | w € By } is odd.
Proof: Let j be the maximum order for length m. Now suppose r is even and

w € B,. Then, there exist ji, ..., J, so that properties 1-3 in the definition above
hold. Therefore

N2 (w, jir, 1™) accepts
(since r is even and w € B,.). Since w € L, for the true maximum order j,
N (w, 4, 1™) rejects.

Therefore j, # j. Observe that j. cannot be greater than j either, since for all
NSAT

s > j, Ny (w,s,1™) rejects. Hence j, < j.
Since we are given that w € L,,, we know that NN, EﬁT(w, J, 1™) must accept, by
. . . . o . SAT
Lemma 4.4. Now consider the sequence ji, ..., j41 where j,1 = j. NJ** accepts
(w, Jr41,1™) and r+1 is odd which implies that ji, ..., j.11 satisfies conditions 1-3,

so w € B,y1. Thus if r is even, r # max{ ¢ | w € B, }. Therefore, r must be odd.

Claim 2: If w & L,, then r = max{ ¢ | w € By } is even.
Proof: Similar to the proof of Claim 1.

Now, observe that if r = max{ ¢ | w € By }, then

w € By — (By—(Bs— (---— By))) <= ris odd,
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Combining Claims 1 and 2 with this observation, we have
we€ L,, < we€ By —(By— (B3 —(-+-— By))). .

Theorem 4.9 also shows some unexpected connections between the Boolean and

query hierarchies within A} and AL,
Corollary 4.10. BH, = co-BH, = BH(NP"") = co-BH,(NP"").
Corollary 4.11. PNPIK — pNPllct1] — pNP[[k+1] — pNP[k+2],

Proof:

We use the fact that the Boolean and query hierarchies are intertwined:
PNP||[k] C BHk_H C PNP||[k+1] and BH]H_l(NPNP) C PNPNPH[k-i-l}.

If PNPI = pNPI+1] then BH,,; is closed under complementation. Moreover,
Corollary 4.10 implies that BHy, 1 (NPN?) is closed under complementation as well.
Thus, the Boolean and query hierarchies in AL collapse to BH, ., (NPNP). O

4.2 Extensions

The results in the previous section can be extended in several ways. We give a
brief survey of these extensions and encourage the reader to look at the proofs in

the primary sources. The main result of Section 4.1 is:
BH), = co-BH; = PH C BH,(NP").

One obvious question to address is whether it was crucial for £ to be a constant.
Wagner resolved this question in part by showing the following theorem [Wag88,
Wag89).

Theorem 4.12.[Wagner| For any polynomial time computable function r(n) <
n'—¢ for some constant € with 0 < € <1,
PSAT|[r(n)] — PSATI[r(n)+1] — ppy ¢ PNPYP IO (pol))]

Here, PP MO @) i the class of languages recognized by polynomial time

Turing machines which ask at most kyr(n*?) queries to an NPN' language for
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constants k; and ko. Note that r(n) must be sub-linear. The absence of a theorem
with 7(n) > n presents the greatest challenge in this area complexity theory. Such

a theorem would resolve the notorious PSATIog7 yergug PSAT

problem.
Another question about the results in the previous section is whether the col-
lapse of the Polynomial Hierarchy is optimal. Beigel, Chang and Ogiwara have

shown the following result [BCO91].

Theorem 4.13. [Beigel,Chang,Ogiwara]
BH, = co-BH, = PH C PNP-(NPY|l[k-1))

PNP(NPNP[[k-1))

The class of languages, , is recognized by polynomial time Turing

machines with access to two oracles. The first oracle is an NP language and there
are no restrictions on the queries to this oracle. The second oracle is an NPNP
language and only k — 1 parallel queries are allowed. Using methods described in

Chapter 2, one can show that
PNPRIR-1 ¢ pNP (NP1 € B, (NPNY) 1 co-BH(NPNP).

The results of the previous section show that PH collapses to BHy(NPY") N
co-BH,(NP™?). The newer results show a collapse to the seemingly smaller class.
However, there is no clear evidence that BHj(NP™) N co-BH,(NP™) should
be strictly larger than PNP-OP™Ik=1)  Op the other hand, we do know that
PNPRIk-1] oz pNP.(NPREIR-1]) ypjess PH collapses [BCO91]. The proof for this
result uses an interesting application of the hard/easy argument over the exclusive
or operator.

Finally, there have been some work on the collapse of the Boolean hierarchies
over other complexity classes. For example, if the Boolean hierarchy over the
counting class C_P collapses, then the Polynomial hierarchy relative to C_P col-
lapses as well [BCO91,Gre91]. Also, in the Chapter 5 we will examine the Boolean

hierarchy over incomplete languages in NP.

4.3 Summary

We have demonstrated a closer connection between the Boolean Hierarchy and
the Polynomial Hierarchy—a deeper collapse of the Boolean Hierarchy implies a

deeper collapse of the Polynomial Hierarchy. We would like to think that this
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relationship is a consequence of some underlying structure connecting BH; and
BH, (NP""). However, attempts to simplify the proof along these lines have failed.
Is there some straightforward argument which would show that BH; = co-BH,
implies BH(NP™") is closed under complementation? Could such an argument be
extended to show that ¥ C BH,(NP™)? Finally, we ask: is this collapse optimal
(for k > 2) or can it be shown that BHy = co-BHy, implies PH C BH;, 7



Chapter 5
Incomplete Sets!

In the preceding chapters, we have concentrated on the complexity of the complete
languages in NP. We have shown that if NP /poly # co-NP/poly, then SAT has the
additional query property. That is,

PSATI ¢ PSATIk+1] gng PSATI ¢ PSATIk+1],

In this chapter, we turn our attention to incomplete languages in NP. Can an
incomplete language have the additional query property? We know that none of
the languages in P have the property. We also know that there are languages A in
NP N co-NP such that

mo1(A) = PAIN — Al — ... — pA,

So, we should ask: How low can the complexity of a set in NP be and still have
the additional query property? To answer this question, we need a method of

classifying the degree of complexity of incomplete sets.

5.1 High and Low Sets

Schoning [Sch83] defined the high and low hierarchies for NP to classify sets be-
tween P and NP. Very roughly, the high-low classification measures the amount
of information an NP language (acting as an oracle) can give to a ¥} machine. If
A € NP, then for all £ >0

e Eg’A < Eg’SAT - E£+1'

!The results presented in this chapter have appeared in [Cha89].

o6
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If ZE’A = ZE’SAT, then one might say that the oracle A provides the ¥} machine a
lot of information—as much as SAT does. If XF = ZE’A, then A does not give the
¥ machine anything that it cannot compute itself. In the first case we call A a

high set; in the latter, a low set.

Definition:
high, % { A | A € NP and xP4 = 5PSAT 1
low, © { A| A€ NP and 5} = 5p* 1.

Clearly, low; C low;;; and high; C high, ;. However, the high and low hierar-
chies are not known to have the familiar upward collapsing behavior. For example,
it is not known whether lowy, = lows implies lowy = lowy.

Schoning also defined a refinement of the low hierarchy [Sch85]:
low, & { A| A€ NP and AP = APA 1
These classes lie between the levels of the low hierarchy,
lowy C l/o;vl C low; C 1/0;72 C lowy C 16;\13 C lows...

and allow a finer classification of the language classes in the low hierarchy:.
High and low sets have many interesting properties. We briefly mention some
here. See [KS85,5c¢h82,Sch83,5¢h85,5ch88| for proofs.

e low; = high, <= PH C X}.

e If PH is infinite, then 31 € NP Vk [I ¢ high, and I & lowy].
e [f S is sparse and S € NP, then S € lows.

e If A € NP and for some sparse set S, A € P®, then A € lows.
e R C BPP N NP C lows,.

e highy ={ A | Ais <} -complete for NP }.

e lowy, = P.

e low; = NP N co-NP.

e Graph Isomorphism € lows.
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5.2 Bounded Queries to Incomplete Sets

With all these definitions in place we can pose some questions originally posed for
SAT. For example, we would like to know what happens if PAIlEl = pAll+1l?7 if
PAM = pAR+I? o if BLi(A) <P co-BLi(A)? Also, we would like to know the
relationship between queries to SAT and queries to A. We know PAlllFl C PSATIIK],
but where is PAIF in relation to PSATIE-1? Instead of asking “Is one question
to SAT as powerful as two?” we ask “Is one question to SAT as powerful as two
questions to some other oracle?” The following theorem answers some of these

questions.
Theorem 5.1. If A, B € NP and BLy(A) <P co-BLy(B), then A € lows.

