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Automata Theory & Formal Languages
PDA to CFG example

Here’s a PDA for the language { ww® | w € {0,1}* }:
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Now, we construct a context free grammar G = (V, %, T", R, S) from the PDA above. There are
5 states in the PDA, so we’ll have 26 variables in G — 1 start symbol and a variable A;; for each
pair of states ¢; and g;. Thus the variables of G are: S, Agg, Ao, Aoz, Aoz, Aos, Aro, A11, A1z, Ais,
Ana, Ao, A1, Aga, Ags, Asa, Az, Azi, Ase, Asz, Asa, Aso, Auar, Auz, Auz, Aug

Now, we list all the rules (productions) in G. Since qq is the start state of the PDA and ¢4 is
the unique accepting state, we have the special rule:

S — A04
Also, for each state ¢; of the PDA, we add the rule A;; — €. So, we have:

Agp —
Ay —
Ay —
Azg —
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Next, for each triplet of states ¢;, ¢; and g, we add the rule A;; — A;yAjx. This gives us another
53 = 125 rules in G:
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AOOAOO ’ A01A10 | A02A20 | A03A30 ‘ A04A40
A00A01 | AOlAll | A02A21 | A03A31 ‘ A04A41
AOOAOQ | A01A12 | A02A22 | A03A32 | A04A42
AOOAO?) ’ A01A13 | A02A23 | A03A33 ‘ A04A43
AOOA(M | A01A14 | A02A24 | A03A34 | AO4A44

AlOAOO | A11A10 | A12A20 | A13A30 | A14A40
AIOAOI | AllAll | A12A21 | A13A31 ‘ A14A41
A10A02 ’ A11A12 ’ A12A22 ‘ A13A32 ‘ A14A42
AIOAO?) | A11A13 | A12A23 | A13A33 | A14A43
A10A04 | A11A14 | A12A24 | A13A34 ‘ A14A44

A20A00 ’ A21A10 | A22A20 | A23A30 ‘ A24A40
A20A01 | A21A11 | A22A21 | A23A31 ‘ A24A41
A20A02 | A21A12 | A22A22 | A23A32 | A24A42
A20A03 ’ A21A13 | A22A23 | A23A33 ‘ A24A43
A2OAO4 | A21A14 | A22A24 | A23A34 | A24A44



Azg —  AsgAoo | AsiAro | AsaAsg | AszAszg | AssAyo
A1t — AsAo | AsAn | AsoAgy | AszAszy | AsgAy
Asy — AsoAoz | AsiArg | AspAgs | AszAsy | AzsAuo
Asy — AsgAos | Az1Aus | AspAgs | AszAss | AzgAys
Azg —  AzAwn ’ Az Avy | Az Aoy | AszzAszy \ Azg A
Ay — Al | AnAi | ApnAg | AszAsg | AssAgo
Ap — AgpAo | AnAn | ApAg | AAs | AyAg
Ay — Ay | ApnAig | ApAg | AyzAsy | AygAg
Az — AgAos | AnAis | ApAgs | AgzAss | AgyAgs
Ay — AgAos | AnAiy | ApAgy | AgzAszy | AggAyy

Finally, for each stack symbol ¢ € I, we look for a pair of states, ¢; and g;, such that the PDA in
state ¢; can read some input a € Y. and push ¢ on the stack and in state state ¢; can read some
input b € ¥, and pop t off the stack. In that case, we add the rule

Aik — CLAgjb

where (qs,t) € 6(¢;,a,¢) and (gx,€) € d(g;,b,t). This gives us the remaining rules of G:

Ags —  Aus
Az — Ag
A3 — 0A;30
Az — 1Al



