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order of access

Given access to two oracles, which oracle should be queried first?

Does it matter?

e oracles must have different complexity
e complete languages of the Polynomial Hierarchy Z? and Zl,z , where j < k
e allow truth-table queries to each oracle

e recognize languages or compute functions



asking hard questions first

pPrtt:Fstt = p truth-table queries to H followed by s truth-table queries to E

I = easy oracle, Z}D complete H = hard oracle, Zl,; complete 1<k
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asking easy questions first

Pttt = s truth-table queries to E followed by r truth-table queries to H

I = easy oracle, Z}D complete H = hard oracle, Zl,; complete 1<k
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asking all questions simultaneously

Pttt = g queries to E and 7 queries to H in parallel

I = easy oracle, E? complete H = hard oracle, Zg complete ] <k
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more notation

o Let PFettFitt denote the class of functions recognized by polynomial-
time Turing machines that ask a parallel queries to A followed by b parallel

queries to B.

o Let PEAatt!Pott denote the class of functions recognized by polynomial-
time Turing machines that ask a parallel queries to A simultaneous with b

parallel queries to B.

o Let PattPhttiCettiPitt he the class of languages accepted by polynomial-
time Turing machines that ask a queries to A, b queries to B, ¢ queries to
C' and d queries to D in that order.

PFAa-ttlBo-tt i trivially contained in both PFAatt:Bu-tt and PBo-ttida-tt,



results in this paper

e Does not hurt to ask hard questions first

PLs-tt:Hrtt C PHr-tt: Ps-tt

PFEs-ttiHrtt  PRpHr-ttiLs-tt

e For language classes, order does not matter

PHr-ttiBs-tt C PEs-ttsHr-tt

e For function classes, order matters unless PH collapses

PEAr-ttifstt C PRLs-ttiflr-tt — PH C Z?ﬂ

where 7 < k, E'is Z? complete and H is Zg—complete



prior & related works

e Hemaspaandra, Hempel & Wechsung 1995:

Order of queries to 2 complete languages from the Boolean Hierarchy

e Agrawal, Beigel & Thierauf 1996:

Strengthened results on queries to complete languages from the Boolean
Hierarchy. (Obtained independently from [HHW95].)

e Gasarch & McNicholl 1997(7):

Order of oracle queries in a recursion theoretic setting



delaying easy questions

Proof that PES—tt§HT’—tt g PHT—tt§E8—tt :
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e My's ith query H: Is M;i’s ith query to H answered YES?
e queries to F/ are the same
e in fact, PPsttiflr-tt C PHrttl1Estt

e proof for function classes identical



delaying hard questions

Proof that PHT—tt;ES—tt g PES—ttQHT’—tt :
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e Problem: Don’t know which queries to £ to ask
e Solution: Use the first set of queries to £

e Count the number of mind changes to the true path.



mind changes: part 1
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Path ¢ to Path 7 forms a mind change if:

e 7/, = queries to H on Path ¢ assumed to be answered YES.
e Z; = queries to H on Path j assumed to be answered YES.

e Mi(x) accepts on Path ¢ and rejects on Path j or vice versa.



mind changes: part 2

Finishing the mind change proof:

e paths beyond true path are not involved in mind changes

e maximum number of mind changes m ranges from 0 to r — 1

e m can be computed using r truth-table queries to H

e Whether M;(x) accepts on Path 0 can be computed using s queries to E
e m is odd: M;i(x) accepts on true path iff M;(z) rejects on Path 0

e m is even: M;(x) accepts on true path iff M;(x) accepts on Path 0

We really proved that PHr-ttiFs-tt = PPttt



hierarchies

How are the two classes PZatt:Eptt and PHPettiFd-tt related?

e In the mind change proof, the s queries to £ were used to determine whether
M (x) accepts or rejects on Path 0. This can be replaced by a single query
to H.

e For all polynomial bounded s, PHr-ttiBstt € PY(r+ 1-tt.

e Nested hierarchy:
PHrtt C PHrttlE1t¢ ¢ PHrstlEote C ... C PHr+ I-tt

unless the Polynomial Hierarchy collapses.



extensions: many rounds of queries

What happens if you have many rounds of truth-table queries to £ and H?

e Fasy queries can still be delayed:

PHa-tt:Ep-ttiettiBatt C PHa-tt H et Ep-tti Pt

e Rounds of queries to the same oracle can be combined:

PHa-ttiHe-tt: EpttiBate C PHrttibs-tt
where 7 = (a+ 1)(c+ 1) and s = (b+ 1)(d + 1).
o Plus: PHrttlEstt C PHattiBpttiHett: Pt

e Therefore, P7a-ttiEpteiHettiFpe = PHrttl Fott

Complexity of language classes characterized by the number of queries.

The order of the queries does not matter for language classes.



function classes

For function classes, the order of oracle queries is critical.

e We can still delay easy questions (same proof as language classes):

PFEs-ttifrtt  PEHr-ttiLs-tt

e We cannot delay hard questions unless PH collapses:

PFHrttEs-tt C PELEs-ttirtt — PH C Eil

(Recall: j < k, E is Z? complete and H 1is Zg complete.)

e Proof uses the latest hard/easy argument [Buhrman & Fortnow, 1996] and
tree pruning techniques [Beigel, Kummer & Stephan, 1995]



a simple case

Let E be NP-complete, H be NP -complete. Use 1 query to each oracle.