We prove this theorem in two parts. Lemma 5.2 is a straightforward general-

ization of Theorem 4.2. We relegate the proof of Lemma 5.2 to the next section.

Lemma 5.2. Suppose B € NP and BL;(A) <P co-BL.(B). Then, there exists an
NP machine N4 and a polynomial advice function f computable in AL such that

for all m > ||,
r €A < Ny(x, f(1™)) accepts.

(N.B. In Lemma 5.2, we do not assume A € NP.)
Lemma 5.3. If A, B € NP and BL;(A) <P co-BLj,(B), then A € lows.

Proof: The intuition for this proof is that since A € NP and and since Lemma 5.2
provides us with an NP/ f machine which recognizes A, any NP* can be simulated
by an NP/f machine. However, it is not quite proper to say that NP4 C NP/f,
because an NP4 machine can query strings of polynomial length, but f only gives
advice about strings in A of linear length. To resolve this notational difficulty we
define

£ = (f(1), f(A1),.... f(1™)) and F={fi|i>1}.

Then, it is clear that NP4 C NP/F. Moreover, since f is computable in AL each

f; is also computable in AY. The main idea of the proof is to show that

P,A P,NP4 P,NP/F
Ag’ - A27 g AQ / .
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Since the advice functions in F are computable in AY,
A
Ag,A — Ag,NP g AI;,NP/]: g Ag,NP — Ag

Now, we show how the oracle A can be replaced by advice functions in F. Let
L be any language in NP4, Then, L = L(N#) for some NP machine N;. Let n" be
an upper bound on the running time of N;, then we know that on input z, N (x)
does not query strings of length greater than |z|". We construct an NP/ f, machine
N; which accepts L. N; assumes that it is given the advice f.(1") and simulates
N; directly until V; asks if some string ¢ is in A. N; guesses if ¢ € A, then verifies
this guess by either running Na(q) or Na(q, f,(1™)). Exactly one of these guesses

is correct, so

N{(x) accepts <= N;(x, f.(1™)) accepts.

7

Therefore, A € 16;&73. O

The theorem gives us a sufficient condition for a set to be in lows. The following

corollary clarifies the picture somewhat.

Corollary 5.4.
If A € NP and one of the following conditions holds, then A € 16;\13.
1. PA[2} C PSAT[I].

pAllk+1] € PSATIEL for some k > 1.

pAllk+1] — PAlK  for some k > 1.

-~ L N

pAE+ = pAK  for some k > 1.
Proof:

1. If PAR C PSATI then BLy(A) € PAIRI € PARI € PSATII C co-BH,.

However, co-BLy(SAT) is <P -complete for the class co-BH,. So BLy(A)
<P ¢0-BLy(SAT). Then, by Theorem 5.1, A € lows.

2. If A+ C PSATIE] then BLy1(A) € PAIRH C PSATIK C co-BHyy.
Since co-BLy1(SAT) is <P -complete for co-BHyy, there exists a <! -
reduction from BLjy1(A) to co-BLg.1(SAT). Hence, A € lows.

3. PAlE+1] — pAlK jyplies PAIK+I C PSATIH g5 A € lows by part 2.
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4. PARH] — PAH jmplies PARY C PAK because the whole query hierarchy
based on A collapses. Thus, PAIZY) C pAR'T C pAK C pAIZ*~1 Then, by
part 3, A € lows. O

Parts 3 and 4 of Corollary 5.4 state that if the parallel or serial query hierarchies
built from A collapse, then A is not very hard. Part 2 says that if a set A is not
in 16\\7\73, then not only is the parallel query hierarchy built from A proper, it also
rises in lock step with QH; (see figure 1).

For high sets, Theorem 5.1 would imply a collapse of PH.

Corollary 5.5. If A € high; and one of the following holds, then PH is finite.
1. PAl2l C pSATQ],
2. PAll+1 C PSATIE for some k > 1.
3. PAllE+ = pAllk for some k > 1.
4. PAR+ = PAK for some k > 1.
Proof: Let i = max(3,7). By Corollary 5.4, A € lows C low;, so £F = n54,

However, A € high; C high; implies that Ef’A = %7 ;. Thus, 3} = Zf’A =¥,
and PH C Zf ) O

As a special case of Corollary 5.5, if the query hierarchy built from an NP
<¥ -complete set collapses, then PH collapses to AY. In the following corollary,
we will use this fact to answer the question “Is one query to SAT as powerful as

two queries to some other oracle?”
Corollary 5.6. If there exists A such that PAZ = PSATI then PH C AY.

Proof: Suppose that PAZ = PSATI then A € PAPR = PSATI. So. we know
that A <P SAT®SAT via some polynomial time function g, since SAT®SAT is
<P _complete for PSATIU where X @ Y is defined by

XaY Y {oz|zeXxU{ly|yeY }.
We split A into two sets,

Ao={ x|z € Aand g(x) =0F for some F },

Ay ={z|xeAand g(x)=1F for some F }.
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PSAT

PSAT||[3]

Figure 5.1: Let A be an incomplete set in NP — 16;&73.
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Clearly, Ayg € NP and A; € co-NP. Now let C' = Ay @ A;. One can easily see that
C € NP and that PAF = PCH for all k. So, PC¥ = PAR = PSATI However,
SATe Pl implies that C is <% -complete for NP—i.e., C is a high, set. Then,
by part 1 of Corollary 5.5, PH collapses to AL. O

Corollary 5.6 holds for parallel queries as well. That is, PAI = pPSATIN —
PH C AL, In fact, for parallel queries, we can generalize the statement to work

for arbitrary constants.

Corollary 5.7. If there exists any set A such that PAIIT = PSATIF and r > k > 0,
then PH C AL,

Proof: Since r > k, we have pAlk+1 C pAllrl = PSATIK C co-BH; 1. So,
BLi11(A) <}, co-BLy41(SAT). Then, by Lemma 5.2 there exists an advice function
f computable in AP such that 4 € NP/ f. Since PAIE+1) = pAllk+1] apyq pAIlk+1] ¢
co-BHy41, repeating the argument for A yields f’ such that A € NP/f’. Let g be

the advice function which concatenates the advice from f and f'. lLe., g(1") =
(f(1™), f'(1™)). As before, we define

g:(1") = (9(1), 9(11), ..., 9(1")) and G={g;|i>1}.
Then,
NP4 C NP/G.
However, PAIMT = PSATIH jmplies SAT € PA. So, NP3AT C NP4, Thus,
A = APNT C APNT C ANEIS C Ay,
(because every function in G is computable in AY). Therefore, PH C A?. O

Corollaries 5.6 and 5.7 say that if PH is infinite, then there do not exist sets
which contain fractional information with respect to SAT. For example, there
would not be a set A where 3 parallel queries to A is exactly 2 parallel queries to
SAT. (Each query to such a set A, would give as much information as two-thirds
of a query to SAT.) However, we still do not know if there can be sets B such
that PBIE = PSATIBI If we can show that such sets do not exist (under certain
hypotheses), then we can put forward the thesis that parallel queries to SAT are

“atomic” or “indivisible” in some sense.



63

Our theorems for the serial query hierarchies are somewhat weaker than those
for the parallel query hierarchy. For parallel queries, we know that PAlE+1 ¢

PSATIF ynless A € 16;&73. We do not have a corresponding lemma for serial queries.

That is, we do not know the consequences of the assumption that PAF+1 C PSATIK],

If Ais a set that has ANDy and OR,, then

PAlk+1] — PSATK — PA||[2k+1—1} C PSAT||[2’“—1]’

and the results for parallel queries would carry over. However, in the general case,
A may not have AND, or OR,. In the following corollaries, we explore technical

conditions that allow us to strengthen the results about the serial query hierarchies.

Corollary 5.8. If A € NP — 1/0\\7\73 then there exist B € NP such that Agf;l B,
P4 = PP and for all k, PBIE+1] ¢ PSATIK,

Proof: If PZ = P4 then A and B are in the same high or low level. So, this
corollary also says that for every high and low level above lows there is a set B

whose serial query hierarchy rises in lock step with the serial query hierarchy for
SAT. We construct B by modifying A slightly, so that B has OR; and ANDs.
Then, by Theorem 3.19, pBl2" 1] — pBIK,

B ={(F,zy,...,x,) | F'is a boolean formula over n variables y1, ..., y,
without negation, and when y; is evaluated as “x; € A”, F evalu-
ates to 1. }

For example, if a1,as € A and a3, ay ¢ A then:
(Y1 Ay2,a1,a2) € B, (y1 Aya,ar,a3) € B,
(Y1 Vy2,a1,a3) € B, (y1Vy2,a4,a3) ¢ B.

