1 Set Equality (15 points)

and vice versa. (Le., do not prove this using algebraic identities.)
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2 Mathematical Induction (15 points)

Prove that the following induction hypothesis is true for 7 > 1 using mathematical induction. In the proof of the
induction step, make sure that you clearly indicate:

e what you are allowed to assume from the induction hypothesis,
e which step(s) of the proof uses the induction hypothesis, and

e what you need to prove to complete the proof by induction.
Induction Hypothesis:
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3 Counting (15 points)

number will not receive very much credit. Answers involving factorials, combinations and permutations do not need
to be expanded (that is, you may have terms such as 5!, C' (14,2) or P(14, 3) in your final answer).

a. (5 points) A standard deck of 52 playing cards has 4 suits (spade, heart, diamond and club) and, in each suit,
13 cards (2, 3, 4, 5, 6, 7, 8, 9,10, J, Q, K, A). Suppose you are dealt 10 cards, which of the following statements
must be true? Explain your answer.

(1) You have at least 2 cards in each suit.
_(g)){ou have 3 cards in one of the 4 suits.
(3) You do not have more than 4 cards in any suit.
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b. (5 points) In the game of bridge, each player is dealt 13 cards. Bridge players talk about the distribution of
their cards — this is the number of cards they have in each suit (e.g., 4 spades, 2 hearts, 1 diamond and 6
clubs). How many different distributions are there in bridge?
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c. (5 points) You are holding 11 cards in your hand: 2 spades, 3 hearts, 1 diamond and 5 clubs. You want to
arrange the cards so that all the cards of the same suit are adjacent to each other. How many different ways
can you form such an arrangement? (Note: the individual cards are distinguishable.)
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4 Probability & Expected Value (40 points)

For each of these questions, you must show your work and explain your answer. Answers that consist of a single
number will not receive very much credit. Answers involving permutations and combinations can be left in terms
of the permutations and combinations. Also, you do not need to multiply out the fractions and exponents in your
answer. For example, if your answer is C (4,2)-(1/3)2-(2/3)3 you do not need to convert this to 48/243 or to 0.1975....

a. (5 points) Four friends play ”odd man out”. They each flip a fair coin. If 1 person has heads and the other
3 have tails, then the person with heads is the odd man. Similarly, if 1 person has tails and the other 3 have

heads, then the person with tails is the odd man. What is the probability of having an odd man after each
person flips just once? Briefly explain your answer.
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b. (5 points) Suppose the four friends in the question above continue playing ”odd man out” until someone
becomes the odd man. What is the expected number of times that they have to play this game? Briefly explain
your answer.
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c. (5 points) You have 36 hard-boiled eggs and 24 raw eggs that you put all in one basket. Of the hard boiled

eggs, 10 are brown eggs and 26 are white.

Suppose that you pick 2 eggs,
with equal probability. What

On the other hand, 8 of the raw eggs are brown and 16 are white.
one after the other without replacement so that each egg in the basket is picked
is the probability that both eggs are brown? Briefly explain your answer.
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d. (5 points) Continuing with the
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question above, you replace the eggs you picked from the basket. So, you are

back to 36 hard-boiled and 24 raw eggs. Suppose you pick one egg at random and see that it is brown. What
is the conditional probability that the egg you picked is also raw? Briefly explain your answer.
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f. (5 points) You roll a fair 4-sided die (with sides labeled 1, 2, 3 and 4) and a fair 12-sided die (with sides labeled

1582835 : F' be the event that the sum
of the two dice is divisible by ur answer by explaining your
calculations.
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g- (5 points) A standard deck of 52 playing cards has 4 suits (spade, heart, diamond and club) and, in each suit,
13 cards (2, 3, 4, 5, 6, 7, 8, 9, 10, J, Q, K, A). You shuffle the cards so that every permutation of the 52 cards
is equally likely. You make this bet with a friend. If you draw a card at random and it is a J, Q, K or A, then
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h. (5 points) Continuing with the question above, what is your expected winnings (or losses) from the 5 bets?
Briefly explain your answer.
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5 Equivalence Relations (10 points)

For each of the following relations, state whether the relation is reflexive, symmetric, antisymmetric, transitive and
also whether it is an equivalence relation. The sets N and R are respectively the natural numbers and the real
numbers. Briefly justify your answer.

a. (5 points) A relation R; on R: Bi={(z,y) |22 +y*>=1}.
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6 Partial Orders (10 points)

Let A = {{a}, {b}, {b, ct.{a,c,d}, {a,d
R be the subset relation on A, that is:

R={(X,Y)|X€Ad YedandXCY}.

a. (4 points) Draw a Hasse diagram for R.
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b. (2 points) List two incomparable elements in R.
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c. (2 points) What are the minimal elements of this partial order?
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d. (2 points) Does R have a , greatest element? Why or why not?
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