Candidate function in PFY1-t6E1tt hut not in PFF1-t671-tt

/

0ifsdHandyd E |

\ — H(z)B(y) if o ¢ H
01 ifoHandyEE/
fla,y,z) =

0ifzeHandz & E )
» = H(x)E(z)if v € H

11 if:UEHandzEE/

e H(x), E(y) and E(z) are characteristic functions
e H(xz)FE(y) means concatenation
e f(x,y,2) is easily computable in PFH1-t6E1-t

e Prove f(z,y,2) € PFFwfite — H C NP*Y — PH C NP



a hard/easy argument

A PFM1-tE1-tt machine and a PFPL1t6#1-tt machine which compute f(x, vy, 2)

Ml(i’yaz) M2()i’yaz)
x € H? — q € E?
y € E? ze E? q2 € H? qz € H?
/ \ / \ / \ / \
00 01 10 11 11 00 01 10

e Both machines compute f(x,y, z) correctly

PNP PNP

e Construct an N machine for H which is coN complete

e Use NP oracle to answer all queries to E

e Let OUT; and OUTy be the possible outputs of M; and M, after queries

to E are answered (some paths are eliminated)

e Example: y € F, 2 & Fand ¢ ¢ E
OUT; = {00, 10} OUT, = {00, 11}



€asy Case

x is casy if there exists y and z, |y| = |z| < |z|*, such that OUT; # OUTy

Ml(X,y,Z) M2(iy7z)
x € H? — q € E?
ye E? ze E? Q2 € H?
/ / / \
00 10 11 00

lfydFE z2¢ Fand ¢ ¢ E, then OUT; N OUTy = {00} = H(z) =0

If z is easy, this NPM algorithm recognizes H

e Cuess y and z with length < |z|*

e Compute OUT; and OUT, by simulating M (z, y, z) and Ms(x, y, 2) using

the NP oracle to answer all queries to F
o [f OUT; = OUTYy, reject

e Otherwise, f(x,y,2) = OUT;{NOUT; and the first bit of f(x,y, z) is H(x)



hard case

 is hard if for all y and z, |y| = |z] < |z|*, OUT; = OUT,

MI(X’Y7Z) MZ()i’Y7Z)
x € H? —_— qi € E?
y € E? ze EB? qQ2 € H?
/ \ / \
00 11 IT 00

lfyéFE ze FEand ¢ ¢ E, OUT; = OUTy = {00,11} = E(y)E(z) =01

e with 1 query to E, the outcome of two queries were determined.
e with 0 queries to F, we still have E(y)FE(z) € {01,10}
e 2 out of 4 possibilities for E(y)E(z) eliminated using 0 queries!

e this is enough to prove that SAT € P.



self-reduction tree for SAT
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o [0 = I, with first variable replaced by FALSE
e [, = F,, with first variable replaced by TRUE
o [, € SAT <= (F, € SAT) V (F,,1 € SAT)

e use Beigel-Kummer-Stephan (BKS) tree pruning procedure:

Given 4 formulas, find 1 to drop “safely”



BKS tree pruning

Given QQ = {F1, Fy, F3, Fy}, find ¢ € {1,2,3,4} such that
QNSAT £ < (Q — F;)NSAT £
(Le., F} is not the only element of @) in SAT.)

Since E is NP-complete, we can construct y and z such that
y e F < (F3 € SAT)V (Fy € SAT)

z € B < (F, € SAT)V (F, € SAT)

e QNSAT ={F} = E(y)E(z) = 00. if E(y)E(z) # 00, drop F.
e QNSAT ={F} = E(y)E(z) =01. if E(y)E(z) # 01, drop F5.
e QNSAT = {F;3} = E(y)E(z) = 10. if E(y)E(z) # 10, drop F3.

e QNSAT ={F,} = FE(y)E(z) =11. if E(y)E(z) # 11, drop Fy.



hard case: revisited

Need to show that H € NPYY. Rewrite H as:
H = {z | (Vu, |u| = |z])[ g(z,u) € SAT ]}

PNP algorithm for H assuming  is hard:

e construct an NP machine V.

1. input «

2. Guess u, compute F' = g(z, u)

3. use BKS tree pruning to find witness for ' € SAT.
4. if witness is found, reject

5. no witness after pruning, accept
e ask NP oracle whether x € L(N)
o v & L(N), accept /* since satisfying assignment found for each g(z, u) */

e x € L(N), reject



wrapping up hard/easy argument

Problem: we don’t know if x is easy or hard.

Solution: Run easy and hard algorithms in parallel

Sanity check on combined algorithm

o v ¢ H and z is easy

o easy algorithm: works correctly and rejects.

o hard algorithm: N(x) cannot find a satisfying assignment for g(z, u) for

some u. Machine NV accepts, hard algorithm rejects.

e v & H and z is hard

o easy algorithm: cannot find y and z such that OUTy £ OUT,. Rejects.

o hard algorithm: works correctly and rejects.



sanity check continued

e v € H and z is easy

o easy algorithm: works correctly and accepts.

o hard algorithm: N (x) might be “lucky” and find satisfying assignments
for g(x, u), for every u. Algorithm might accept.

e r ¢ H and x is hard

o easy algorithm: cannot find y and z such that OUT; £ OUT5. Rejects.

o hard algorithm: works correctly and accepts.

PNP

S0, we have an N algorithm for H.

Since H is NPM complete, NPM = coNP™ and PH collapses to NPNY.



conclusions

Let H be Z}; complete and E be Z}D complete, where § < k.

Does the order of oracle access matter?

e Language Classes: NO

e Function Classes: YES