Clearly, B isin NP and A <P B. Also, P? = P4 implies B € NP —l/o;v;),. Moreover,
ORy(B) <P B and AND,(B) <P B, so PBIZ"~1] — pPBIH_ Thys,
BLyt (B) € PBIRY C pBIR* -1 — pBIE+1] 4

PSAT[H — PSAT“[zk_H C CO-BHQk,

Since we assume that PBF+1 C PSATIF BL,, (B) <P co-BLyx (SAT). This contra-

dicts the assumption that A is not in 16;\13. O

In the following corollary, we examine the existence of incomplete sets whose

serial query hierarchies rise in lock step with QH. (Note that it may be the case
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that all of the sets in NP — 16?7&73 are complete in some sense. However, in this case
PH is finite.)

Corollary 5.9. If the Polynomial Hierarchy is infinite, then there exists a set
B € NP such that for all k, PBF+1 ¢ PSATIE] byt B is not high.

Proof: If PH is infinite, then by a Ladner-like delayed diagonalization [Lad75,
Sch82] we can construct a set I € NP that is neither high nor low (I stands for
intermediate). In particular, I ¢ lgv\v;),, so using Corollary 5.8 we can obtain a set
B such that for all &,

PB[k+1} g PSAT[k].
Since PP = P!, B is intermediate iff I is intermediate. So, B is not high. O

If B is not high, then B is not NP-hard under many-one, Turing, strong non-
deterministic or other assorted reductions. In particular, B is not Turing complete
for NP, so SAT ¢ P5. So, Corollary 5.9 says that the serial query hierarchy built
from B rises in lock step with QH but never captures SAT.

5.3 Proof of Lemma 5.2

Lemma 5.2. Suppose B € NP and BL;(A) <P co-BL.(B). Then, there exists
an NP machine N4 and a polynomial advice function f computable in AL such
that for all m > |z,

reA < Ny, f(I™)) accepts.

Note that we do not assume A € NP. However,
A<P BLi(A), BLi(A) <P co-BLy(B), and co-BLy(B) € PNY,

implies that A must be in PNY. The proof of this lemma uses the hard/easy
argument. The outline of this proof is the same as the proofs of Lemmas 4.1 and
4.2, but we include the proof for the sake of completeness. The first step in the
hard/easy argument is to define the hard strings. For the rest of this section, we
fix A and B to be the languages in the hypothesis of Lemma 5.2 and we let h be
the <P -reduction from BLj(A) to co-BLy(B).
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Definition: We call (1", Z) = (1™, 21, ...,x;) a hard sequence if j = 0 or if all of
the following hold:

L1<j<k—1

2. |zj| <m.

3. z; € A

4. (1™, x1,...,xj_1) is a hard sequence.

5. Y9 = (y1, ..., ye) € {0,1}="%¢ 1, 1°h(, &%) € B, where £ = k — j.

The next step of the hard/easy argument is to show that a hard sequence

induces a reduction of the Boolean languages at a lower level.

Lemma 5.10. Suppose that (1™, 7) = (1™, zy,...,2z;) is a hard sequence. Then
for all ¥ = (y1,...,y¢) € {0,1}=™*¢ (where £ = k — j)

y_’e BLg(A) s 7T(17g)°h(g, fR) c CO—BLE(B).

Proof: (by induction on j)
Base Case j = 0: In this case, ¥ is the empty sequence, so £ = k. By the hypoth-
esis, h reduces BLg(A) to co-BLg(B), so

y € BLk(A) <~ h(?j) S CO-BLk(B).
However, 7 1)°h() = h(¥), so

y € BLk(A) < 7T(17k)°h(?7) c CO—BLk(B).

Induction Case j + 1:

Suppose that the lemma holds for j, we show that it holds for j + 1. Let
(=k—j. Let (1™, &) = (1™, 21, ...,xj11) be a hard sequence. Then, by definition,
(1Im,2") = (1™, x1, ..., x;) is also a hard sequence. Since the lemma holds for j, for
all ¥ = (y1, ..., yo—1) € {0, 1}5mx=1)

<?7, ZL’j+1> € BL@(A) e W(l’g)oh(?j, Tj+1, f/R) € CO-BL@(B).
If ¢ is even, then by the definitions of BL,(A) and co-BL,(B)

y_’e BL5_1<A) and Tj+1 € A
> a1y, 7") € co-BLy_1(B) or meoh(y, 2%) € B.
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If ¢ is odd, then by the definitions of BL,(A) and co-BL,(B)

?JE BLg_l(A) or Zj4 € A

< mae-1)°h(Y, ") € co-BL,_1(B) and moh(y, &%) € B, (5:2)
or (by negating both sides of the iff),
¥ & BLi_1(A) and z;14 €4 (5.3)
= ma—1)°h(Y, 2%) & co-BL,_1(B) or meoh(y, %) € B.
Since (1™, x1, ..., x;41) is a hard sequence, from parts 3 and 5 of the definition of a

hard sequence we know that ;11 € A and mh(y, %) € B. Therefore in equations
(5.1) and (5.3), the second conjunct on the left side is true and the second disjunct

on the right side is false. Hence
?JE BLg_l(A) <~ W(l’g_l)oh(g, fR) S CO—BLg_l(B).
Then replacing k — j for ¢, we have

<y17 7yk—(j+1)> < BLk—(j+1)(A)
<~ 7T(1,k—(j+1))°h(<y17 ooy Y= (§+1)5 LTj+1s - ,71)) € CO‘BLk—(j+1)(B)-

So, we have established the lemma for j + 1. O

Again, note that Lemmas 4.1 and 5.10 are virtually identical. However, it
is important to note that a hard sequence induces a reduction from BL,(A) to
co-BLy(B) and not from co-BL,(B) to BL,(A). In the proofs of Chapter 4, A =
B = SAT, so such subtleties are not important. We point this out because one way
to simplify the presentation of the proofs in Chapter 4 is to say that on even levels
you use the reduction from BLj to co-BL; and on odd levels you use the reduction
from co-BLj to BLg. The motivation for this argument is that you always reduce
a conjunction to a disjunction. This approach fails when A # B.

Now we show that maximal hard sequences induce “reductions” from A to B.

Lemma 5.11. Suppose that (1", Z) = (1™, z1, ..., x;) is a maximal hard sequence.
Then for all v € {0,1}=™

veEA = IFG={(y,...,y1) € {0,1}5¥EN " 1on(i v, %) € B,

where { =k — j.
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Proof:
If j = k—1 (¢ is the empty sequence ), then by Lemma 5.10 for all v € {0, 1}=™

v € BLi(A) <= m°h(y, ") € co-BL(B).
However, BL;(A) = A and co-BL{(B) = B. So, we have
veEA < mch(v, ") € B.
or (by negating both sides of the iff)
vEA < meh(v,7") € B.
Thus, the lemma holds when j = k — 1 (i.e. when % is the empty sequence).
Now, consider the case when 7 < k& — 1.

(=) Suppose v € A. Since (1™, 1, ..., x;) is maximal, (1™, x,...,x;,v) is not a
hard sequence. However, j +1 <k —1, |v| <m, v € A, and (1™, x4, ...,z;) is a
hard sequence. So, (1™, x4, ..., x;,v) must fail to be a hard sequence by failing to

satisfy condition 5 of the definition of hard sequences. Thus,
37 = (y1,...,ye—1) € {0, 13D mpon (i, v, #%) € B.

(<) Suppose that for some i = (y1, ..., ye_1) € {0, 1}=m*(=1D)
meh(y,v, %) € B.

Since (1™, Z) is a hard sequence for length m, by Lemma 4.1
(7,v) € BLy(A) <= 7w p°h(y,v,2") € co-BLy(B).

If ¢ is even, then by the definitions of BL,(A) and co-BL,(B)
7€ BL,_1(A) and ve A

— ma—°h(y,v, &%) € co-BLy_1(B) or moh(y,v,2%) € B. (5:4)
If ¢ is odd, then by the definitions of BL,(A) and co-BL,(B)
g€ BLi1(A) or ve A B (5.5)
= a1y, v, Z") € co-BL,_1(B) and meoh(y, v, 2") € B,
or (by negating both sides of the iff)
7€ BL,1(A) and ve A (5.6)

= a0y, v, Z"%) & co-BLy_1(B) or meeh(ij, v, %) € B.
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In either case, we already know by hypothesis that m,°h(y, v, Z%) € B, so the right
sides of the iff in equations (5.4) and (5.6) are satisfied. Therefore, the left sides
of equations (5.4) and (5.6) must also be satisfied, and we have v € A. O

Finally, we are ready to construct the NP/poly machine N, and the advice

function f as required by Lemma 5.2.

Proof: (of Lemma 5.2)

As the reader has probably suspected, the advice function f is just a function
which, on input 1™, prints out a maximal hard sequence for length m, say (1™, ) =
(1™, 21, ..., x;). Given this advice, an NP machine can verify that v ¢ A for all v,

lu| < m using Lemma 5.11. That is, N4 on input (v, (1™, Z)) does the following

1. Guess k — j — 1 strings, y1, ..., Yg—j—1, of length less than or equal to m.
2. Compute (uy, ..., ug) = h(Y1, o s Yh—jo1, U, Tjy .o, T1).

3. Accept if uj_; € B.

All that remains to show is that f is computable in AY. For the sake of
precision, let f be the function that prints out the lexically largest hard sequence
of maximum order. Since A € PP an NP™" machine can guess a sequence and
check that it is a hard sequence. So, using binary search, a AL machine can find

the lexically largest hard sequence of maximum order. O

5.4 Summary

In this chapter we have shown that except for the sets in 16;73, all the languages in
NP have the additional query property. In fact, assuming that PH is infinite, there
even exist incomplete languages such that each additional query to this language
allows polynomial time computations to recognize new languages.

However, many open questions remain. For example, we know that query
hierarchies built from sets in P always collapse. We also know that for any
A € NP N co-NP there exists B € NP N co-NP such that A<F B and the query
hierarchy built from B collapses. Are there sets in NP N co-NP that have proper
query hierarchies? What about sets between 16\\7\73 and NP N co-NP? Are their

query hierarchies proper? Many interesting language classes live in this region,
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including sparse sets in NP, NP N P/poly, R and BPP N NP. Can we show that
any of these sets have proper or collapsing hierarchies? Also, we would like to
strengthen the results for serial query hierarchies. At the present time, we only
know that having AND, and ORj; is a sufficient condition.



Chapter 6

Unique Satisfiability and

Randomized Reductions!

In this chapter, we apply the hard/easy argument to determine the complexity of
the unique satisfiability problem, USAT. We show that

e if USAT =P USAT, then D = co-D" and PH collapses.
e if USAT € co-D¥, then NP/poly = co-NP/poly and PH collapses.

e if USAT has OR,, then NP /poly = co-NP/poly and PH collapses.

The proofs of these results use only the fact that USAT is complete for DY under
randomized reductions—even though the probability bound of these reductions
may be low. Furthermore, these results show that the structural complexity of
USAT and of the sets many-one complete for DY are very similar. So, they lend
support to the argument that even sets complete under “weak” randomized reduc-
tions can capture the properties of the many-one complete sets. However, under
these “weak” randomized reductions, USAT is complete for PSATIog"] a5 well, and
in this case, USAT does not capture the properties of the sets many-one com-

PSATllogn] Ty explain this anomaly, we develop a concept of the threshold

plete for
behavior of randomized reductions.
Randomized reductions have been defined in many ways and without much

consideration for the error probability that the reductions are required to achieve.

IThe results presented in this chapter were discovered jointly with J. Kadin and P. Rohatgi
and have appeared in [CK90c,CR90a,CR90b,CKRI1].
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Typically, the reduction is required to behave correctly for a majority of the random
trials, but sometimes the probability is as low as inverse polynomial. In this chap-
ter, we examine randomized reductions under a new light. We find that in many
situations there is a right definition — especially when one considers completeness
under randomized reductions. Intuitively, when the probability of a correct reduc-
tion taking place is too low, even trivial sets can be complete under randomized
reductions. Conversely, if the probability of correctness is required to be very high,
then randomized reductions behave like many-one reductions. Hence, the complete
languages under this kind of randomized reductions would have a complexity that
is representative of the complexity of the entire class. (The meaning of trivial and
representative will be made clear.) Supposedly, at some exact point, the prob-
ability of correctness is just high enough to make the definition right. We call
this point the threshold. It turns out that this threshold is different for different
complexity classes. In this chapter, we give tight upper and lower bounds on the
thresholds for NP, co-NP, D¥ and co-D¥. These results are a consequence of the
new theorems about the complexity of USAT listed above.

In the following sections, we give an historical review of the role of randomized
reductions in the complexity of the class D¥ and the Unique Satisfiability prob-
lem. Then, we show that the often quoted statement “USAT is complete for D
under randomized reductions” can give misleading results about the complexity
of optimization problems, because under the same type of randomized reductions,
USAT is complete for PSATIe"] a5 well. Next, we show that thresholds are natural
concepts for the classes NP and co-NP. The probability thresholds for NP and
co-NP can be identified by some simple observations. Finally, we go on to prove
that the threshold probability is 1/pol for D¥ and 1/2 + 1/pol for co-D".

6.1 An Historical Account

From the beginning, the study of the complexity of unique satisfiability has been
tied to the class DY and to randomized reductions. Papadimitriou and Yannakakis
[PY84] first defined DY to study the complexity of the facets of polytopes and the
complexity of various optimization problems.

The set of uniquely satisfiable Boolean formulas, USAT, is contained in D¥. So,

the natural question to ask is: Can USAT be complete for D'? Blass and Gurevich
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Figure 6.1: USAT and related complexity classes.

[BG82] partially answered this question. They noticed that

USAT is <P -complete for DY
s SATASAT <P USAT «— SAT <P USAT.

So, the question of whether USAT can be <P -complete for D¥ hinges on whether
there is a gf; -reduction from SAT to USAT. Then, they showed that there are
oracle worlds where no such reduction can exist. This meant a non-relativizing
proof technique would be needed to answer the question—a formidable obstacle,
indeed.

Valiant and Vazirani [VV86] did not surmount this obstacle, but they did man-
age to circumvent it. They were able to construct a randomized reduction from
SAT to USAT. More precisely, they constructed a polynomial time function f such
that

x € SAT = Prob,[ f(x,z) € USAT | > ﬁ
x & SAT = Prob,[ f(x,z) ¢ USAT | = 1.

2

Thus, USAT becomes complete for DY under randomized reductions?. However,

this variety of randomized reduction is not quite satisfying, because the probability

2Valiant and Vazirani credit Alan Selman for this application of their randomized reduction.
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of the reduction being correct can approach zero as the length of x increases. One
would have expected a probability bound of 1/2 (in keeping with the Adleman-
Manders [AM77] definition). The justification for the Valiant-Vazirani definition is
that in many situations the probability bound can be amplified, in which case, the
definitions would be equivalent. Before we continue, we need to introduce some
notation and terminology to facilitate our discussion of randomized reductions with

different probability bounds.

Definition: We say that A randomly reduces to B (written A < B) with prob-
ability 0, if there exists a polynomial time function f and a polynomial bound ¢
such that

r € A= Prob,| f(z,2) € B| >
r ¢ A= Prob,| f(z,2) ¢ B| =1,

where z is chosen uniformly over {0, 1}9.

Using this terminology, Valiant and Vazirani showed that SAT randomly re-
duces to USAT with probability 1/(4n). As a special case, we will write A <}Y B
if A <! B with probability 1/p(n) for some polynomial bound p. We will reserve
the term “the Valiant-Vazirani reduction” to name the randomized reduction from
SAT to USAT. Similarly, the Adleman and Manders definition of randomized re-
ductions would be randomized reductions with probability 1/2. Also, in statements
where the exact probability bound is not important, we will use the terms 1/pol
and 1/exp to indicate that the statement holds for any inverse polynomial and
inverse exponential function. As we mentioned before, under certain conditions,
<V -reductions and randomized reductions with probability 1/2 are equivalent.

(The proof is standard, but we include it for completeness.)

Lemma 6.1. If A<YY B and B has OR,, then for all polynomials p’(n), there

exist a polynomial time function f’ and a polynomial ¢’(n) such that

x € A= Prob,| f/(z,2) € B] > 1—277®
r ¢ A= Prob,[ f'(z,2) € B] =1,

where n = || and z is chosen uniformly over {0, 1}4.

Proof: Let f be the <!P-reduction from A to B. That is, there are polynomials
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p and ¢ such that

x € A= Prob,[ f(z,2) € B] > 1/p(n)

x ¢ A= Prob,| f(z,z) € B] =1,
where n = |z| and z is chosen uniformly over {0,1}2(. Consider the set

ORW(B) = { <Zl§'1,... ,l’m> | El’l, 1 S 1 S m, T; € B }
By assumption, OR,(B) < B via some polynomial time function g. Now, define
r(n) = p(n) - p'(n) and ¢'(n) = r(n) - ¢(n). We construct the new <!P-reduction

f" as follows. On input (x, z), where z € {0,1}9( and n = |z, f' divides z into

r(n) segments 21, ..., Zy(n) of length ¢(n). Let

f/(xv Z) = g<f(£L’,Zl), f(xv Z2)7 SRR f(SL’,ZT(n)»,

where g is the <P -reduction from OR,(B) to B. Clearly, if x ¢ A then for all 4,
f(zx, z) & B. So,

r¢g A= Vz¢c{0,1}70D f'(z 2) & B= Prob,|[ f(z,2) ¢ B] = 1.

Suppose z € A, then Prob,[ f(z,2) € B ] > 1/p(n). So, the probability that for
some 4, 1 <i <r(n), f(z,2) € B is bounded below by:

1 —Probz,, ... 7Zr(n)[ Vi, 1 <i<r(n), f(z,z) & B ]
>1—(1-1/p(n)) ™
> 1 (1= 1/p(m)py

1

Since (1 — 1/p(n))P™ converges to e~', we have

re A= Prob.[ fl(z,2)eB]|>1—e P >1_27m
where 2 is chosen uniformly over {0,1}4. O

Robust languages such as SAT and SAT have both OR,, and AND,,. So, in
cases where one randomly reduces to a robust language, it does not matter which
definition of randomized reduction is used. However, there are some good reasons
to believe that USAT does not have OR,, (see Theorem 6.9). Thus, there is no
obvious way to amplify the Valiant-Vazirani reduction from SAT to USAT. In the

next section, we investigate some anomalies which are consequences of the non-
robustness of USAT.
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6.2 Anomalous Behavior

The first and most obvious problem with the statement “USAT is complete for
DP under randomized reductions” is that it fails to consider that USAT can be
complete for larger classes as well. In fact, a simple observation will show that

USAT is <Y -complete for a much larger class, PSATlosn],

Lemma 6.2. USAT is <"¥-complete for PSATlosn],

Proof: First, observe that there is a trivial <'¥-reduction from OR,,(SATASAT)
to SATASAT. On input (1, ..., z,), the reduction chooses 1 < i < n at random
and prints out x;. This randomized reduction will succeed with probability 1/n.
Now, using the fact that OR,,(SATASAT) is <P -complete for PSATle"] we can
reduce any language in PSATle7] to USAT by combining the reduction described

above with the Valiant-Vazirani reduction. This new reduction has probability
1/(4n?). O

In Section 3.3, we showed that the complete languages for DY and PSATlogn]
have different characterizations. Since we expect complete sets to inherit struc-
tural properties of the classes they represent, USAT being <}Y-complete for both
these classes raises doubts as to whether completeness under <)Y reductions makes
sense. Lemma 6.2 can also give misleading results about the complexity of certain
optimization problems. For instance, it implies that all the Unique Optimization
problems in PSATHo8"] can be reduced to Unique Satisfiability. At first glance, this
appears to highlights the power of randomization. After all, it shows that using
randomization one can solve optimization problems without doing optimization.
However, the probability of a correct reduction taking place is only 1/(4n?). More-
over, there is no known way to improve this probability bound (see Theorem 6.9).
In fact, this lemma really demonstrates the anomalies created by randomized re-
ductions that allow very low probability bounds.

One would think that these anomalies would disappear if we used only the
Adleman-Manders definition of randomized reductions. However, in the next sec-
tion, we will show that even if we restrict our attention to <P-reductions with
probability 1/2, anomalies still exist. First, we must explain what threshold behav-

10T mMeans.
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6.3 Threshold Behavior

Considering the anomalous behavior of randomized reductions described above, the
reader may be tempted to dismiss completeness under randomized reductions as
meaningless. However, the Valiant-Vazirani reduction from SAT to USAT proved
to be useful in many areas of research. For example, Beigel [Bei88] used it to
show that SAT is superterse unless RP = NP. Also, Toda [Tod89] used a similar
reduction in his proof that PH C P#PU. This result, in turn, led to the Lund,
Fortnow, Karloff and Nisan [LFKN90| result: PH C IP. So, there should be
little doubt in the reader’s mind regarding the usefulness of the Valiant-Vazirani
reduction. The more pertinent questions are: What does this reduction mean?
Does USAT being <% -complete for DY mean that it somehow inherits the hardness
of the whole class? How does the complexity of <}V -complete sets compare with
the <P -complete languages? We answer these questions in terms of thresholds of

probability bounds.

6.4 Examples of Threshold Behavior

To illustrate what we mean by threshold behavior, we turn to a more familiar
setting—namely that of NP and co-NP. Let A be any <}Y-complete set for NP.
Then, we know that A has the following properties [AM77,ZH86,BHZ87,Sch89].

e A& P unless RP = NP and PH collapses.
e A& RP, unless RP = NP and PH collapses.

e A ¢ co-NP, unless NP /poly = co-NP/poly and PH collapses.

This compares favorably with the <P -complete set SAT, which has the following

properties.

e SAT ¢ P, unless P = NP.
e SAT ¢ RP, unless RP = NP and PH collapses.

e SAT ¢ co-NP, unless NP = co-NP.
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From this comparison, we can draw the conclusion that the <)Y -complete set, A,
behaves like the <P -complete set, SAT, and that somehow the complexity of the
set A is representative of the complexity of the entire class NP.

In contrast, the trivial singleton set B = {1} is complete for NP under ran-
domized reductions with probability 27". Clearly, B is not representative of the
complexity of NP. So, completeness under <P -reductions with probability 27"
does not make sense for NP. However, they do make sense for co-NP. Let C' be a
set complete for co-NP under <!P-reductions with probability 27". Then, C' & NP,
unless NP = co-NP.

These observations show that completeness for randomized reductions makes
sense only if the randomized reductions have a probability bound above a certain
threshold. Moreover, the threshold is different for different complexity classes. For
NP, the threshold is 1/pol; for co-NP, 1/exp. Alternatively, we can look at these

results in terms of randomized reductions from a set to its complement.
o SAT <[P SAT with probability 27".

e SAT £ SAT with probability 1/p(n), for any polynomial p(n),

unless NP /poly = co-NP/poly and PH collapses.

These two statements show that when we consider randomized functions which
reduce SAT to SAT, a probability threshold occurs at 1/pol. Similarly, for SAT,
the probability threshold occurs at 1/exp.

e There is no known <!P-reduction from SAT to SAT with probability > 0.

e SAT £ SAT with probability 277, for any polynomial p(n),
unless NP = co-NP.

6.5 Threshold Behavior in D? and co-DP

In this section, we show how probability thresholds can explain the anomaly pre-
sented in Section 6.2. We will show that beyond a certain probability threshold,
the <™ _complete sets for DY and for co-DY inherit many of the properties of the
<P _complete sets. Recall from Chapters 3 and 4 that some of these properties

are:



78

e SATASAT and SATVSAT are not equivalent under <P -reductions,

unless D¥ = co-DY and PH collapses.

e SATASAT ¢ co-DY and SATVSAT ¢ D,

unless DY = co-DF and PH collapses.
e SATASAT does not have OR,, unless D¥ = co-D¥ and PH collapses.

e SATVSAT does not have AND,, unless D¥ = co-D” and PH collapses.

We will use these properties as a benchmark to test if a particular concept of
completeness for DY and co-DY makes sense. First, we show that for completeness
under <™ -reductions, the probability threshold for D is bounded below by 27".

Lemma 6.3.

SAT is complete for DY under <™ -reductions with probability 27",

Proof: To reduce (F1, Fy) € SATASAT to SAT, the reduction guesses a satisfying
assignment for Fy. If F} is satisfiable, the guess will succeed with probability at
least 27", If a satisfying assignment is found, the reduction simply prints out F5.

Otherwise, it prints out a fixed satisfiable formula. O
Corollary 6.4. SATASAT <!P SATVSAT with probability 27".

Since SAT € co-D' and since SAT has OR,, and AND,,, we can safely say that
completeness under <'P-reductions with probability 1/ezp does not make sense
for DF. The following theorems, show that completeness under <' -reductions

starts making sense when the probability bound is 1/pol. Hence, the probability
threshold for DY is bounded above by 1/pol.

Theorem 6.5.
SATASAT €Y SATVSAT, unless NP /poly = co-NP/poly and PH C AL.

Proof: Before we go on, we need to define some probabilistic classes.

Definition: For any class C, A € BP-C if there exists a language B € C and
polynomials p and ¢ such that

1
Vz, Prob,[r € A <— (z,y) € B] > =+ —,
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where y is chosen uniformly from {0, 1}9(™.

The hard/easy argument used the following line of reasoning. Suppose D¥ =
co-DY, then there is a many-one reduction from SATASAT to SATVSAT. With
the help of an advice function f, this reduction can be converted into a reduction
from SAT to SAT. Thus, SAT € NP/f. Then, by Yap’s theorem [Yap83], PH
collapses to XF. In the next theorem, we will show that the <™ -reduction from
SATASAT to SATVSAT can be converted into an <™ -reduction from SAT to
SAT (with help from an advice function). It follows that SAT is contained in the
rather awkward class BP-(NP/f).

Now, suppose there exists a <% -reduction from SATASAT to SATVSAT.
Since SATVSAT has OR,,, the probability bound of this <'¥-reduction can be
amplified® by Lemma 6.1. That is, using the reduction from OR,(SATVSAT) to
SATVSAT, we can combine the results of polynomially many <% -reductions and

construct a polynomial time function h and a polynomial ¢ such that
(Fl, Fg) € SATASAT — PI‘ObZ[h(Fl,FQ,Z) c SAT\/SAT] >1-2™"
(Fl, Fg) € SATVSAT — PI'ObZ[h(Fl,FQ,Z) S SAT/\SAT] =1

where n = |(F}, F;)| and z is chosen uniformly over {0, 1}9().

To prove the theorem, we will construct an advice function f computable in
AL such that SAT € BP-(NP/f). Then, using the techniques in Schéning’s proof
(q.v. [Sch89] Corollary 3.6) that BP-(NP/f) C NP/poly and the fact that f is
computable in AY, we show that PH C A?.

Now, we construct the advice function f. In this hard/easy argument, we call
F easy if F € SAT and

3,y such that |z| = |F|, y € {0,1}90), my(h(z, F,y)) € SAT,

As usual, if ' € SAT and F is not easy, then we call F a hard string. On input 17,
the advice function simply outputs the lexically smallest hard string of length n if
it exists. Otherwise, it outputs the empty string, e. From the definition of easy,
it is clear that checking whether a string is hard is a co-NP question. So, using

binary search and an NP oracle, the advice function f can be computed in AY.

3We can prove this theorem without using amplification, but this simplifies the presentation.
In the general case, one cannot rely on amplification.
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Now, consider the following NP program, N. On input (F, H, z), N treats F
as a Boolean formula of length n, takes H as an advice string of length 0 or n, and
parses z into a ¢(n)-bit long guess string. (If the input does not conform to this

syntax, N rejects outright.) Then, N does the following.

1. If the advice string H is the empty string, accept if and only if there exists
7, |x| = n and y € {0,1}9" such that m(h(z, F,y)) € SAT.

2. If |[H| = n, accept if and only if m(h(F, H, z)) € SAT.

Claim: The NP program above shows that SAT € BP-(NP/f). That is,
Prob,[ F € SAT < N(F, f(1"),z) accepts | > 1 —27".

Note that whether there is a hard string of length n does not depend on the guess

string z. So, we can analyze the program in two cases.

Case 1: Consider the case where all the strings in SAT of length n are easy—i.e.,
f(1™) = e. If the input F' € SAT, then F' must also be easy which means the

appropriate x and y would be found in step 1. So,
F € SAT = Prob,[ N(F,¢, z) accepts | = 1.

If I € SAT, then for all z, (z,F) € SATVSAT. So, by the description of the

reduction A,
Prob,[ h(z, F,z) € SATASAT | =1.

However, h(z, F,z) € SATASAT implies that my(h(z, F, z)) € SAT. So, N must

reject in step 1. Thus, in the easy case

Prob,| F' € SAT <= N(F,¢,z) accepts | = 1.

Case 2: Suppose the advice string H is a hard string of length n. If F' € SAT,
then (F, H) € SATVSAT. By the description of the reduction h,

Prob,[ h(F, H,z) € SATASAT | = 1.
So, for all z, m(h(F, H, z)) € SAT. Thus, for all z, N will accept in step 2 and

F € SAT = Prob,[ N(F, H, z) accepts | = 1.
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If F € SAT, then (F,H) € SATASAT because H is hard implies that H € SAT.
Also, since H is hard,

Va,|z| =n, Vz,z € {0,1}9") my(h(x, H, z)) € SAT.
Therefore, for all choices of z, we know that
h(F,H,z) € SATASAT <= m(h(F,H,z)) € SAT
Moreover, by the description of h and the fact that (F, H) € SATASAT,
Prob,[ h(F, H,z) € SATASAT | < 27"
So, Prob,[ m(h(F, H,z)) € SAT | <27". Thus,
F € SAT = Prob,| N(F, H, z) accepts | < 27". O
An immediate corollary of Theorem 6.5 is that completeness under <'"-reduc-
tions does make sense for D¥. Moreover, we can show that languages complete

for DP under <!V -reductions have properties very similar to the properties of the
<P _complete language SAT ASAT.

Theorem 6.6. Let A be complete for DY under <¥'-reductions. Then,
1. A#P A, unless NP/poly = co-NP/poly and PH C AL,
2. A ¢ co-DF | unless NP/poly = co-NP/poly and PH C AY.
3. A does not have OR,,, unless NP /poly = co-NP/poly and PH C %'

Proof: Parts 1 and 2 follow from Theorem 6.5. Part 3 requires a short proof.
First, note that if A has OR,,, then SATVSAT <" A. Now, since A has OR,,
this reduction can be amplified using Lemma 6.1. So, there is a randomized re-
duction from SATVSAT to A with very high probability. However, A € DF, so
A <P SATASAT. Thus, there is also a randomized reduction from SATVSAT to
SATASAT with very high probability. That is, there exist a polynomial time

function A and a polynomial ¢ such that
(Fy, Fy) € SATVSAT = Prob.[ h(Fy, Fy,z) € SATASAT | >1—2""

(Fl,Fg) € SATASAT — PI‘ObZ[ h(Fl,FQ,Z> € SATVSAT ] =1
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where n = |(F} Fy)| and z is chosen uniformly over {0,1}9). We will show in
Theorem 6.12 that these conditions NP/poly = co-NP/poly and hence PH C ¥
O

As a special case of a language <!V -complete for DY, USAT has all the proper-
ties listed above. However, since SAT gi USAT the results can be made stronger.
We list these properties separately, because these results give a new understanding
about the complexity of USAT.

Corollary 6.7. USAT ¢ co-D, unless PH collapses.
Theorem 6.8. USAT #” USAT, unless D” = co-D" and PH collapses.

Proof: Since SAT §§ USAT, we know that SAT §§1 USAT. However, we assumed
that USAT =P USAT, so SAT <P -reduces to USAT as well. Thus, USAT becomes
<P _complete for D¥, so D¥ = co-D" and PH collapses. O

Corollary 6.9. USAT does not have OR,,, unless PH collapses.

So, we can conclude that Valiant and Vazirani made the right decision when
they used <}Y-reductions to talk about completeness for DP under randomized
reductions. However, completeness under <'V-reductions may not make sense for
other complexity classes. In fact, the following theorems show that the threshold
for co-D¥ is 1/2 4 1/pol.

Lemma 6.10. SAT&SAT is complete for co-DY under <P_reductions with
probability 1/2 4 277",

Proof (Sketch): Recall that SATVSAT is <! -complete for co-D"and that
SAT®SAT = { OF | F € SAT YU{ 1F | F € SAT }.

It is simple to construct a randomized reduction with probability greater than or

equal to 1/2, because
(F1, Fy) € SATVSAT <= F; € SAT or F, € SAT.

Thus, a randomized function can choose F; or F, with equal probability, then
output 1F; or 0Fy. If (Fy, F3) is indeed an element of SATVSAT, then

PrObie{O,l}[ iFg_Z‘ c SAT@SAT ] > 1/2
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Conversely, if (Fy, F,) € SATVSAT, then Probjcioy| iFo—; € SAT®SAT | = 0.
To improve the probability beyond 1/2, simply observe that if F, € SAT, then
there is a small probability of guessing a satisfying assignment. This fact can be
used to improve the probability to 1/2 4 2% (This additional 91’ probability is
of interest only because it makes the probability strictly greater than 1/2.) O

Corollary 6.11. SATVSAT < SATASAT with probability 1/2 + 27",

Since SAT®SAT € DF, we again conclude that this set does not meet our
criteria for a sensible complete language. However, if we require the reduction to

have a probability bound above 1/2 4+ 1/pol, then completeness makes sense.

Theorem 6.12. SATVSAT £'? SATASAT with probability 1/2+ 1/p(n), for any
polynomial p(n), unless NP/poly = co-NP/poly and PH C X}

Proof: Suppose that SATVSAT <P SATASAT with probability 1/2 + 1/p(n).

Then, there exists a reduction h and polynomials p and ¢ such that

(Fl, Fg) c SATVSAT — PI‘ObZ[h(Fl,FQ,Z) c SAT/\SAT] Z +——

1
p(n)

— b =

(Fl, Fg) € SATASAT — PI‘ObZ[ h(Fl,FQ,Z) € SATVSAT ] =

)

where n = |(F}, F;)| and z is chosen uniformly over {0, 1}9().
Again, we use a variation of the hard/easy argument to prove this theorem.
We call a string F' easy if F' € SAT and Jz, |z| = |F| such that

Prob.( m(h(z, F, 2)) € SAT ) > %

We call F a hard string if I € SAT and F is not easy. We construct an advice
function f which on input 1" outputs the lexically smallest hard string of length
n, if it exists. Thus, on input F' our advice string can either be the empty string
(which means that there is no hard string of length |F|) or some string H of length

Now, we construct an NP machine N to show that SAT can be recognized by a
3-BP-(NP/f) machine. The machine N take inputs of the form (F, H,y, z). Here,
F'is the formula whose unsatisfiability is in question. The string H is given by the
non-uniform advice function. The string y is chosen by the existential quantifier.

Finally, z is chosen randomly by the BP quantifier.
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If H=¢, then N accepts iff my(h(y, F, z)) € SAT. Otherwise, if the input is of
the form (F, H,y, z), where H # ¢, then N accepts iff w1 (h(F, H, z) € SAT. Note
that in the second case, the output of the machine N is independent of y. As usual
there are two cases to analyze, depending on the advice string H.

Case 1: The advice string is empty.
Since H = f(11F1) = £, we know that all strings of size |F| which are in SAT are
easy. Thus, if ' € SAT then F is easy. Therefore, Jy, |y| = |F|, such that

Prob.| m(h(y, F\, 2)) € SAT | > %

Thus, 3y, |y| = |F|, Prob.[ N(F,e,y, z) accepts | > 5. On the other hand, if F €
SAT, then Yy, (y, F') € SATVSAT. Thus, by the random reduction, h(y, F, z) €
SATASAT with probability 1/2 4+ 1/p(n). So,
_— 1
¥y, lyl = |F|, Prob.[ m(h(y, F. )) € SAT | > -
That is, Yy, |y| = |F|, Prob,[ N(F,¢,y, z) accepts |
Case 2: The advice is not empty.
By construction, H is a hard string of size n, which implies H € SAT. If F € SAT
then (F, H) € SATVSAT and by the definition of the random reduction h,
1 1
Prob, h(F,H,z)) € SAT | > = + —.
rob. | my(h(F. H.2)) € SAT | > 5 + —
For the sake of uniformity, we use a dummy quantifier and state that
1 1

= > - -
Ely7 |y| |F‘7 PrObz[ 71-l(hf(F’, H, Z)) c SAT] =5 —|—p(n)’

_|_

1
p(n)
1
(n

1
2

N

(since mi(h(F, H, z)) € SAT is independent of y). Thus,
1 1
dy, = |F|, Prob,| N(F, H,vy, z) accepts | > — + —.
o ll = Pl Prob. N(P.H.y.2) accepts ] > 5+~
If F € SAT then (F, H) € SATASAT, and by the definition of the reduction h we
know that Prob,[ h(F, H, z) € SATVSAT | = 1. However, H is a hard string, so

1
V, |x| = |H|, Prob,[ m(h(z, H,z)) € SAT | < 3
In particular, with z = F, Prob,[ my(h(F, H,z)) € SAT ] < 1. Therefore,

Prob.| m (h(F, H, 2)) € SAT | > %
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which implies Prob.[ m;(h(F, H,z)) € SAT ] < ;. Again, by adding an additional

dummy quantifier, we obtain

vy, |yl = [F|, Prob.[ N(F,H,y,z) accepts | <

|~

To summarize, we have shown that N behaves in the following manner:
If f(1F) = H = ¢, then

F € SAT = Jy, Prob,| N(F, H,y, z) accepts | >

N[

1
p(n)’

F € SAT = Vy, Prob,| N(F, H,y, z) accepts | <

N[
~

If f(11F1) = H # ¢, then

F € SAT = 3y, Prob.[ N(F, H,y, z) accepts | > 3 + —=

F € SAT = Vy, Prob,| N(F, H,y,z) accepts | <

where y € {0,131, 2 € {0,1}90") and n = |(F, F)|.

These conditions show that SAT can be recognized by a 3-BP-(NP/ f) machine.
In the next section we will prove some technical lemmas which show that under
these circumstances it follows that co-NP C BP-(NP/poly). Since BP-(NP/poly) C
NP /poly, NP /poly = co-NP/poly and PH collapses to X% O

Now we can conclude that the languages which are complete for co-DY under
<™ _reductions with probability beyond the threshold of 1/2+1/pol do inherit the

hardness of the <P -complete languages for co-D".

Theorem 6.13. Let A be complete for co-DF under <IP-reductions with proba-

bility 1/2 + 1/p(n), for some polynomial p. Then,

1. A#P A, unless NP /poly = co-NP/poly and PH C XF.

2. A ¢ DFP unless NP/poly = co-NP/poly and PH C ¥F.

3. A does not have AND,, unless NP/poly = co-NP/poly and PH C A?.
Proof: Parts 1 and 2 are direct corollaries of Theorem 6.12. To see Part 3, note

that if A has AND,, then SAT ASAT <'? A with probability greater than 1/2. Now,
Theorem 6.5 shows that NP/poly = co-NP/poly and PH collapses to AL. O
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6.6 Merlin-Arthur-Merlin Games

A Merlin-Arthur-Merlin game begins with an existential move by Merlin, followed
by a probabilistic move by Arthur and another existential move by Merlin. Lan-
guages which have Merlin-Arthur-Merlin games are exactly those recognized by
4-BP-NP machines. In this section, we prove some technical lemmas which show
that under certain assumptions, NP /poly = co-NP/poly and PH collapses. These
lemmas are mostly modifications to familiar theorems in the literature. However,
due to the nonuniform nature of the hard/easy argument, it is not possible to cite
these theorems directly. We need to show that these theorems hold even for non-
uniform probabilistic bounds. The theorems and lemmas in this section are geared
towards normalizing probabilistic NP machines so they fit the standard definitions.
The first lemma shows that we can always reprogram a probabilistic NP machine

so its probability bounds are centered at 1/2.
Lemma 6.14. Let N be any NP machine. Let A and B be two disjoint events
such that for some polynomial ¢ and rational constants «, 3 and r

x € A= Prob,| N(z,z) accepts | > «

x € B = Prob,[ N(z, z) accepts | < 3,

where z is chosen uniformly over {0,1}90?0) and o« — 3 > 1/r. Then, there is an

NP machine N’, a polynomial ¢ and a constant r’ such that

1
r € A= Prob,[ N'(x, z) accepts | > = + =
.

1
o

Y

N — N~

xr € B = Prob,[ N'(x, z) accepts | <
where z is chosen uniformly over {0, 1}¢ (=D

Proof: The idea of behind the proof is quite simple. Let m = (a+/3)/2. The prob-
abilities o and [ are centered around m. We simply have to shift these probabilities
so they are centered around 1/2.

First, assume that m > 1/2. In this case, the machine N accepts too often, so
we simply need to add more cases where the machine rejects. Let ¢/(n) = q(n) + ¢,
where c is roughly twice the number of bits required to specify a and (3 in binary.
The new machine N’ does the following on input (x,z) where |z| = ¢/(n) and

n=|z|.
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1. Divide z into two parts v and w of lengths ¢(n) and ¢ respectively.
2. Interpret w as a number between 0 and 2°.

3. If w/2¢ < 1/(2m), then simulate N(z,v).

4. Otherwise, reject the input string.

Analysis: Now we claim that N’ accepts and rejects with the prescribed proba-
bilities. If x € A, then the probability that N'(zx, z) accepts is the probability that
N’ reaches step 3, simulates N(z,v), and N(z,v) accepts. Thus,

« 1 1 1 1
r € A= Prob,[ N'(z, z) accepts | > - > 5 <m+§> = §—|—m )
Similarly, we can calculate the probability that N'(x, z) accepts when = € B.
1 1 1 1
r € B = Prob,| N'(z, z) accepts | < % < 5 (m——) =5 "
Thus, if we let ' = 4r, we have satisfied the statement of the lemma (since 1/2 <
m < 1). Note that in the preceding calculations, we used 1/(2m) as the probability
that w/2° < 1/(2m). There is an inherent error in this estimation, but the error
can be made arbitrary small by increasing c.
Finally, we consider the case where m < 1/2. In this case, we simply need
to increase the probability of accepting. So, N'(z, z) would simulate N(z,v) with
probability 1/(2 — 2m) and accept outright in the remaining cases. A similar

analysis yields:

1 Q
xr € A= Prob,[ N'(z, z) accepts | > 1_2—2m 5 om
1 1
B §+4(1—m)7’
x € B= Prob,| N'(z,z) accepts | < 1— ! + b
- 2—-2m 2-2m
1 1
2 4(1—m)r -

Again, since 1/2 < 1 —m < 1, we satisfy the statement of the lemma by letting
v =d4r. O

Note that the preceding proof did not use the fact that o and 3 are constants.

In fact, since r’ did not depend on m, it is not even necessary for 1/a and 1/
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to be polynomially bounded. The only important point is that a and ( can be
represented in ¢ bits. So, in order to generalize this lemma, we need the following

definition.

Definition: A function v is a mice nonuniform probability bound if there exists a
polynomial d such that for all n, 0 < y(n) <1 and |y(n)| < d(n).

Using the definition of nice probability bounds, we can restate Lemma 6.14 as
follows. We will not repeat the proof for this lemma because it is a straightforward

modification of the proof for Lemma 6.14.

Lemma 6.15. Let N be any NP machine and let the functions a and G be nice
nonuniform probability bounds. Suppose there exist two disjoint events A and B

such that for some polynomial ¢ and r
x € A = Prob,|[ N(z, z) accepts | > a(n)
x € B = Prob,[ N(z, z) accepts | < B(n),

where n = |z|, z is chosen uniformly over {0,1}%™ and a(n) — B(n) > 1/r(n).
Then, there is an NP machine N” and polynomials ¢’ and " such that
1 1
x € A = Prob,[ N'(z,a(n), 3(n), z) accepts | > 5 + )
r'(n
1 1
2 7r'(n)’

x € B = Prob,[ N'(z,a(n), 3(n), z) accepts | <
where n = |z| and z is chosen uniformly over {0, 1}7™.

In the next lemma we use the standard amplification techniques (q.v. Lemma
3.4 in [Sch85]) to achieve very high probabilities.

Lemma 6.16. Let N be any NP machine. Suppose there exist two disjoint events,

A and B, such that for some polynomials ¢ and r

1 1
x € A= Prob,| N(z,z) accepts | > 3 + %
1

1
x € B = Prob,[ N(z, z) accepts | < 3 m ,

where n = |z| and z is chosen uniformly over {0, 1}9(™). Then, for any polynomial
p, there is an NP machine N’ and a polynomial ¢’ such that

r € A = Prob,[ N'(x, z) accepts | > 1 — 277"

x € B = Prob,[ N'(z, 2) accepts | < 27P("),
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where n = |z| and z is chosen uniformly over {0, 1}4.

The next lemma gives an alternate characterization of of the class NP /poly.
It is known that languages which can be characterized by Merlin-Arthur-Merlin
games (q.v. [Bab83]) or by the quantifier structure [3373/V3*TV] (q.v. [Zac86])
are in the class BP-NP. Lemma 6.17 states that the nonuniform versions of such

languages are in the class BP-(NP/poly) which is the same as the class NP /poly.

Lemma 6.17. Let N be an NP machine and let p, ¢ and r be polynomials. Let
the functions a and ( be nice nonuniform probability bounds. Suppose that a

language L satisfies the following:
x € L = Jy Prob.[ N(z,y, f(0"), 2) accepts | > «(n)
x ¢ L =Yy Prob,[ N(z,y, f(0"), 2) accepts | < ((n),

where n = |z|, a(n) — G(n) > 1/r(n), f is an advice function, y is taken from
{0,1}*™ and z is chosen uniformly over {0,1}). Then, L € NP/poly.

Proof: The goal of the proof is to show that L € NP/poly. The proof starts by
invoking the previous lemmas to center and amplify the probability bounds. After
the probability bounds has been sufficiently amplified, the 3 and V quantifiers can
be moved inside the probability quantifier. This finally results in a BP-(NP/poly)
expression which, in turn, implies that L € NP /poly.

First, we define the events A and B as follows:
A= {(z,a,y) |2 € L, a=f(0"), y € {0,1}"™, and
Prob.| N(z,y, f(07), 2) accepts | > a(n)}

BY {(z,a,y) | 2 & L, a= f(0"), and y € {0,1}P(}.

where n = |z|, and z is chosen uniformly over {0,1}?™. Then, a straightforward

application of Lemmas 6.15 and 6.16 produces an NP machine N’ such that
z € L = 3y Prob,[ N'(z,y, f(0"), a(n), B(n), z) accepts | > 1 — 272"

z & L = Vy Prob,[ N'(z,y, f(0"), a(n), B(n), z) accepts | < 2727
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where n = |z|, f is a non-uniform advice function, y is taken from {0, 1}?™ and
z is chosen uniformly over {0,1}4™. To shorten the notation, we define a new

advice function g¢:
9(0") = (f(0"), a(n), B(n)).

Thus, we have
z € L = 3y Prob,[ N'(z,y, g(0"), 2) accepts | > 1 — 272(")
x ¢ L = Yy Prob,[ N'(z,y, g(0"), 2) accepts | < 272,

In the next step, we construct a new NP machine N” such that
N"(z,g(0™), z) accepts <= Jy, N'(z,y, g(0"), z) accepts .

(N” simply guesses the witness y.) Now, suppose z € L. Let yo be a witness
such that N'(z,yo,9(0"), z) accepts with high probability. Then, N”(z, g(0"), 2)
will also accept with high probability, since N” will accept by guessing the same
Yo. Thus,

z € L = Prob,[ N"(z, g(0"), z) accepts | > 1 — 272,
On the other hand, suppose that x ¢ L. Then,
Prob,[ Jy, N'(z,y,¢(0"), 2) accepts | < 2P,

To see this, suppose that the probability is greater than 277 . Then, let m be
the number of pairs (y,z) such that N'(z,y,g(0"),2) accepts. By assumption,
m > 27P() . 2¢'(") — 24'(")=p(")  Gince there are only 2P many different y’s, for
some particular g, there must be more than m/2P( = 29(=22(") ymany 2’s such

that N'(x,yo, g(0"), z) accepts. However, this means
Prob,[ N'(x, o, g(0"), 2) accepts | > 272,
which violates the condition that x & L. Thus,
z ¢ L = Prob.[ N"(z, g(0"), z) accepts | < 277"
Combining the two cases, we have

Prob.[ z € L <= N"(z,g(0"), z) accepts | > 1 — 277",
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Using more standard notation, this statement says L € BP-(NP/poly). More-
over, by a lemma due to Schoéning (q.v. [Sch89] Corollary 3.6), we know that
BP-(NP/poly) C (NP/poly)/poly = NP /poly. Thus, L € NP /poly. O

Corollary 6.18. If the language SAT satisfies the properties in Lemma 6.17, then
NP/poly = co-NP/poly and PH C X¥.

Proof: By Lemma 6.17, SAT € NP/poly. Then, using Yap’s theorems [Yap83], it
follows that NP /poly = co-NP/poly and PH C . O

6.7 Summary

Randomization is a very useful tool for classifying the computational complexity of
problems. In this chapter, we have shown that randomization allows us to describe
the complexity of the unique satisfiability problem in a way that deterministic
complexity classes have not. That is, we have shown that USAT is complete for
DP. Even though, Valiant and Vazirani were the ones who have provided the
randomized reduction from SATASAT to USAT, it is the proofs in this chapter
which actually establish the “completeness” of USAT.
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